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1. In what follows we desire to present what appears to us to be & complete
Kirchhoff-like solution of the equation above and indeed by two distinct
methods, The one is a method of complex integration and the other an
extension of a method adopted by Love * for ordinary retarded potentials.
The equation itself is one which seems to have acquired some importance in
view of a recent work of J. H. Bhabha T on the mesotron, who has stated a
solution of the equation, in which the part involving a surface integral does
not appear. To the best of our knowledge and belief the solution at which
we arrive and which exhibits the surface integral is original. As the whole
work, however, was started by a successful derivation, by an adaptation of
the well-known method of Herglotz and Sommerfeld {, of the potentials of
a moving mesotron, such as Bhabha uses, we let this derivation precede the
main investigation, since this way of arriving at the potentials appears to us
to be also new and of sufficient interest.

2. To start with, we seek a solution of the equation

2

v2¢_02_a%_k2¢=0 .. .. oD
of the form: ¢ = y(s),
where 82 = (0 —1)2 —Z (£ —x)2 = c2(0—1)2—r2 .. R 3]

and #, y, 2, { are parameters. The transformation of eq. (1) to the single
variable s leads to the equation

&y 3
%+3%+k2¢=0
or d%(&l:)+—i%(s«/x)+(k2-—:—z)(8¢)=0- 3

Hence we infer: ¢ = ’L:“o or —l:’-‘i—k” , where Jy(ks) and Y,(ks) are Bessel

functions of the first and second kinds respectively.
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3. Retarded potentials of a moving mesotron.

Weputx=m

_ kJy(ks) k< 2m+1 Jo(ks) §
= = —ln(ks)— - Z (—1 mmJ2m+1(k‘g) -

4
and choose for the four potentials (¢, 4,, 4,5, A3) of the mesotron solutions of
eq. (1), stated as an equation in 2, y, 2, ¢, with &, , {, 6 as parameters, in the
forms

8, 8,
4= | ason 4= f Cafo e )

The equation of restraint on the four potentials becomes
op 04, ,04, 04,

cat+ ox +_+-§¢_

: 9 ,,9 ,d
= —J da[f4ciw+f155+f2$+fsgz:|x
A

_ o dEd  dnd  dl o
"“Bjado[ae"*doaﬁdo an a6 3T |
1

LD

=-—-BJ d0§7—‘.. .. .. .. .. .. (6)
21

if, after Herglotz and Sommerfeld, we treat £, 7, { as functions of 6 and put

Guto St =B(o 5. 5. )

where B is an absolute constant.

O]

We assume now 8 to have been complex of the form u+iv and proceed
to perform the integrations in egs. (5) along a path on the complex plane
shown in the diagram below.
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The following consideraions govern the choice of this path. Since,

from eq. (2),
82 = cHO—1')(0—1"), R )

where t' = t— g and t* = t+£, the only singularities of x are those at 6 =’

and ¢ = ¢" and since we are seeking, for the moment, the retarded potentials
we let the path embrace just the one singularity at 6 =¢". Since, further,
Ins in y is multiple-valued we cannot satisfy the equation of constraint (6)
by just having a closed contour about ¢’ but have to let the path run along
the real axis from — o0 on one Riemann surface round ¢’ to — o0 on a second,
as, with > — o0, x > 0.

Retaining only such terms in y as involve a singularity we may write

eqs. (5) as
92
¢ = Be [ dﬂ[ld—l(ki)lns——lz—] ,
s 8
v 91
b ChIks), 17 dE
_ 1
AI_BJ dﬁ[ p Ins 82]d0
01
ete.,
and evaluate the integrals as follows:
1dé_ 1de  2m  do i
df = df — = — ————— v, ete
2df 2 df 2y di’ @
I, W B 2] J e ey
v

do 8

8, 8,

J daJlik“’) Ly m—lf a9 11%2) d‘fz (6—1)

_ J(ks) dé
= f dg —— P D ete.

-0

We identify now Bni with the charge e of the mesotron and obtain as its
potentials

b= —eclcf ap ),
r(l— &)
¢ —
R ©)
Y Jy(ks) [dE dn L
(Al, Az, As)—m '—ekJ‘ de 18 (dﬁ’d_e,d—e>’
¢ -

which are the forms used by Bhabha.
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In concluding this section we remark that the advanced potentials of the
mesotron, also used by Bhabha, may be obtained in like manner by the choice
of a path of integration made to run along the real axis from +o00 on one
Riemann surface round the other singularity at 6 =¢" back to 400 on a
second.

