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The problem of total reflection of e.m. waves from the Tonosphere has
been studied by numerous investigators. Appleton (1932), who is the pioneer
worker in this field, assumes that when collisional damping can be neglected,
for vertical incidence reflection takes place, when the refractive index becomes
equal to zero. From this assumption he obtained three conditions of reflections
now well known. Following the discovery of Pant and Bajpai (1937) of a
cage of reflection in which fy—f, =14 Mc./sec. instead of -64 Me.[sec. for 4
Me./sec., Rai (1937) showed that the observation can be explained if it is
supposed that reflection takes place when group velocity becomes equal to
zero. He showed that this assumption leads to Appleton’s condition, plus
a fourth one, which amounts to taking refractive index ==oo0. This explained
the results giving fo—f,= ‘14 Mc./sec. Bajpai (1937) arrived at the same
result from the assumption that reflection takes place when the variation of
refractive index with the number of electrons becomes very large. But none
of the above mentioned authors tried to find the conditions of reflection when
the collisions of electrons are taken into account. Recently Bose (1938) has
tried to solve this problem. He thinks that reflection takes place either
when H, the magnetic vector of the wave, becomes zero or K, the electric
vector, becomes parallel to the direction of propagation of the wave. His
line of argument is that when both the above-mentioned conditions hold the
disturbance loses its wave character and hence should get reflected. But it
has been found that when these conditions are fully expanded they reduce to
the conditions, either the refractive index should be put equal to zero or to
infinity, R. C. Majumdar (1938) has also attempted this problem. He thinks
that reflection takes place when the Poynting vector is perpendicular to the
direction of propagation. Ultimately his conditions also reduce to refractive
index equal to zero and infinity. But in case where collision cannot be
neglected the refractive index becomes complex and algebraically it cannot be
put equal to zero unless the real part as well as the imaginary part are
separately put equal to zero. It can, however, be easily shown that this leads
to an absurd result. What is the condition of reflection in such cases? Before
taking up this case, let us see how the refractive index varies in some simple
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cases with height. We can put the complex refractive index q as ¢ = ‘u-l-%—.

Mary Taylor (1934), Goubau (1935), Martyn (1935) and others have drawn
numbers of curves showing variation of y, k with the electron density, for a
particular value of frequency and different values of collisional frequency.
From these it is clear that at certain values of electron concentration x assumes
very small values, but never becomes zero, or negative. The same is the
case with absorption coefficient. But it should be emphasized that the refrac-
tive index curves drawn by these authors give one no idea of the actual variation
of p with height because they plot a series of (u, ) curves with fixed values of
collision frequency, while p is a function of N (the number of electrons) and
v (the collision frequency), both of which are functions of height. What we
want to know is the actual variation of p and k with height. For this purpose,
the best course would be to draw such curves by assuming certain variation
of N and » with height.

In this paper, such- curves have been drawn for a so-called simple layer.
It is very probable that in the case of actual stable layers (like the F and F)
a simple layer represents the actual variation of electron density with height,
because Saha and Rai (1938) have actually shown that even continuous
radiation which produces ionization of a definite constituent produces the
same kind of layer as a simple layer. This was formerly supposed to rise
from monochromatic radiation alone, and hence it was open to doubt whether
a simple layer could actually represent a stable layer like the E or the
F-region.

§1.
We have the Appleton Hartree formula (Bajpai and Mathur, 1939)

T T B e T

w?sint o
where
C' = B(B2— w?) — (52— w? cos? u)
4nNe2  py?
7 = = —
mpt  p?
o = angle of dip.
B=1—1id
s5=2
w == —i = ]i’ﬁ with components w,, w,, v,
mep P

Pas Py P. = components of Larmor frequency P;,
p = pulsatance of the wave
N = the number of electrons
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v = collisional frequency
b = earth’s magnetic field
g == complex refractive index
.ck
= u+1—
# p
k = absorption coefficient
i = real part of refractive index.
Suffixes o and e will be used to denote the constants for the ordinary and the
sxtra-ordinary waves respectively. For the quasi-transverse case, i.e., when
—B)2 cos?
4(r B). cos? o <1
w?gind ¢

equation (1) reduces to
r
qﬁ:l—ﬁ.. .. .. .. .. @
for the ordinary O-wave—i.e., when we take negative sign in (1) into

consideration.
From (2) we have

% =§wm+xJ] N

ek _—
—})70=§[\/X2+ Y:-X]
where
7 rd
X=1-1—:l:§, Y=i—_i:—s—2‘ .e e . (3')

The algebraic expressions (3) show at a glance that neither p,ﬁ , nor ki
can ever be negative even when X is negative. G‘enerally for X positive, #(2) is
large, and kg is small, but when X is negative, p,g is small but Icg is large.

