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The explanation of the properties of metals treating them as made up
of electrons and ions was first worked out by Drude and Lorentz. Their
simple theory, while giving a satisfactory qualitative explanation of some
properties, possessed also several serious drawbacks. The electron theory of
metals has in recent years been revived by Sommerfeld and others by
incorporating quantum-mechanical principles.! The new theory has been on
the whole strikingly successful and even in those problems where its success
has not been conspicuous it has ofiered an explanation much more satisfactory
than the older theory. The model of the metal is usually taken to be an ionic
lattice interacting with electrons—the ionic lattice is sometimes represented
as deformable and in other cases as rigid. In the first representation due to
Bloch each ion is assumed to be so displaced as to generate plane elastic Debye-
waves (in a continuous medium). On the other hand, in the second
representation due to Nordheim each ion is assumed to be rigidly fixed and
not capable of being displaced by the action of the elastic waves. It is thus
seen that these two representations form two extreme cases of the interaction of
ions with elastic waves, the choice of any particular representation being dic-
tated by the problem in hand. As for example, at high temperatures the hypo-
thesis of rigid ions gives a better approximation for the interaction than the
other hypothesis of deformable ions and wice versa for low temperatures.
The conductivity of a metal has been worked out on both these models. In
the first part of this paper the conductivity of semicounductors is discussed
from both the above points of view (Bloch and Nordheim). The models of
the semiconductor are—to use the terminology of Wilson? and Fowler 3--
intrinsic and normal intrinsic. For the sake of completeness a short sum-
mary * of results previously obtained is also given. In the second part a

1 A, Sommerfeld, Zs. f. phys., vol. 47, p. 7 (1928); W. V. Houston, Zs f. phys.. vol.
48, p. 449 (1928); F. Bloch, Zs. f. phys., vol. 52, p. 555 (1928) : and vol. 59, p. 208 (1930);
R. Peierls, Ann. d. phys., vol. 4, p. 121 (1930); and vol. 5, p. 244 (1930); L. Nordheim,
Ann. d. phys., vol. 9, p. 607 (1931), parts I and IIL.

2 A, H. Wilson, Proc. Roy. Soc., A. vol. 133, p. 458 (1931); and vol. 134, p. 277 (1931).

3 R. H. Fowler, Proc. Roy. Soc., A. vol. 140, p. 503 (1933).

4 For details see L. Nordheim, loc. cit.
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theory of liquid metals is developed. This theory, which follows directly
from the results obtained in the first part, is valid for temperatures suffi-
ciently above the melting point.

§1.

Boltzmann’s equation giving the variation of the distribution
function of electrons inside the metal in presence of a field is

o
(f“b —a, where f=f,+fi; and fi<f,

Ji=the perturbed distribution function, f,=the distribution function without
field.

Or, writing more generally we have
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(LA ) and W (Lk) denote the transition probabilities corresponding to
electron jump from £ to k' with emission or absorption of a phonon (using a
significant word used by Frenkel to denote the energy of a quantised
elastic wave)
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F7T=g x/u‘;‘F(r)z,bkld'r:Matrix element of notential arising due to an ion in
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C= 8% 5 | grad u; |*dr=average kinetic energy of an electron. It is here

defined in a little different way from Bloch
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and w is given by

E:wk2 .. .. .. .. .. (8)
that 1s
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w—m Or rigid 1onic moaqe o
2
242213 for deformable ionic model
Now carrying out the calculation as usual we obtain for the electrical
conductivity
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|#|=|E—E|=hv and zy=hv,=the maximum energy which can be liberated
during this process.

Now to calculate the conductivity from (10) the fixing of the integration
limit in (11) is very important. This follows at once when we remember
that in deriving "the formula (10) we took into consideration only that
particular frequency of the elastic wave, which was in resonance with the
transitions of the electron states. Then evidently we obtain,
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that is when
2k L .
; =p>c¢ (v=velocity of the electron).
We have
2hke
xo:thz"L .- . . .o 12)

From (4), (11) and (12) we calculate 4 and then from (10) the conduc-
tivity is obtained. 4 is connected with the free path through the relation
_ 2wkL
Y
We shall now calculate the conductivities for both the rigid and deform-
able ionic models of the lattice.

l . (13)

Metals: In case of Metal, where the distribution of electrons is given
by Fermi-Dirac statistics, we take as usual the integration limit in (12)
hy,, = k8.
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The conductivity for rigid ionic model is given by Nordheim ! ag

35 hda®(16)2
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Ji=1]log (t+-1)——— |, t=152 2 15
1= Og(T)—m,— 2= . .. (13)
Whereas for the deformable ionic model we have from (4)
H 20
W= . (16)
and therefore from (10} and (11)
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We can write the expression (19) in a more general form by taking
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Then retaining only the first term and comparing with (8) we obtain
dE
and therefore

4etda®(kB)%k (dF) I @22

TR \dk

which agrees exactly with the conductivity formula given by Sommerfeld
and Bethe 2.

