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1. In a recent paper, because of its astrophysical interest, Sommerfeld
and Welker ! have discussed the Kepler problem, subject to an artificial
boundary condition which physically corresponds to the Hydrogen-atom
being enclosed in a sphere whose walls are impermeable to the electron. The
g-function, therefore, has to vanish on the sphere. They find that, for the
radius of the enclosing sphere less than 1-835 a,,, where @, is the radius of the
first Bohr orbit, the electron is not bound to the nucleus as the energy W is
positive, and that it is bound (W< O) when the radius is greater than 1-835a,.
In a recent communication to ‘Scitence and Culture’, Kothari and Auluck 2
have dealt with the energy levels of an artificially bounded linear oscillator
with an application to an investigation by Wildhack 3 on the proton-deuteron
transformation as a source of energy in dense stars. Contrary to the usual
discussion of the oscillator, where the $-functions are made to vanish at infinity,
the y-functions for the bounded linear oscillator, enclosed between infinitely
high and infinitely steep potential walls, vanish at a finite distance. In the
present paper, a detailed discussion of the problem is given.

2. The Schrodinger equation for a linear harmonic oscillator is

%y 8n? 1 ,
dT‘é’+lh2_’§<W—§a;x2)¢=u R £ )

1 . . .
where m is the mass of the particle and 3 ax? its potential energy for a displace-

ment %, the proper frequency vy being defined by vy = 5%; <%>% The equation
(1) can be written in the form

d2 1 1

dx—f+(n+§—zzz>¢ =0 .. .. @

1 Sommerfeld and Welker, Ann. der Physik, 32, 56-65, 1938,
2 Kothari and Auluck, Science and Culture, Dec. 1940.
3 Wildhack, Phy. Rev., 57, 81-86, 1940.
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where W = hy, (n+%> .. .. (3

and 2= <4—}:T)% (orn) i .. .. R )]

The natural boundary condition is ¢ — 0 as # — 400 and for this case n is a
positive infeger including zero. We shall consider the artificial boundary

condition ¢ = 0 at x = :l:% .

The equation (2) is satisfied by the confluent hypergeometric functions !

- 1
P(z) = 2 *lel r <§z2> S /)
g"" 3 13
where
ot =% 1.\ -t n n(n—2) n(n—2)(n—4)
2%z Mg-l—i, _%(222)—6 %]—2_722.'. Y 24 81 26+
(8)
and
- 1 - -1 —1)(n—3

ot, 1}J'J:Ig_'_%’%(é#): e §z2{z_ n3l z3+(n 5)(!71' )z-”— . } .

We shall denote the series within brackets of (6) and (7) by Fi(z) and Fy(2)
respectively. It may be observed that the equations g(4z,) = 0 are satisfied

simultaneously. From (4)
47\1 {
= [ — : 3
2 (h) (am)? 5

. 271‘290’”(« il
- h

lL’ the length [y being defined by
0

3
l°=<2—-ﬂz’i—0%) e

which corresponds to the (classical) ‘amplitude’ of the oscillator when its
energy is hvg. For the ground state and all the other odd states, (6) is to
be used, and for the second and the other even states (7) is to be used. The
reason is clear from the next section.

3. It will be shown that the equation F;(2) =0 has m positive roots
when 2m—2 < n < 2m and that the equation Fy(z) = 0 has (m+1) positive

and this may be written as zy =

1 Whittaker and Watson, Modern Analysis, 1927, p. 347.
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roots (including zero) when 2m—1 < 7 < 2m+1. Milne ! has proved that for
positive values of », the function

D,(z) =

1 1
L)z r{=bai*
2 1 2 1
— ¥ 2)d—————M; sz

rfl_n rf_? "ivd

2 2 2

has m positive zeros when 2m—1 < n < 2m+1. By Sturm’s Fundamental
Theorem,? the zeros of any two real linearly distinct solutions of a linear
differential equation of the second degree separate one another, and the
number of zeros of any solution, in a given interval, cannot exceed the number
of zeros of any independent solution in the same interval by more than one.
Therefore the zeros of Fy(z) and Fy(z), for a fizxed value of n, separate one

another. We apply the second part of Sturm’s Theorem to the linearly in-
Fol2)
z

dependent solutions D,(z) and Fy(z) of the equation (2). is positive

forall z when 0 < n < 1. Hence, in this interval Fy(z) = 0 has the only root
2(2)

z=0. In the interval 1 < n < 3, —F—z— is positive at z = 0 and is negative

for sufficiently large values of z. Hence Fy(z) = 0 has another root besides
zero and it cannot have more by the above theoremn. Inthe interval 3< n< 5,
—? is positive for 2 = 0, and therefore in the neighbourhood of z = 0, and

for sufficiently large 2. By the above theorem it has one zero and therefore
two, since it cannot become positive without passing through the value zero
again. By continuing the above process we prove the result concerning the

number of zeros of Fg(z). Now %Fz(z) is equal to Fy(z), if » is changed into

(n+41). Hence by Rolle’s Theorem the equation F4(z) = 0 has m zeros when
2m—2 < n < 2m.
4. It has been proved by Erdelyi 8 that for large %

2 _
Mim (%) = 2\1/_; TEm+DE™ 12} cos <Z\/2k-mﬂ— Z){Howﬂ $
9
Since the eigen-functions vanish at z = =42, substituting k=%n+i, and

1 1
m = :1:‘11 we have cos (zan+%) =0, and also sin (20/\/%+§) =0 and

502%Jn+%=QW,q=1,2,3...

