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Various properties of degenerate and non-degenerate matter have been
investigated in recent years and these results have found numerous applications
in various physical (1) and astrophysical (2) problems. Kothari (3} bas
calenlated the Joule-Thomsen effect and adiabatic change in degenerate gas
{degonerate in the sense of Fermi-Dirac statistics) and finds that the Joule-
Thomson expansion of degenerate gas leads to heating, Tt will be interesting
to investigate this effect in non-degenerate gas and compare it with the effect
calculated for a degenerate gas. 'This is done in the present paper.

According to classical thermodynamies the Joule-Thomson effect is
given by the relation
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where (%) denotes the Joule-Thomson effect and C, the specific heat of
H

the gas per N molecules (N = Avogadro number). We have to calculate the
" right-hand side in equation (1) for a non-degenerate gas.
The usual expressions for the energy E and preassure p of a non-degenerate
non-relativistic gas are the following 1 :—
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n = — ) —_ e ———————
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g = +1 for gas obeying Fermi-Dirac statistics

B=-1, . Bose-Einstein

! See Bahs and Srivestava, 4 Treatise on Heat, (2nd ed.), p. 723.
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We shall neglect quantities containing squares and higher powers of

sinee in this case f 3>1. Thus to a first approximation we have /
ov=(31), = 3V~ 5T 5 spmmiynios
=§N?a[l-%-25—i}] R )
To find €, we use the well-known thermodynamical relation
C,—Cr =T (%) i (%)ﬁ .- . .. (B

Using (3} we get
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Hence equation (5) yields
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Hence
3 1 B 3
OP_QNIC[ 2 if]+ { %f%
5 3
=§Nk[ 53 %f (10)
Substituting these values in equation (1) we get
_5 B
aT) 2 9% f 8
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Hence
Ty — = 1 , i.a. pogitive for a gas obeying Bose-Einstein statistics.
op 2%z fk :

(?_&:) = w— -—=—— , .0, negative for a gus obeying Fermi-Dirac statistics.
p/ 2°2 fuk:

Thus the Joule-Thomson expansion leads to cooling for u gas obeying
Bose-YKinstein statistics and to heating for a gas obeying Fermi-Dirac statistics,

From equation {11} we have, on substituting the value of f,

(-é;) = —f— 873 1.6/2 ob/a 11]e .- .. (12)
H g{2am)re iz 2% 1

Hence we get the interesting result that the Joule.Thomson effect for a
non-degenerate gas is independent of the molecular concentration n or the

S 3/
pressure p of the pas, and varies inverscly as T /2.

Kothari (3) has shown tkat the Joule-Thomson cffect for a degenerate
electron gas {degenerate in the sense of ¥ermi-Dirac statistics) is given by the

relation
2T g ( 3 )2;'3
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Thus we see that for a fixed value of 7', the Joule-Thomson effect for a
gas obeying Fermi-Dirac statistics varies as p~+ for the degenerate state and
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becomes constant (independent of p) when the gas becomes non-degenerate.
The Joule-Thomson effect at different pressures has been calculated for eleciron
gas at 5°K. and the values so obtained have been plotted in Fig. 1, where the
ordinate denotes the Joule-Thomson effect in degrees/dyne and the abscissa the
pressure of the gas. The degenerate state extends to the right of the vertical
line 4 and the non-degenerate state to the left of 4. In the neighbourhood
of A, however, the shape of the actual curve will differ appreciably from the
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asymptotic formule [equation (12) for non-degenerate and equation {13) for
degenerate state] and therefore this region is made dotted to indicate the
general trend.

It will be of great interest to examine if the Joule-Thomson expansion can
possibly afford an experimental test of the statistics obeyed by a gas. The
only possible gas for which a test is possible is helium, since it is the only sub-
stance to remain in a gaseous state to very near the abzolute zero in which
region alone the Joule-Thomsen effect due to statistical deviation becomes
appreciable. But the thermal effect observed in a Joule-Thomson process is
due not only to the statistical deviation from the classical perfect gas dis-
cussed above but also due to van der Waals’ correction terms. We shall
evaluate nurmerically the magnitude of these effects for helium.
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Supposing helium gas obeys Bose-Bingtein statistics (which we know to
be a fact from band spectra data) we have

(6-55 x 102 x 1-01 x 10°

(AT )statis. = i @rxdx L 66x 10 Bz (137 x 10 195 3% per atmos.
Uy
= dogree)‘abmus o .. .. . .. {14)

Calculation shows that at T' = 3°K. and p = 1 atmos,, f = 10, hence helinm
would remain almost non-degenerate. Henee at this temperature and
pressure (AT) .. = 0-076°

¥or a van der Waals® gas the expression for cooling, to a first approxima-

tion, is given by
1| 2a

Substituting the vaiues of # and b for helium, viz, @ = 0-0341 X 10¢ atmos.,
b = 237 c.c. we get for 7' = 5°K., AT = 0-68° per atmos,

