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Abstract

In recent years, the development of vibration mitigation that minimize the vibrations of structures and can also be used as
energy harvesters has been of great interest. The vibration mitigation in this study consists of a beam containing a layer of
piezoelectric materials. Having piezoelectric properties, this absorber reduces vibrations and harvests energy from a one-
degree-of-freedom system. The general equations of the absorber were derived for harmonic excitation, and the influence of
different beam parameters on energy harvesting was investigated. Results show that for this absorber to perform optimally, it
must be tuned to its resonant frequency. With the help of the optimization method and the genetic algorithm (GA), suitable
parameters were obtained to accomplish both goals. The genetic algorithm was used to find the cost function.

Keywords Energy harvesting - Cantilever beam - Vibration mitigation - Piezoelectric

Introduction

In recent years, with the development of technology and
the need to provide energy in low-consumption electronic
equipment such as microelectromechanical systems, sen-
sors, wireless systems and spacecraft, energy harvesting has
involved the attention of many researchers. Energy harvest-
ing is the concept of using the waste energy of the envi-
ronment as a source of electrical power. The waste energy
generally consists of vibration (Zhou et al. 2022; Nasrabadi
et al. 2022; Fallah and Arab Maleki 2021), acoustic (Mot-
aei and Bahrami 2022; Zhang et al. 2022; Sun et al. 2022),
fluid flow (Eslami and Ahmadpour 2017; Eslami et al. 2017,
2016) and thermal (Maiwa 2019; Wang et al. 2019; Wu et al.
2019) energies available in the environment. It is very help-
ful for devices that are difficult to access and can't use their
battery for long periods of time. Among the different energy
sources, mechanical vibrations have been widely used due to
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their occurrence in many mechanical structures. Mechanical
vibration sources are the easiest and most readily available
sources mentioned above. There has been extensive research
in the field of generating energy from the forced dynamics in
micro/macro structures (Sun et al. 2023; Ma et al. 2023; Ma
and Zhou 2022). Zhang et al. (Zhang et al. 2014) numeri-
cally examined the energy generation from the bridge. Vari-
ous factors containing the piezoelectric layers' position were
examined to determine their effect on energy harvesting.
Based on a cylindrical cantilever beam with concentrated
mass at the end, Dai et al. (Dai et al. 2014) investigated
energy harvesting through fluid flow and base excitation. In
their study, Radgolchin et al. (Radgolchin and Moeenfard
2018) examined energy harvesting in the uyW to mW range
from a beam under base excitation. Li et al. (Li et al. 2019)
examined the energy absorption capability of a cantilever
microbeam with the end concentrated mass via the electro-
mechanical couple Timoshenko beam theory. They derived
a steady-state time trace of the structure under harmonic
excitation by considering a vibrational mode shape. Zama-
nian et al. (Zamanian et al. 2015) investigated the dynamic
and static behavior of piezoelectric beams with harmonic
excitation. Erturk et al. (Erturk and Inman 2008) using the
Euler—Bernoulli beam theory, provided explicit relation-
ships for the vibration response, generated current, gener-
ated power, and voltage harvested by piezoelectric layers.
Qi et al. (Qi 2019) conducted a recent study in this field that
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examined the absorption of energy by a functionally graded
cantilever beam analytically.

Reviewing the works conducted in the field of energy har-
vesting shows that although many studies have been accom-
plished in this field, the cantilever beam with a piezoelec-
tric layer has been used only as an energy harvester so far.
But in the present study, this kind of beam is considered a
vibration-absorbing system from a single-degree-of-freedom
system as well as an energy harvesting system. This is the
main innovation of this research. A beam with piezoelectric
layers as energy generators and vibration absorbers is inves-
tigated using the Euler—Bernoulli beam theory. After solv-
ing the governing equations numerically, using the genetic
algorithm, the system optimal parameters are obtained to
accomplish the maximum energy loss and the maximum
energy harvesting.

Equations of motion

Cantilever beams for the absorber have a length of L, and a
PZT 5A piezoelectric layer is utilized for energy harvesting
on the upper surface. This beam is connected to the main
system, which is an SDOF vibration model. Figure 1 dis-
plays a schematic of the system under investigation.