4. Solution of the proposed equation for retarded values of t : First method.

We write
o2
Vi — ;;z“;éé —K% = —dmp(Enl0) .. .. (10)
and Vix— c‘ga‘za%g —k2x =0,

where y is given by (4). Hence we obtain firstly,

op  Ox % _
Z f( ¢ 5) cae< Xzo0 ¢060> —duxp(€nl0)

and then, upon integration with respect to 4,
02

ox\_1[ 94 ox
J deZag("ag ) ‘[ X o0 "’cae:l = —44 a8 xp(énlb).

by
We assume now 6 to have been complex of the form p+4év and proceed

to perform the integrations along the same path on the complex plane as
we have used in the previous section. Since, with 6 - — o0, both y and

-—>0 we have

a0
2
ax _
f dozaf(x % af) = —dn L a8 xp(¢nL).

1
This we may Wnte aga.m in the form
Os

Zagf do( —4 )=—4nf b xolnld), .. (1)

61
if we observe that we may treat the path of integration as independent of
£, 1, L, since the path about the singularity at t' may always be slightly varied

to accommodate the shift of ¢’ involved in the operations, %, ete.

We set down now in brief the necessary calculations.

0,
) J 40 xp(EnL0) = J a8 [’“"1 %) s — 1]9(&7{9)
6,

- —m‘kJ a0 745y er10) 1T pientr),

-0



¢

V= o~k = —dmplaya). o7
0
(i) Idaxg"; Jda[""l("")l - g?
9
p
. Jq(ks) 0 i [0
-_-_,,sz det ag+cr<a§>
0y nbs
(i) Jd0¢g—’é=—(§—x) d0¢ld"
6, J o
nls
1 d [ kJy(ks Jolks
= —(—2) 0d0¢35[ 18( ) tns— °§2)
v oy
n92
d [(Jy(ks)\Ins 2T (ks) = 2J,(ks
-_——(f—w)wdﬁzﬁ[k‘—i—s(———lg )>—”8f 813( )y ‘;(, ):I
[~ 9y 05
_ d (Jy(ks)\Ins k2 é
= —(£—1) kf d9¢d—8(—1}—-)?+§j de -
- 6y 6,
Oy
¢
6,
.1 1 1 2 1
Replacing = by c4(t”—t’)2[(0—t')2 ~=me=m (0-:")2]
we have
L
do¢
J, 4%
"
PN d (Jy(ks)\1 k2w i [ 0 i
= —(¢ Z)[ MkJ d9¢’ds( p )E—TM(¢)"+cﬁ(m>,'+m(¢)t':l

—0

J1(ks)
s

-
= —wikJ‘ d0¢a£(

- 00
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k2mi or @i or

5o (¢)t'5§ ¥

().

ot a/1
?(¢)t'a—§(;)-
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Substituting these results in eq. (11) and dropping the factor 1;—‘ we get

4n [p(_&l@ —‘”CJ J‘(k”) 217 pen co)]

—a

-S| 1)+ 5o i)-e w 0

-0

y
+ckj‘ b ¢a%(e]1ik8))_ Ig(tﬁ)y g_;:l ..o (12)

-0

We integrate this equation now further through a closed volume about
the point P {(z, y, 2z) but exclude the volume of a small sphere about that
point. We obtain thus

n ¢
- J J dt dn d ["—‘5—*’@ —ckf do"%’”’p@nzo):l
J -
_ J J is

H30) 41 5% o)
ettt gl wed () -S|
"'J s l: (gf) trm (ca;o) — @) an(l)

t

—ab | da (ks)a¢+ kf de¢§ﬁ(ﬁ-§@)—g(¢)f%],

—co -0

where the second surface integral is over the surface of the small sphere about
P. Tts limiting value, with r — 0, is seen to be

| , 0 f1
_¢Rt[JdS 51—&(;):: —417¢P,t
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We arrive hence at the complete Kirchhoff-like solution for retarded values
of ¢ in the form

$loyet) = J ”dedndz [’i@’}—‘f—) —ck f o7 l‘ks’p@nce)]

-0

1 134\ 1 or(dd 8 (1
*ﬂ” a8 [;(a“n)ﬁ; a(m)t,‘ ‘¢)f'an(r)
v
_ Jilks) 3, @ (Juk)\Y _ B2 . or
cIcJ do{_ls 5;_9557_&( 18 >} 2‘(¢)t an:l. .. (13)

-

In closing this section we remark that a like procedure with the second
path of integration pointed out in the previous section yields the complete
Kirchhoff-like solution for advanced values of ¢ in the form

Hayet) = ”J dé dn dg [’ﬁ’f—“ —G’GJ B zm:l
t’
1 B\ 1 ar[d a (1
te JJ a5 l:r(an>,~‘ v 5&(:: ao)tn (#)e 5;5(?)

