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SUMMARY.

An expression for the Joule-Thomson effect in a degenerate gas is derived,
A degenerate gas is heated after a Joule-Thomson expansion, the rise in tem-
perature for a given fall in pressure being greater the greater the degree of
degeneracy of the gas. The case of adiabatic change is also discussed for
comparison. An adiabatic expansion lowers the temperature, but the degree
of degeneracy (and also the degree of non-degeneracy in the case of a non-de-
generate gas) remains constant during an adiabatic change.

INTRODUCTION.

During recent years there have been numerous physical as well as astro-
physical applications of the Fermi-Dirac statistics, 'The researches beginning
with Fowler (1) and later developed extenszively by others, and particularly
by Milne whose work has been of far-reaching importance, have established
the fact that the essential features of the internal constitution of the white
dwarf stars-—stars characterized by a comparatively small luminosity, high
effective temperature and an abnormally large mean density of the order of a
million times that of water—can be explained by an application of the theory
of degenerate electron gas—degenerate in the sense of Fermi-Dirac statistics,
Kothari and Majumdar (2} have recently worked out the degree of ionization
in degenerate matter in terms of its density or pressure, and have shown that
the usual theory of the white dwarf stars, when incorporated with the theory of
ionization, becomes applicable to the planets as well, and leads to several
interesting conclusions. The most important perhaps is the prediction that
there exists a maximum radius for 2 cold ® bedy. The maximum value depends
to a certain extent on the chemical compoaition of the material, but as regards

! In a letter to me Profeasor Arthur Holmes, Professor of Geology, University of
Durham {England) suggested the desirability of investigating temperature changes occurring
in degenerate matter undergoing convection as it may have posaible geological applications ;
and I desire to acknowledge that this note owes ita origin to ihe stimulating correspondence
with Professor Holmes. .

£ The word cold is used here in & technical sense. The planete and white dwarf
stars will be referred t0 as cold bodies. In general, matter will be referred to as cold when
any free-olectrons present constitute a degenerate gaa in the sense of Fermi-Dirac statistics.
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the order of magnitude it is of the order of the radiue of Jupiter, the largest
planet in our aolar systemn. Thus we see that degenerate matter forms an
important constituent of stellar bodies and it is worth while therefore to study
its various properties.! In the present paper we shall deal with the Joule-
Thomson effect and adiabatic change. This will have a possible application
when dealing with temperature changes due to convection currents ocourring in
degenerate matter inside stellar and planetary interiors. However, we shall
not be concerned with these applications in the present note.

In section I, we shall derive the expression for Joule-Thomson effect. Tt
will be seen that a degenerate gas is heated (and not cooled) when it suffers
Joule-Thomson expansion, the rise in temperature for unit fall in pressure is
greater the greater the degree of degeneracy 2 of the gas. After the Jouls-
Thomson expansion, because of the lowering of pressure (i.e. electron concen-
tration) and the rise in temperature, the degree of degeneracy is Jower than
originally, A degenerate gas, if it undergoes continuous Joule-Thomson ex-
pansion, willexperience a rise of terperature at a gradually diminishing rate
and will ultimately become non-degenerate, and, then, as its behaviour ap-
proximates to that of classical perfect gas, any further Joule-Thomeon
expansion will produce (practically) no more rise in tempcrature.

In section II we deal with the case of adiabatic change. An adiabatic
expansion always lowers the temperature. A degenerate gas undergoing
adiabatic change {expansion or contraction) remains degenerate, the degree
of degeneracy remaining constant durirg the change. Similarly a non-de-
generate gas will remain non-degeperate (the degree of non-degeneraey remain-
ing the same),

I. When a gas undergoes Joule-Thomson effect (also called throttling
process}

dESpV=0 .. . . o

where F is the internal onergy and ¥ the volume, both for an assembly of N
particles (N being the Avogadro number), and p the pressure of the
assembly. Using the well-known thermodynamic relaticns

dQ = dE+pdV = Cylt+ldp .. .. .. (2%

1 According to some researches of Professor Milne all the stars (apd not only the
white dwarfs) possibly contain degenerate cores.
2 The degree of degeneracy is measured by the value of the degeneracy-disoeri-
minant g, .
4p = "_"'_“i"""T ¥
2(2amkTe

where n is the free electron comcentration, T' the temperature, m the slectron mass, and
& and A denote Boltzman’s and Planck’s constant respectively. (In this paper we neglect
the effect of relativity mechanies, The expression for 4y given above refers to the
non.relativistic case.) o