Semiconduciors :
Since in this case the conductivity electrons obey the Maxwellian
distribution law, we have for the integration limit in (12)

hv,,,=472kc-

In the case of rigid ionic model, where the electrons are nearly free, we

obtain
2 ¥ 1 %
4= l“’h’”TJL N %)
2kd(k)a B

1 L. Nordheim, foc. ¢it. equation (7, 10) corrected.
2 Article by A. Sommerfeld and H. Bethe in the Handbuch der Physik., vol. 24,
part II.
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2hke
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Putting this value in (10) and noting that f, is given by the Maxwellian
distribution law, it follows after integration that
2% dad(k6)2(kT)n
B 33mih2et2mblJ,
In the case of the deformable jonic model we have from (10), (11) and
(14)

(25)
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In order to calculate the number of conducting electrons n we consider
with Fowler?! the following processes :—

. (26)

and . (27

For intrinsic semiconductors :

Free electron+¥ree hole (unoccupied electron state)=Bound electron.
From which it follows that

: AW
LemkT\! —4 7 ]
n=2 (—N—ZZ—Z—) e kT for rigid ionic model
) b2
& (AT) el (
=3 € F 1 ¢
Todn: \ B for deformable ionic model }
For impurity semiconductors :
Free electron+Bound hole =Bound electron
2k Yy & =3 gL
and n= {Qno( WZ; ) 1 ST for rigid ionic model
(29)

ngG® (kT\:Y) ¥ —# o '
= {——0—; (—) } e *T' for deformable ionic model
L3\ B i
where
AW =Energy difference between the levels I and 1I.
AW’ =Energy difference between the impurity level and the level 11.
ng=number of foreign atoms in unit volume.

The conductivities as calculated for these rigid and deformable ionic
models of the lattice are collected in the following table.

1 R, H. Fowler, loc. cit.
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As we see from the Table the dependence of conductivity on tem-
perature for both the models is essentially the same. In fact in the
case of metal it is exactly the same; whereas for semiconductors there is a

small difference arising because of a factor 7%, but this is dominated by the
AW

20
exponential factor (e kT J and hence is difficult of experimental verifica-

tion.

For an estimation of the order of magnitude of the coefficients we give in
the following Table the values of resistance for the typical metals sodium,
potassium, and for the semiconductor of the type Cu,01 (d=6, 0~ 102, Tv 3102,

2
ng=1,14 108, ATW'=0,66 volts). We shall take b:% , C=1,8.10-1 and
B=10-1? (in ergs.)®. From this it follows that for metal J,=0,03 and for
the semiconductor Cu,0 J,=3'5,10-F,

For rigid model ' Fordeformable model 10°R in ohm em.

10®R in ohm em. 10°R in ohm cm. (observed
(calculated). ‘ {caleulated). observed).
Na . 16 ; 184 ‘ 1,6
K . 28 20-3 72
Cu,O .. 1-2.10102 25,108 61,1010

It may be ohserved that in the case of deformable ionic model the resistance
of metal is determined only by the ratio (O / /9) and thus C and § need not be
known separately. On the other hand, for semiconductors the resistance
depends on the values of ¢ and f separately which can be evaluated?® only
on some special assumption regarding the nature of the hinding of the
electron, However, in the rigid ionic model the resistance depends in all the
cases only on one unknown constant J.

Fluid metal :

We shall assume that in the liquid state, because of the high temperature,
the regular distribution of the jons in the form of lattice is destroyed and
that the whole system will behave like a gas mixture of the electrons and
ions distributed at random. The interaction between the electrons and the

1 W, Vogt, dnn. d. Physik, vol. 7, p. 183 {1930).
2 W. V. Houston, loc. cit.
3 F. Bloch, loc. ¢it.
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ions may then be considered almost elastic, the interaction potential being
that of the Coloumbian nature given by (6). The scattering of the electrons
in this potential field of the ions will then be responsible for the finite
conductivity of the liquid metals.