Using the more accurate expression, viz, :—

2
AT = . [Rf} Rspp]Ap L (18

2a 3ab

and Cr=CotgpP—am?

wo get for 7' = 56°K. and p = 1 atmosphere

AT = (-57° per atmos.
As van der Waals’ equation may not hold in this region we shall calculate
the Joule-Thomson effect by utilizing that equation of state which is found
experimentally to hold in this region. Using Kamerlingh Onnes’ equation !

oV = RT{1+V+V, L an

' L. Gropper (4) has developed the quantum theory of the equation of state at low
temperatures and has deduced an expression for the second virial coeffcient. For a gas
obeying Bose-Einstein etatistics he finds that approximately at low temperatures

Ne'lsad  h2
H] T rmkT
where A2 = A2/dn?mi®. 'The evaluation of the function f however canmot be done
without recourss to experimental date and even then the values are not free from
uncertainties, and hence it is hest at the present stage to use directly Kamerlingh Onnes*
equation. .

B— — Nf(O)—nNf 0 — . .. .. :
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we can deduce, correct to small quantities of the second order, that
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A. van Itterbeek (5) found that between 14:50°%and 3:70°K., B is given
by
1964 379 3404

Bx 108 = 07559 — ~5— — S+

in Kamerlingh Onnes” units. Multiplying this by 22-4x 10° we get B in ¢.c.
mole. The values of (! are not very accurately known. In the lower tem-
perature region the values of € given by Keesom and Kraak (G} may be taken,
while at the higher temperature ¢! may be neglected. €, may be calculated
with the help of the approximate formula

dtB

G,, = CP.,_TP a—i—'m

where €, = §R for helium. Making use of these results we get for 7 = 5°K.
and p = °] atmos.
AT = 0-83° per atmos.
Calculations for T = 10°K. and p = 5 aimos. have also been made and
are given in the following table together with the values for T = 5°K. and
p = 1 atmod.
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TABLE 1.—JoriLE-THOMEON EFFECT (pJ) N *, PER ATMOS,

! For T = $°K. end | For T = 10°K. and
I[ » = 1 atmos, p = 5 atmoa.

u; statistical .. . .. ! 0-076° 0-927°
pwy from van der Waals’ equation (first .
approx.} .. .. o 0-68 {285
Ky do, do_  {second approx.). . ¢ 057 02062
p; from K. Onnes’ experimental equation 0-83 0-375

These results clearly show that the Joule.Thomson cffect due to statistical
deviation amounts to about 109 of the total expected value for the gas at
these temperatures ; in other words, abont 102, of the cooling is contributed
by the statistical effect and the remainder by van der Waals® correction terms.!

The experimental data on Joule-Thomson effect in helium are at present
too meagre and cannot be utilized as a check to the conclusions arrived at
ahove, 'The recent experiments of Roebuck and Osterberg (7) were not
earried below 83°K. and thus at the temperatures of their experiment the
statisticn] effect would be impereeptible.

Jasvna {8) in a nmmber of papers has caleulated the Jonle-Thomson effect
and the inversion curve for helium on the basis of his thermodynamic equation
of state. He has however not given the values of g, in the range of tempera-
tures discussed here. He finds that g, will be zero at all temperatutes for
p~>0. We have seen here that due to the quantum statistical effect p  will

not be zero even at p—0 as van der Waals’ equation might suggest but will
approach a limiting constant value, the value depending upon the temperature.
For high temperatures the value is extremely smail and hard te detect experi-
mentally but at 7= 5% or 10°K. it can possibly he detected. As already
mentioned, no experinents in this region have yot been carried out.

My best thanks are due to Prof. M. N. Baha, F.R.S., for his kind interest
in the work, and to Dr. D. 8. Kothari of Delhi University for a discussion of
the problem..

SuMMARY.

An expression for the Joule-Thomson effect in the case of a non-degenerate
gas has been derived. According to this the Joule-Thomson expansion will

1 Since the value of i ; caleulated from the experimental equation of state ia always
greater than that caleulated from van der Waals' equation, it follows that the calculated
values are pérfectly consistent with the view that helium obeys Bose.Einstein statlstica,
Exact verification can only be done when the exact eontribution of van ger Weals® terms
is separately kmown. This is not possible at present.
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lead to cooling for a gas obeying Bose-Einstein statistics, while for a gas obey-
ing Fermi.Dirae statistics it will produce heating, The magnitude of this effect

varies as T~ "% and is independent of pressure. For the sake of comparison
the Joule-Thomson effect has been calculated for helium at certain tempera-
tures on the basis of van der Waals’ equation and K. Onnes’ experimental
equation. It is found that at 5°K, the Joule Thomson effect due to statistical
deviation, i.e. deviation from the classical perfect gas state due to effect of
quantum statistics, amounts to about 109%, of that caleulated from K. Onnes’
experimental equation of state, while at 10°K., it is 8%,. It is suggesied that
the Joule-Thomson expansion of helium gas at very low temperatures may
afford an experimental test of the statistics obeyed by this gas.
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