Assuming the variation of N with height as given by Chapman’s formula
{1931) we have

.
% sec x

1—2'—e”
4nNe2  4nNoe2 — 5
= mm o+ . .o 4
where
[ 2—2
T TE
g=*
mg

k = Boltzmann’s constant
T = absolute temperature
m = mean molecular mass
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g = acceleration due to gravity
2o = height of maximum ionization at the equator at equinox
N, = electron concentration at the maximum of ion production
= angle of incidence of the ionizing radiation from the zenith.

The variation of collisional damping with height is assumed to be given by
O

In (4) the value of N, is taken equal to 1-56x 105, and in (5) the value of »,
is taken as 105, which are valid in the case of E-region.

With the help of (3), (3'), (4) and (5) curves for the ordinary wave have
been drawn for X = 0 between p,, 2’ and kg, 2’ for different frequencies.

Remarks about the curves.

Fig. (1) shows a curve for p = 1-4141 X107 (A = 133-2 m.) and is repre-
sentative for frequencies smaller than the penetration frequency. The pu,
and ky curves are indicated by the continuous and broken lines respectively.
The form of these curves show that the so-called deviating region begins
from nearly 2z’ = —2-5, i.e. at a depth of about 25 kms. below the maximum
concentration level (if H is taken equal to 10 km.). For the layer 2’ = — 14
to 2’ = 426, i.e. a distance of 40 kms. pg, is extremely small. Assuming
that the reflection takes place where change of p, with 2’ is very large, the
wave train will get reflected from the point A, and probably from B,. For
the vacuum wavelength A = 133-2 m. the actual wavelength in the region
where g is very small (taking mean value of u, as -004) is 33-3 kms., which
is of the same order as the electron barrier and hence there is every possibility
of the wave leaking through. But due to high absorption in this region
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probably the disturbance is completely absorbed before it reaches B,. In
the uy—2z' curve the minimum value is reached at 2’ = +2-5.

For the region where g, is very small &, continues to be great. It has
its maximum at 2’ = 0. The total integrated absorption coefficient « = (2 [ kds)
can be easily calculated from the k-curve.
is given by twice the area bounded by the k-curve, the abscissa and on the
x = 14-66 for reflection from A,

left of a vertical line passing through A4,.

For the wave reflected from 4,
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and « = 3282 for reflection from B,, which shows that there is no possibility
of reflection from B,. '
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In fig. (2) py—2" and ky —2’ curves are drawn for p = 2x 107 (A = 94-2 m).
It belongs to the same group as the curve in fig. (1). Here the flat portion
of the py-curve as well as the maximum of kj-curve have decreased. « for the
wave reflected from A4, is 16, while for that reflected from B, it is 780.

In fig. (3) po—2' and ky—2z' curves are drawn for frequency equal to the
penetration frequency which is p = 2-182x 107 = p, (A = 86:34 m.). Here
the flat portion which is so prominent in figs. (1) and (2) has disappeared.
The two branches of the curves meet at 2’ = 0. It is quite clear that absorp-
tion is also maximum at 2’ = 0. The minimum value of p; is 0-05, while the
maximum value of k, is one-tenth of that in fig. (2). Evidently the nature
of the curve shows that there is no reflection at 2’ = 0, because p, is changing
gradually and the change of po with 2’ is not large. « due to this region
will be given by twice the area bounded by the k-curve and the abscissa and
is nearly 39-6.
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Fig. (4) shows pg, ko-curves for p = 2-24x 107 (A = 84-3 m.) which is
greater than p,. The form of the curve is similar to that in fig. (3), but the
minimum value of g, is now only 0-22, while the maximum value of %, is also
much reduced. In this case « is nearly 15-5.

Fig. (5) shows pg, ky-curves for p = 4x107 (A = 472 m.). Here the
minimum value of pg is only 0-84, while absorption is practically negligible.
The total integrated absorption coefficient « is 4-90. The maximum value of
ko is attained at 2’ = —1-1, as is expected from theory (Appleton, 1938) if the
layer behaves as a non-deviating region for this frequency.
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For the extra-ordinary wave in the quasi-transverse case (when we take
+ sign) we have from (1)

’
qe2 = l—ﬁ——-—a—);—f (6)
— 5
From (6) we have
1
B’ = 3 (VX2+YE+X] ?
o)
2k2 1
sze =3 (VEXE+TE —ng
where
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w.’l'z ’
Re—t . D= S @
R G Iy s )
r—1)F 152 Ty

Thus we see that equations (7) are of the same form as equatlons 3),
hence the remarks made on equations (3) hold here too.