As a result of Hamilton's principle (Shafiei et al. 2016),
the equations of motion and corresponding boundary condi-
tions can be derived as follows:

53
5/ T-U+W,)dt=0 (D
1

Fig. 1 Configuration of a
one-degree-of-freedom system
equipped with a piezoelectric
vibration absorber

PTZ 5A

]

in which 7T represents the kinetic energy, U is the strain
energy, and W, denotes the work done by an external load,
respectively. In order to calculate strain energy, the following

formula can be used (Shafiei et al. 2016):

U=%// (6 : e)dV @)

in which ¢ and € represent the stress tensor and strain tensor,
respectively, which can be calculated using the following
relations (Shafiei et al. 2016):

6 = Atr(e)] + 2pue, (3)
€= %(Vu + (Vu)"), “4)

where A and y are the Lamé constants and defined as (Shafiei
et al. 2016):

_ Ev
A= Ta =y )
_E
ST, ©

The Euler—Bernoulli beam theory predicts the following
axial displacements and transverse displacements:

vix, z, ) =0, wx, z, ) =w(x, 1),

(7
where w is the transverse displacement of the beam. Using
the recent equations, the non-zero component of the strain

tensor is obtained as:

ulx, z, t) = —u(x, 1),

Beam

Tip Mass
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By substituting Eq. (9) in Eq. (3): o,=Ee, —e3Ey=—E;— 7 + ey ?,

2
= (A+2y)<u—z‘3—f> ©)

Substituting Egs. (8) and (9) into Eq. (2), the strain energy
variations are obtained as:

L
6U=/ [Nxxa(ﬁu)_i_
0 ox
(10)

where N, M, and P are the stress resultants, and are cal-

xx°

culated as follows:

N,, =/0'xdi, M, = /ZGXXdA, P, = /mxydA.
A A A

Y

W 0(5w)
ox 0x

2%(6w) _ 9%(6w) dx
o ox? W ox? ’

The kinetic energy of the beam can be obtained as:

T= /p(z)< >dV EM,)(?)W> S(x—L). (12)

Therefore, the kinetic energy variations of the Euler—Ber-
noulli beam are obtained as follows:

5T—/Lm 0—Wa(5w)dx+/Lm Pw PO
“Jo %o o o 2o o (13)
ow 9(6w)
Mo o 2@
where m;, i =1, 2, 3 obtain as:
h/2
m,-=b/ pzidz, =0, 1,2, (14)
~h, /2

where b represents the beam width, and hp is the thickness
of the beam.

Substituting the strain and kinetic energies in the equa-
tion of Hamilton's principle, the equations of motion of the
beam are achieved:

o*w

Sw: M, 60— 1)) 2
w.—(m0+ b(x— ))—+mzm

15)
(M +P)+ 2 (NXXa—) =f(x, 1).
Using the piezoelectric constitutive equation, the bending
moment M(x, t)is obtained as:

) hg/2 Byt /2
M, 1) =— / Tf zdz — / Tyzdz - / Tf 2dz, (16)

~hy=hy/2 —hy/2 —hy/2

where h,, is the piezoelectric layer thickness, T} and Tf are
the stress in the beam and the stress of the piezoelectric lay-
ers, respectively, are obtained as:

where E, E, and V are Young's modulus of the beam and
the piezoelectric layer and the voltage difference between
the piezoelectric layers, respectively. Also, e;; and E; are
the piezoelectric modulus and the electric field produced in
the piezoelectric layer, respectively. Equation (11) can be
modified by inserting piezoelectric stress relationships as:

—hs/2 2 hy/2 2
0w 5 40 / 0w
M, )=">b E,—7"+ey3——dz+b E(z)—z"d:

G0 /—h[,—hJ/Z P ox? © T h, : hy/2 © axzz :

h,J +hy/2 2
—b/ Egﬂz+va—q&
-np D 0x2

(18)

By simplifying, we have the following relationship:

6w

MG, = B, S5 — B, (ZW) + IV([HE) — H(x — L)]

19)
in which H(x) is the step function, and assuming the output
electric circuit to be series, the electromechanical coupling
is as follows:

— e31bEI’ h hs ? h?
=— p+3 -7 20)