3 Though hardly necessary, it may be permissible to make the following remarks
about d¢ in equation (2). dQ is defined as the heat flowing into the system when its
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s dy
£=-T(&—,_-{-,-)p, e ®

we obtain the standard expression for Joule-Thomson effect

T (g) _v
aT=—""2 __pp, 7
EZ
where AT represents the fall in temperature or cooling for a full in pressure
Ap. Cpis the specific heat (per Avogadro number N) at constant pressure.
In the case of degenerate gas the internal energy to a first approximation
iz given by the well-known expression (3)

o O, Iy Z 4y
3 22/ a8 5 [ 2amkT 8x) '8
E=M(§:) N[“I:‘z(“rz )(?T) ]

_ 3y |:1 5 [ dn )"‘] )
=5V e 3, a
where 4y iz ealled the degeneracy-diseriminant {for degeneracy 4,21}
nh?®
Ay= ——— e, .o . - (]
0 2@mmk Ty ®)

and ¢* is the maximum energy of the Fermi-Dirac distribution, i.e. €* is the
maximum kinetic energy possessed by any electron in an assembly of electron-
soneontration » and at absolute zero of temperature,

& = L (3"’)%_ - .. oo M

Im \8n

¥
NS

Let us now determine C, and Oy, the specific heats (per Avogadro number
of free electrons) at constant volume and constant pressure respectively.
We have from (5)

2, Ty . .
dF nitmkt (8nY ' nt kKT = 4z e
o= () TR ) v -gat-a(g)” @

Woe note that

ar hE \3n

where 22 = kN is the gas-constant.

internal energy inoreases by 4F and the external work done ia »dv, p being the pressure of
the syatem. But it is only during a reversible process that the external work equals pdv;
in & non-reversible process it will be smaller, Therefore dQ doea not represent the observed
supply of heat, i.e. heat actually supplied except when the process is reversible. In a gas
undergoing Joule-Thomson effect no heat is allowed to flow in or out, but that does not
mean d@ is zero, for Joule-Thomson effect is non.reveraible and sc 4@ eannot represent
the observed heat supply which, however, is zerc.
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To determine C, we can make use of the thermodynamic relation

_ dp av
CymCp = T(dT) (W)p A 1)
Noting that?
2K
P=37 ... .oan
We at once obtain
(d_?’) _ 2atmkt (_” P zkn (47 ) (12)
darj, 3 B \3n 3 \34, . .
() 1B ()" 3 (i) ()
d¥V /s 3 m 8 +E A2 3n
2 1 s
=3eﬂ1[1+f§(£%) ] N P &)
v k (477 s 4 )”i
(‘”’) ({?ﬁ) ("_P) -2\, 7 \34, 14
dr ar/_ 14 ,',,_ - 1 (4,” )‘fs 2T i+ 1 (4,”)“1"3 (14)
2 3A0 12 3 o
Substituting the above results in (10) we have
w f 4
- R
169
0,—C, = —2 340 (15)

it
1 dar
e (37)

Substituting for C, from (9) we get
. SER(‘*”) _12\34,)
Cr=3"\3a, L‘ N ( - )‘!s oo (16)
8/, 4/
= TR(A" [ (4”) :I .. .
=5 (SA,,) 1+35 a, {17)

Since for a degenerate gas 44>>>>1, we notice that ¢, differs very little
from C,, and this difference becomes smaller as the degree of degeneracy in-
Ccreases,

¥ This is g0 in the non-relativistic cage with which, as already mentioned, we are con-

K
cerned in this paper. In the relativistic case p = % 7
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1 .
We have now to substitute the expressions for ', and (;—g) given by
»

{16) and (I4) vespectively in (4). We obtain after a little reduction

I 4 4;3
2 (3,4‘,) 3 12134,

S il S - .. (18
AT o \ 4 : 5(41?)% Ap (18}
+15\34,

27,
.2 (34,\" 2 (e*
—-‘;H,("z;) AP ==—op i) 20 - o 09
o (e T 1
T 82 \15 m mk® pp'fs

where n is the number of free-electrons per unit volume.
II. We now consider an adiabatic process. During an adiabatic change
entropy remains constans. The entropy of a degenerate gas is given by

KT 8\
o= 2 —_— 1
S = Rn IE (3”) . . .. (20
. ) . ngf 3
and hence during an adiabatic process 7 remaina constant. This ensures the

constancy of the degeneracy-discrimivant Ay, for

nh®
doym—— . .. .. - .. (2t
O A2k (21)
The pressure of a degenerate gas is given by
&/
8rh? f3n)
and, therefore, for an adiabatic process
L _ = constant ©3)
T5JH2 g - .- re . L] il
Further, as
_2E
P=37

and since for adiabatic change
TdS8 = dE+pdV =0, . . o {(24)

it follows that pV*/s remains constant.

Tt is somewhat significant t0 note that the above relations representing
adiabatic change in a degenerate gae are just the same as those governing
adiabatic process for non-degenerate {(i.¢. classical perfect) gas,
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