By introducing the variable E’ instead of %’ where h—2dE' k'dk' and

carrying out the integration when there is resonance, i.e. for E=E’ the
fundamental equation (1) is reduced to the form

hi kT 04  E oT
p eF"(z W T 5;”

=ME)m* 877 iy S | Frae[*(1—cos 6) sin 646 .. .. (30)

We have used thereby the relation
Joly iy _I2E T _ 8,

AkT® AT 8k "

The conductivity for this case has been already investigated in detail in an
-earlier work of the author!. It is shown there that

3h3 . B
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Further we have the Wiedmann-Franz Law
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and the mean free path
2 1

J= s _om. .. .. (34
ety = 1481078 g 7, (34)

where

a 2
Jy=log (y-+1)— y=16n2k22 =382 .23 ( 2) .. (35)

+ Y11’
d=mean distance between the ions.

We compare in the following Table the observed resistance of some
liquid metals with that calculated from the formula (31). We take thereby

: =% and therefore J4==0,2,

1 R. C. Majumdar, Zs. f. phys., vol. 91, p. 706 (1934); D. S, Xothari, Phil, Mag.,
vol. 13, p. 361 (1932).
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! 10°R in ohm | 105R in ohm | N ‘ { 105R in ohm } 10°R in ohm i
I e B O e i e
lated). served). § ! lated). t served),
— . f |
Li 13,4 4,5 230 Al ‘ 11,6 | 2,0 63
Ca 7,8 2,1 083 0T 192 74 s
Ag 11,8 1,7 1000 ‘ Ph ‘ 20,8 9,8 ; 100
An 12,0 3,1 1063 ‘ Sn 17 j 4,9 300
Zn 10,1 43 #0 Ga|  ms 2,7 | 300
Cd 14,4 34 1 400 sh 1927 12 860
He 14,4 9,6 L2 | Bi w 214 1277 . 269
| B i

It will be seen from the table that the agreement hetween the experi-
mental and theoretical values may be said to be fairly satisfactory when we
remember that the screening constant b is to some extent uncertain. The
Alkali metals form an exception, as in these metals the resistance differs from
the observed value by a factor greater than 10. Further, we have not dis-
cussed the mechanism of the existence of free electrons in liquid metals,
but have simply, by following the usual procedure, taken the number of
electrons to be equal to the number of atoms. We have emphasized
elsewhere? that the existence of free electrons is due to what is called
¢ pressure ionization’, in contrast with temperature ionization given by
Saha’s formula. This pressure ionization has not been satisfactorily
studied so far. From preliminary consideration we see that this will modify
the value of the theoretical formula for Resistance in the right direction.
We shall discuss this point in detail in a later publication.

On our model the dependence of temperature is due to the thermal
expansion of the metal and therefore shows the same proportionality with
Resistance as in metal, but with a much smaller coefficient, and this in fact is
the case with most of the metals in a molten state (excepting the Alkalies).
Further, the formula (32), predicting the thermal conductivity as proportional
to the temperature, is verified in the case of liquid mercury.

As further application we now calculate the Thomson coefficient. It is
given by
T 9 ( L2) kT dlog 4
¢ T e oT ’
where

C ar B " 8f, Bt
les_a_g B am, Lzzs aé’d dE .. .. (36)

1 D. 8. Kothari and R. C. Majumdar, Astro. Nach., vol. 244, p. 65 (1931); R. C.
Majumdar, Zs. f. phys., vol. 91, p. 706 (1934).
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Hence it follows

_ 13 m*mkT (8m\
F=6 ens (3n>
_ BT o R 3y
T 12[e | By 0"8m(ﬂ)

which is essentially the same formula as given by Sommerfeld ! and agrees
satisfactorily with the observed values.

The present work was carried out at the Institut fiir theoretische
Physik, Leipzig, but the publication has been delayed due to unavoid-
able circumstances. It is a great pleasure for me to acknowledge my grate-
fulness to Professor Heisenberg for his hospitality and kind permission to
work in his Institute and also for his continued interest and many interesting
and suggestive discussions.

1 A, Sommerteld, Phys. Rev., vol. 45, p. 65 (1934); Naturwissenschaften, vol. 22,
p. 49 (1934).