Using equations (4), (5) and (7) curves have been drawn for wu,—2' and
k,—2' for different frequencies assuming ¥ = 0 and p, = 5x 108,

Fig. (6) is drawn for p = 1-4141 x107 (A = 133-2 m.). There are two
maxima for g, : (1) a steep maximum (u, = 1-423) at 2’ = 1-5 and another
(e = 1-379) at 2’ = +2-8. pu, remains very small between 2z’ = —1 to

= 42,  There are two more levels, viz. 2’ = —1:6 and 2’ = 43-4 where
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p. has minimum values. £k, has its maxima at 2’ = —1:5, 2’ = 0 and 2’
= +3. The maximum at z’ = 43 is the largest while at 2’ = 0 it is very

flat.
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Assuming as before that the reflection takes place where the change of
pe with height is very large, the reflection will take place from 4,, B, and O,
corresponding to the conditions

Po* = P*—Pph N %)
— 192_]7];2
Po? = P2+ ppa N €0

respectively, which holds good when » = 0. The distance between 4, and
B, is nearly 1-3 kms. and since the actual wavelength in the medium is nearly
1-35 kms., i.e. of the same order as the barrier, there is every possibility of
the wave leaking through and getting reflected from B,. We can also deduce
from the k,-curve the total integrated absorption coefficient «. For the
wave reflected from B, it is 68, which means that the wave will be highly
absorbed and hence the probability of its being reflected is very much reduced.
Even in exceptionally favourable conditions, if the absorption is small, the
equivalent path difference between reflections from 4, and B, being only
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2-6 kms., these reflections will not be resolved at the receiver. The distance
between B, and O, is nearly 4 kms. and the value of p, is sufficiently high,
so the actual wavelength in the medium is very very small in comparison to

the distance. Hence there is no possibility of the wave leakage.

Therefore
we cannot get reflections from the point C,.

When the wave cannot be reflected

even from the point (,, there is no possibility of its being reflected from the
points D,, E, and F, at all. '

The total integrated absorption coefficient « for the wave reflected from
A, is nearly 12.
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In Fig. (7) p.—2 and k,—z' curves are drawn for y = 2x107 (A = 94:2m).
The curves are representative for frequencies for which the conditions of
reflection («) and (B) hold but not (y). « for the wave reflected from A,
is 14, while for that reflected from B, it is 125-6. For reflections from 4,
and B, remarks similar to those made in the preceding paragraph hold good.
In figs. (8) and (9) p,—=z' and k,—z' curves are drawn for p = 2-182x107
(A= 8634 m.) and p = 2-236x107 (A = 84-25 m.) respectively. These
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frequencies belong to the same group as the one drawn in fig. (7). In fig. (8)
the minimum value of p, at 2’ = 0 has risen to 1, while in fig. (9) there is no

14 T 1 1 14
p=2'182 10’ f
' A=g634m | | .
12 2 \ / 12
1 j ]! h 1
08 \ ; 4 08,
: ' - =
i RENE] '= < 3
06 \ .’I J‘E ! ‘.‘( 06
04 | ]/ \‘\‘ / 04
02 \\ < / 02
| MRS RN

- e ol .
-3 -2 -14c Be 0 1 2 3
Fic. 8.

minimum, rather the two maxima have shifted to 2’ = 0, and the value of
e is 2-395. The curves for frequencies higher than 2-236 x 107 (not given
here) show a gradual fall in the maximum value of g, at 2’ = 0, with a corres-
ponding narrowing of the central portion, till the penetration frequency given
by the condition («)is reached, when the curve reduces to that shown in fig. (10).
« for the wave reflected from 4, in fig. (8) is 18, while in fig. (9) it is 20. For
the wave reflected from B,, « is 397 in fig. (8), while it is 1012-6 in fig. (9). In
these curves also, though the distance between 4, and B, is of the same order
ag the actual wavelength in the medium, the value of « is so great that reflection
from B, is not possible.