Finally, by inserting Eq. (19) and using Eq. (15), the
governing equation of motion is achieved as:

ow [ 9*w ow 02
- (L + E,,I,,) M ox <ﬁ $> + —(19V(t)[H(x) —Hx-L))
d [ 0*w ow otw
~ 5 ox (ﬁ&) (g + My30x = L)) azz om0
—k,(z=w(l, ) =0,
(21
where y;, 4; and m; are:
h2 o h2
A= b/ AZdz, m; = b/ pzldz, i=0,1, 2.
—h/2 —h/2
(22)

Also, the external force applied to the beam by the one-

degree-of-freedom system is as follows:
Mi+k,(z—w(l, ) +kz+cz=f(x, 1). (23)

A piezoelectric relationship is used to calculate the equa-
tion for an electric circuit with mechanical coupling:

D; = e3 €, + 53T3E3, 24)
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where D, 53T3 and Ej; are electric displacement, elec-
tric capacity and electric field respectively. Using

Ey(1)==V(®)/h, and €3, = €], — d3 E,, the Eq. (32) can
be rewritten as follows:

V(t)
Ds(x, t) = d31Ep 63T3 h (25)

By presenting h,,. as the space the center of the axis of the
beam from the piezoelectric layer, the piezoelectric layer's
average bending strain is determined as:

0*w ow
= hp‘az+2(ax) (26)

By inserting Eq. (26) into Eq. (25) and integrating, elec-
tric charge ¢g(?) is expressed:

L Pw  Loow\?] VO
q(l):—b/o <d31 p[hpca > 5(;) ]+ £33 h )dx (27)

As aresult, the electric current i(¢) and the produced volt-
age can be obtained as:

L ogq(t) Pw  0*w ow belsL qv(r)
’(”—7—"9/0 = p[’%ataxz*ﬁa T, a
(28)
L
w 0*w ow
V(t) = Ri(t) = —Rb d+E |h, —— + ——
=R /0 o ”[ P 9t0x2 | 01ox dx]
beysL av(n)
hp dt
(29)

Finally, using Eq. (29), we obtain the following equation
for electric circuits:

V(@) beLav

L
Fw | 0*w dw
=2 0 o | dyE, | 2 ¢ SO
Rb ~ h, dt /0 3t P[PCataxz

o0tox ox
(30)

Dimensionless equations

These dimensionless variables are defined to make the
dimensionless equations:

[ SI O—w [mOL4
9 L2

LW
w=—, x:—
L
L Rbdy E EAL
“7—5 315p e mo’ @5 = El %_mOLZ
2, + A, + E I E I
a4=( 2 2 pp)’ aSZLRbd3]E[) _S, ay =
EJl L? m

By placing non-dimensional variables in Egs. (2), (21)
and (30), the nonlinear governing equations of the beam
vibrations in terms of dimensionless variables are obtained:

o 9 <62waw>
T — %\ S5 oo

0%t 0%\ 032 0%
X) — H& = 1)])
_a %W oW (32)
Yoz \ of2 oz
. o*W
® 972052

=K, (z—w(l, 1)),

i+ K, (z—W(1, 7))+ Kz + Cz=f(%, 1), (33)
dv(z) ! 3w W oW .
V(r) - . aw M) as.
T /0 502 T %or05 05 )

(34)

In the following, for the sake of brevity, the superscript
sign is omitted in the equations.

Solving the equations

In the present study, Eqs. (32)—(34) are discretized using
Galerkin technique. Based on this, the hypothetical solution
is considered as (Pourreza et al. 2021, 2022; Rezaee and
Arab Maleki 2019; Hoseinzadeh et al. 2023):

N N
wix, 1) = ) 0,0, (% 1) = Y, e,®x,(0), (35)
n=1 n=1

where @, (x), y,(7) and y, (7) represent the vibrational mode
shapes and generalized time coordinates, respectively. The
mode shapes @,,(x) are used as the vibrational mode shapes
of the cantilever beam.

The systems of nonlinear differential equations with
ordinary derivatives having 2N unknowns are obtained
by substituting Eq. (35) into Eqs. (32)—(34). As a result of
solving these equations using the Runge—Kutta methods, the

4
moL*

_ — Qo
mOL s\ ET O

s

a = (31)
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influence of different parameters is examined in the follow-
ing section.