- J1(ks) 3¢ J1(ks) 2 o
ckLydO{ s on ¢an( 18 >}——2—(¢)réﬁ}. .. (14)

5. Solution of the proposed equation for retarded values of t : Second method.

To begin with, we replace 8 by t— g (= t') ineq. (10). With the notation

(6 80=5) =10l
as)

Hemti=) =1,

ete.,

equation (10) takes then the form

R A B R
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Now
. 3|1 or
7= Lag] [80]0 %’
G '3295 24 1 or
o #1= ] [ag 2 | % - 4
1 or\2 o471 o2r
+[—] (%) %)%
0*¢ 11 or
Al [ag aa] 262 |c of )
Hence we deduce firstly

2 dr o2 19% @ 0%¢ 1 or 0%
s g s e o 9= 38 (0 %) [
and then
VU2 > 2T 142 5 -] = (41— [02 agz] — k¢l

= —4=fp] .. .. .. (18)
in view of eq. (16). Dividing both sides of eq. (18) by r, we have,

since V21 =0,

210rd k2[¢] [r]
S - () +21 L ml- —aa B )

We next proceed to combine eq. (10) with

v Q— 2aQ92 —k2Q=0:

where Q= J lg‘s)’
and obtain firstly
% 4\ _ 2 (o2 Q\_ _
z ot ( —$ %% ag) ¢ ae( s %o ag) 47 Qp(€nL0)
and then, since both @ and %g_,o with 8 - — 00,

Zrld" Z(eft-3)-1[e -+ ——%j’deop(mo)

—a0 -0



02
V2¢— 2 gzg —k2¢ = ‘_4‘”P(-"3.7/Zt)-

;
2 o _, 2 L ar
orza—J ow(cgﬁ )+Z[Q 4%

8E cof [Qcaﬂ 95080

S— { d6 Qp(Enlb).

Rearranging the terms in this equation we write

1
;9 % _L0\_I| saQor Q) QI radar o
ZEEJ da(“?%“ﬁag) c[ c20 c[

0f 0¢ cob 9 3¢ cob

101

y
= _4ﬂj 6 Qp(¢n6) . .

(o] -o-[2]-[3]-[3)

(19)
and observe that

[Q]=~

and, in view of egs. (17)

o or 9
[Zaf 52_5%] Zag pratd
=> af(ag [qs]) [4].
Equation (19) now takes the form

Zas“ (05— Q>+§é%[¢]}‘§m

r

tl
= —dnr J 40 Qp(¢nlo).

Combining now equations (A) an

d
Zas{rafm Wag() + —ckJ,,dO( 2 aQ)

Qo o

k or
-5 5 [¢]}

(B)

— 00

P
= =47 {[TP] —ckj dOQP(fr)gﬂ)}

-
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or, in view of eqgs. (17),

’

1 1or 0¢ ?_Q
Zag ;[’a’g +r5§[030:l [‘ﬂag()"“’cj "w(Qag "585)

~

k2 or
7 55141

.
= —dn [—‘;J —ck[ a0 Qp(¢ntd) L. o

t
-0

This equation (20} is casily seen to be identical with eq. (12) and subsequent
integration through a closed volume, as in the last section, will now obviously
lead to the complete solution of the proposed equation in the form (13).

It is evident that we may in like manner obtain the complete solution

for advanced values of ¢ if we replace 8 in eq. (10) at the outset by t+£ (=1t

and later perform integrations with respect to 8 from 1" to + o0,

6. In closing this communication we like to make a few observations
on the methods here employed. Firstly, the method of complex integration is
obviously also available for the Kirchhoff solution of the equation

V2~ o = —dmp(Enl0).

We may have this solution, of course, immediately out of the solutions (13)
and (14) with £ — 0; we may have it, too, by a like procedure repeated with a

solving function y(s) = }2 Secondly, both methods may be adapted without

&

difficulty for solution of the equation

2
Vi LI phog = —mpline)
and the only difference should be that real Bessel functions of imaginary
arguments would take the place of those we have used above. Lastly, under-
lying the method of complex integration there is obviously the assumption
that p and ¢ are analytic functions of 6 over a region of the complex plane
wide enough to embrace the path of integration—an assumption from which

the second method is happily free.
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