The value of « due to this region for the penetration frequency p =
2-4467 x 107 (A = 77-02 m.) for which curves are drawn in fig. (10) is 84. These
curves are similar to those in fig. (3) for the ordinary ray. 1In fig. (11) p,—2'
and k,—z’ curves are drawn for p = 4x 107 (A = 47-2 m.) representing curves
for the frequencies sufficiently greater than the penetration frequency. In
this the minimum value of p, attained is only ‘834 at 2’ = 0 and hence
the layer for this frequency behaves as a non-deviating region. But the
waximum value of k, is attained at 2’ = —0-2 and not at 2’ = —1-1 as was
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the case in the ordinary wave of the same frequency as shown in fig. (5). The
total integrated absorption coefficient is 1-5.
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In fig. (12) p,—2" and k,—z’ curves are drawn for p = 4-472x107
(A = 421-3 m.) representing curves for the frequencies less than the gyro-
magnetic frequency. In this p, first becomes greater than unity, then it
begins.to fall very abruptly at 2’ = —2-3, attaining very small values between
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2'= —2:0 to 2’ = +5-5. From 2’ = 6 it again abruptly rises and ultimately
becomes greater than unity. There are two maxima in the k,-curve: (1) a

big and flat ‘one at 2’ = —0-2 and another a very small one at 2’ = —2-5.
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The total integrated absorption coeflicient « for the wave reflected from 4,
is nearly 41.
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§3.
In the quasi-longitudinal case, i.e., when
4(7‘—5):2 cos? L
w? 8in? «
equation (1) reduces to
r
o=1-— - .. .. .. .. (8)
%o, Btw,

where the + sign is taken for the ordinary ray, while the — sign is taken
for the extra-ordinary ray. After some simplifications we have from (8)

9 i

Ko e =3 VX124 V124 X1 I
2k o . (9)
= 5 VX2 + Y2 — Xy
P
where
Xy =1 — e g Pot(pidpp)
U (te e (P*£pp:)*+vp? 9)
78 Povp (
Yi

= TEw.2+8  (PPEpp.)2+r2p?

The above equations (9) are of the same form as (3) except that here
we have p24 pp, instead of p2. Since v2p2 is very very small in comparison to
P24 pp, (except for p very near p,) the form of the po, ,—2" and k,, ,—2" curves,
for the same group of frequencies will be similar to those drawn for the ordinary
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ray in the quasi-transverse case from (3) and (3'). Only the value of critical
penetration frequency p. will change, and here it will be given by

2
4—”%’;"'— =pEtDPs
Hence a curve drawn for a frequency py in this case will be nearly similar to
the one drawn for the frequency p;; in the previous case such that py,2 = p,2+
P1P.. As for example the curve drawn in fig. (2) for p = 2 x 107 will be nearly
similar to the curves drawn in this case for p = 1-765x 107 for the ordinary
ray (taking the 4 sign into account) and for p = 2-265x107 for the extra-
ordinary ray (taking the — sign into account) assuming that p, = 5 x 108,

§4. Discussion.

The py—2" and ky~2' curves for the O-wave for frequencies much smaller
than p,—the penetration frequency—show that the value of p, is very very
small and k is fairly large for a large portion of the layer. But as we approach
the critical penetration frequency, the region for which yg is very very small
and k, fairly large decreases, at the same time the minimum value of g,
increases and the maximum value of k; decreases. At the penetration
frequency this becomes very narrow. For still higher frequencies the value of
po at 2' = 0 goes on increasing, while the ky-curve goes on diminishing (vide
figs. (4) and (5)).

For the wave reflected from 4, the value of «x increases as we increase
the frequency. It is maximum for the penetration frequency. F¥or the wave
reflected from B, the values of « are very great. It decreases as we increase the
frequency and is minimum for the penetration frequency. For frequencies
higher than the penetration frequency the value of « (which is now due to
the whole layer) goes on decreasing as we increase the frequency.

For the extra-ordinary ray in the Q.T. case in the g —2’ curve the portions
between 4, and B,, and E, and F, goes on narrowing and the portion between
C, and D, increases as we decrease the frequency, till at the gyromagnetic
frequency 4, B, and E, F, portions disappear and C, D, becomes sufficiently
broad. For frequencies less than the gyromagnetic frequency the value of
p. Temains greater than unity on both sides of C,D, for some distance. If
we increase the frequency the reverse happens, till C, and D, coincide and if
we further increase the frequency this portion goes up till it disappears and
the two maxima on either side of C,D, coincide and form one maximum
(vide fig. (8)). For still higher frequencies this maximum decreases, at the
same time it becomes narrow till it disappears and B, and E, coincide. By
further increasing the frequency the remaining portion 4.F, becomes narrow
till it disappears at the penetration frequency and the curve reduces to the
form shown in fig. (10). For frequencies greater than the penetration
frequency p,—2' curve behaves as for the ordinary ray.
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In the k,—2' curve in the Q.T: case there are three maxima, one at
C.D, and the others very near to the points B, and E,. If we decrease the
frequency the maximum at C,D, increases while at B, and at E, it decreases
till they disappear at the gyromagnetic frequency. Below the gyromagnetic
frequency there will again be a very small maximum near about B,. If the
frequency is increased the reverse happens, the C,D, maximum diminishes,
while those at B, and at Z, increase, till the maximum at C,D, disappears.
If the frequency is further increased the maxima at B, and E, coincide, which
on further increase in frequency diminishes.