Results

This section discusses the influence of different parameters
on vibration behavior, the amount of energy harvested,
as well as the reduction of the vibration amplitude in the
main system. The parametric study aims to determine the
most effective parameters on the natural frequency and
the value of the extracted voltage. As a result, to select the
most important and effective parameters in the optimization
operation.

Effects of the beam parameters

In Figs. 2, 3 and 4, the effect of changes in the dimensions of
the beam on its natural frequency has been investigated. This
quantity is a function of the inertia of the mass, its elasticity
and the damping rate of the model in the vibrating system.
Due to the highest displacement and generated voltage being
created at this frequency, the effect of these changes is con-
sidered in the first natural frequency. A straight relationship
exists between natural frequency and stiffness and an inverse
relationship between natural frequency and mass. There-
fore, as seen in Fig. 2, its natural frequency decreases with
increased mass concentrated on the beam. Mass increase
on a point or mass distribution in a limited area is effective
in the dynamic equation of the vibrating system. It plays an
important role in determining the vibration mode. As seen in
Fig. 3, changes in the structure's width have little influence

28 | | I I I I I

21F -O0—0O- ts= 4 mm |
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24
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Fig.2 Effect of the concentrated mass on the vibration frequency for
different piezoelectric layer thickness
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Fig.3 Effect of the beam width on its vibration frequency for differ-
ent values of piezoelectric layer thickness

on increasing its first natural frequency. In other words, by
increasing the width of the beam, its stiffness increases by
a small amount, and thus the natural frequency increases.

According to Fig. 4, the natural frequency has decreased
in a non-linear way with the increase in the length of the
beam, which decreases the beam stiffness. By changing
the thickness of the beam layers, the natural frequency is
strongly affected. The thickness change has a much greater
effect than the beam width changes in increasing the beam's
stiffness, thus increasing its main natural frequency. There-
fore, it can be concluded that the greatest effect will occur in
thickness changes, while the least effect occurs in transverse
changes of the beam.
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Fig.4 Effect of the beam length on its vibration frequency for differ-
ent piezoelectric layer thickness

@ Springer



44

Proceedings of the Indian National Science Academy (2024) 90:39-47

Finally, by examining the effect of the beam's length,
thickness and width, it is concluded that with the increase
in thickness, the moment of inertia of the transverse beam
section around the y-axis increases. The greater the moment
of inertia of a section, the lower the beam's vertical displace-
ment and slope are. Therefore, changing the boundary con-
ditions will change the characteristic equation and the sys-
tem's eigenvalues, and the beam will be excited at a higher
frequency. As the width increases, the natural frequency of
vibrations increases with a very small slope. The beam's
cross-sectional area increases by keeping the thickness con-
stant. In this way, the increase in the moment of inertia is not
very noticeable. As the beam's length increases, the beam's
bending stiffness decreases.

Energy harvesting

In Figs. 5 and 6, the generated voltage from the beam is
demonstrated for three different thicknesses of the piezo-
electric layer in two modes of forced vibrations and free
vibrations. According to the results, it can be observed that

the time trace of energy harvesting fluctuates. According to
Fig. 5, it is evident that in the case of forced vibrations, the
generated voltage, which has a direct dependence on the
time response, fluctuates with a stable amplitude. In the case
of free vibrations, as shown in Fig. 6, the system's response
tends to zero due to damping in the system. With the passage
of time, the generated voltage will also tend to zero.

Optimization

This research aims to find the best geometric parameters of
the beam so that the maximum voltage in the beam and the
minimum displacement in the main system is created. There-
fore, a genetic algorithm has been used for optimization, and
a suitable cost function has been used to achieve this goal.
For this purpose, the two-objective cost function and the
ranges of these variables are defined as follows:

Fig.5 Voltage trace from the beam forced vibrations for different thicknesses of piezoelectric layer: a ,=2 mm, b #,=3 mm, and ¢ h,=4 mm

Fig.6 Voltage trace from the beam-free vibrations for different thicknesses of piezoelectric layer: a 1,=2 mm, b 7,=3 mm, and ¢ #,=4 mm
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Find A= (R, L, h,, b, m)

fl = min [Wnorm]’ f2 = max [Vnorm]
Subject to 10 kQ <R <200k, 50 mm <L < 200 mm,

30gr<m< 150 gr, 10 mm < b < 30 mm,

(36)
where W, ... 1s the maximum amplitude of the bam and V,,
is the maximum voltage.

The main goal of this study is to find the best geometri-
cal parameters of the beam in such a way that the highest
voltage is created in the combined absorber and harvester
and the lowest displacement in the main system. Therefore,
genetic algorithm has been used for optimization and a suit-
able cost function has been used to achieve this goal. For
this, we will convert the two-objective cost function into a
single-objective cost function. Therefore, the problem will
become the minimization of the new objective function
which defined as:

0.2 mm < hp < 2 mm,

orm

Objective function = minimize ( il fz). 37)

The genetic algorithm starts with an initial population
that is completely random and is determined based on
the objective function. It then uses a combination of local
extremes to find the best solution. Figure 7 demonstrates
the flowchart related to the genetic algorithm with a non-
dominant ranking.

Since several parameters were examined in the sensitiv-
ity analysis section, five parameters with the greatest influ-
ence were selected for optimization. The parameters for
optimizing are piezoelectric layer thickness, beam length,
concentrated mass on the beam, beam width and electric

Initialize population Yes
Evaluate individual fitness

Select ranked individuals

gen.reached?

Offspring

Genetic ! pop.reached?
1

operator i
1

field resistance. The other parameters of the beam were con-
sidered constant.

To improve the optimization capability and decision
speed, the genetic parameters should be adjusted according
to the specific problem. According to the pre-test procedures
performed and the trial-and-error process utilized in this
study, the GA parameters used in this study are presented
in Table 1. In order to determine which parameter settings
perform best in our case, we performed experiments with a
variety of parameter settings. Accordingly, we set the size
of the population, the termination criteria, and the mutation
probability at 250, 50, and 0.2, respectively. The algorithm
may run longer at higher population sizes and mutation
probabilities, but will provide better results. It is assumed
in the genetic algorithm that there are 250 populations, 25
generations, 70% selection rate, and 20% mutation rate. In
the cost function section, all steps of creating, analyzing, and
obtaining a price have been carried out using code written
in MATLAB. The appropriate parameters of the algorithm
are shown in Table 1 after different modes are considered.
Figure 8 demonstrates the specified objective function val-
ues after 150 generations of convergence. As can be seen,
the present research algorithm has good accuracy for opti-
mization purposes. Table 2 shows the value of optimized
parameters after 250 generations.

Table 1 Genetic algorithm parameters

Algorithm  Population  Generation  Selection Mutation rate
type size size rate
Continuous 250 25 70% 20%

x10°3

, 4.4

3 6 436 o
2 &
B G
£ 5 =6 Amplitude 43.2 >
< -0—{F+ Votage %
g =
=

0 50 100 150 200
Generation

Fig. 8 Convergence of objective functions to achieve the highest volt-
age and the lowest displacement generated
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Table 2 Optimal value of the parameters

Parameter Value
Electrical resistance 128,900 Q
Length 84 mm
Width 18 mm
Concentrated mass 67 gr

PTZ thickness 0.67 mm
Conclusion

This research presents a vibration absorber that harvests
energy from movement. Smart materials with piezoelec-
tric properties are used in the manufacture of this absorber.
First, the equations of motion of the main system are derived
discretely, involving a harmonic excitation force connected
to a piezoelectric layer and concentrated mass at the end
of an Euler-Bernoulli beam. As an energy harvester, the
Euler—Bernoulli beam acts as an absorber if its resonance
frequency equals the excitation frequency. The sensitivity
analysis of the beam was conducted by numerically solv-
ing the governing equations. There is a significant effect of
beam length and thickness on the natural frequency of the
beam, whereas beam width has a very small impact on the
frequency.

Furthermore, increasing the concentration of mass on the
beam will also result in a decrease in frequency. A sensi-
tivity analysis is also conducted on the voltage and power
generated by the harvester. An increase in voltage and power
is directly correlated with parameters such as the length of
the beam, the concentration of mass at the end of the beam,
the thickness of the piezoelectric layer, beam geometry, and
resistance to the electric field. Optimization based on the
genetic algorithm is carried out after the sensitivity analy-
sis has been performed to minimize vibrations of the main
system and maximize voltage received from the absorber.
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