For the waves reflected from A, as well as from B, « increases as the
frequency is increased and is maximum at the penetration frequency. But
at the gyromagnetic frequency « again becomes very great and decreases with
further decrease in frequency. For the waves greater than the penetration

frequency « decreases as the frequency is increased which is true for the
ordinary ray also.

The possibility of reflection of the wave from the point B, is very little
because « in this case is very large. It is smaller for frequencies near the
gyromagnetic frequency, but then the path difference between the rays reflected
from A, and B, is so small that it is not possible to get the two rays
separated.

Reflection from the point A4, can always be obtained except near the
gyromagnetic frequency and very near the penetration frequency, where «
is large. 1t is due to the large value of K near the penetration frequency that
we generally get weak echoes and at times a gap in the (P'—f) curve when
we pass from one layer to another.

For the ordinary wave reflection from the point 4, is always obtained,
but like the extra-ordinary wave this is also slightly absorbed near the penetra-
tion frequency. Due to high absorption reflection of the O-wave from the
point By is not possible. If there is any possibility of such reflection then it
is very near the penetration frequency, but then the path difference between
Ay and By is so small that it is not possible to get the two rays separated
on the receiver.

By comparing the values of « for the o- and z-wave of the same frequency
it is clear that in the Q.T. case for frequencies greater than the gyromagnetic
frequency the ordinary ray will be more absorbed than the extra-ordinary ray
as is evident from the values of « from figs. (1) and (7), and (2) and (6). These
results clearly explain the experimental results of Wells and Berkner (1936)
who obtained at Huancayo (where Q.T. case holds) that though ordinary and
extra-ordinary rays are nearly of equal intensity the latter is slightly stronger
than the former. For frequencies less than the gyromagnetic frequency
the extra-ordinary ray is more absorbed than the ordinary ray in the Q.T.
case. In the Q.L. case the extra-ordinary ray will be more absorbed than the
ordinary ray for all frequencies as is evident from figs. (1) and (2).
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If we compare the absorption of these two waves by taking the o-wave in
the Q.T. case and the z-wave in the Q.L. case as has been done by Booker
(1935) then also the xz-wave is more absorbed than the o-wave.

In the non-deviating region both for the Q.T. and Q.L. case the o-wave
is more absorbed than the z-wave. The maximum absorption for the o-wave
in both Q.T. and Q.L. regions and for the z-wave in Q.L. region takes
place near the level 2’ = —1-1. But the maximum absorption for the a-
wave in the Q.T. case takes place near the level 2/ = —0-2. Both in the
Q.T. and Q.L. cases k is greater for the z-wave than the o-wave for the
penetration frequency (vide figs. (3} and 10) ).

All these curves have been drawn by assuming certain values of Ny and
vo- If we change the value of Ny, it will alter the value of the penetration
frequency but the form of the curves for a particular group will not alter
much. If we use higher values of vy the p—2' curve will be slightly raised,
more prominently on the negative side of 2’ where u is very small. The
k—2' curve will also be raised and the values of x will increase. If we
use smaller values of vy the reverse happens. In drawing these curves y is
kept equal to zero. If it is also varied then for small values of y the p—=z'
curve will be like one drawn for slightly lower frequency. For sufficiently
higher values of y there will be some difference between the usual form of
the curve. But it is certain that as we increase the value of x the value of
« for a particular frequency will go on diminishing.

My hearty thanks are due to Prof. M. N. Saha, D.Sec., F.R.S., and Dr. G. R.
Toshniwal, D.Sc., for their keen interest and useful suggestions. '

SUMMARY.

Curves showing variation of refractive index and absorption coefficient
with height have been drawn for different frequencies for a simple layer, in
the quasi-transverse and quasi-longitudinal cases. Assuming that the reflection
takes place where the variation of refractive index with height is very large,
the points where reflection takes place and the corresponding total integrated
absorption coefficients have been calculated. It has been shown that the
reflection corresponding to the condition p = oo is not possible. The extra-
ordinary ray is shown to be more absorbed than the ordinary ray in all cases,
except in the quasi-transverse case for frequencies greater than the gyromagnetic
frequency where the reverse is the case. In the non-deviating region the extra-
ordinary ray is less absorbed than the ordinary ray.
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