1 Milne, Proc. Edin. Math. Soc., XXXII (1914), pp. 2-14; XXXIIT, pp. 48-64,
2 Ince, Ordinary Differential Equations, 1927, p. 224.
3 Erdelyi, Math. Ann., 113, 357-62, 1936.
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ﬂ2q2
Hence W (n+ )hVO = W hl’o
1202
= 8__"312 (10)

q is one for the ground state, two for the second state and so on. A second

) 2 1\ -1
approximation for W, can be obtained under the assumption that z%_ <n+§)

is small.  We shall solve the equa,tion
A%

i + z—zo)2(z/:—0 N (0 2!

with the condition §(z) = 0 at z = 0 and z = 2z;. Under the conditions of
our problem, we can take

K

wkz
= Ly SID — 12
B, ,Zl Ay, sin 520 (12)
1 2,2
and n+§ quz (147 . .. .. .. (13)

Ay, will be negligible unless k£ = ¢. This can be easily seen, for with

z—2g)2
(~<—'—0—;— < 1 the equation (11) gives nearly a plane wave (corresponding to
n+ >

& field-free particle). Substituting the relations (12) and (18) in (11), we have
PR 202 nkz
- .5_ —k24-q2 2y 0 (5 ny2 N —m =
<2z0> k—l{( k24-¢2)4-q%y — (z—2p) %Akq gin % 0

Multiplying by sin

gzz and integrating between (0, 22y), we obtain
0

o . _ Z0° o o ip TYZ
PPnzo = —g (2 —2p)2 sin Eé;dz

¢

~x(l_ 2
T x2\3 n2q?
2* 6
K (1 7,2q2)
so that
W, =22 (1, 1 [I\* 6
=) () (=)t - 0o

1 z in equation (11) is 2--z, of equation (2).
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h2q2§ 1 /1\* 6 }
8mi2 1+3n2q2<l;> (1 'ﬁq_?)

which is valid as long as the second term in the brackets is small compared
to unity. It will now be proved that the error term within the brackets

sol(z)}

We shall express the M-functions in terms of trigonometrical functions.

or Wy =

33 - \2 61
D i (l*f)é}—‘?‘)ye.;. as)
= foy) +Hie+foly)e+ . .. . .. (18
where nz? = y2, n =g provided the series within brackets is convergent.
€
We have
foy)=cosy .. .. .. .. (18)
and = (=) 2“(2 o lyE . N b))

where o," denotes the sum of the products of all the numbers 1, 2, 3 . . . » taken
r at a time, without repetition. Hence

(1~aa—2q..41—nQ==22(—yv:a, .8
r=u

In the identity
(4D (2+2)(x+3) . . . (x+n) = 2" to" 2 1oy 24 . . . o,

Change « into 41 and then multiply both sides by #+1. By replacing the
product of the first n factors by the series, we get

@+ 1)+ oy" @4 1) o @+ 1)1 . .. +o, (@+1)
= (z+n+1){z"+oy"a" 140"~ 24 . . . +0,"}

By comparing the coefficients, we obtain

af="%;” L)
»_ Pn+1)(n—1)3n+2)
_ n2(n+1)2(n—1)(n—2)

= 45 (21

In general forr < n

ra,” "+10r+1+001"+ Crorog"+ ..+ L (22)
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So f1l®)

{ 2n(2n—1)—2n}y2»

n)!

1O (=t (=)t
- 78 Z2n l'y2 +3 y22(2n 2'y2n2

=é(yzcosy—ysiny) .. o .. . .o {(23)

Similarly it can be shown that
foly) = 384 {3(y4+y?) cos y—(2y3+3y) sin gy} .. S (29)
1 .
f3®) = g | @0+ Ty —15¢2) cos y+(y° —10y3+15y) sing}.. (26)

Substituting (23), (24) and (25) in (15’), equated to zero, and solving it by
Newton’s method we have

- gin’ 5 3.3
where ¢ is a positive odd integer. The equation (26) on inversion gives
1 g% ; 2zt 6 8

By integrating (15) it can be proved that

1—¢e){(1—2¢
y= 3!"‘( vt )7(! b

= sin y+§ {(y%—3) sin y+3y cos y}
2
+§582{3y4—39y2+75) sin y+ (14y3—75y) cos y}

8
+—~*64; T {{y® — 18y~ +165y2 —315) sin y- (5y5—60y3+ 315y) cosyf  (28)

With the help of this series and by taking the relations y2 = (n—1)z2
and € = ] , (27) can be shown to be true for positive even integral values
of ¢ also. Hence the relation (27) holds for all positive integers g.

The figure represents }—?7— against ZL for the ground state (¢ = 1), the
Yo 0
second state (¢ = 2) and the third state (¢ = 3).
5. We shall define a quantity A, such that for I > A, ly, the linear
oscillator, in the qth state, is effectively a ‘free one’.
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W represents the energy of the linear oscillator enclosed in & one-dimensional
infinitely deep potential well of width /. v, is the proper-frequency of the oscillator, and

lo = _h i, the ‘ classical ’ amplitude of the oscillator when its energy is kvy. g=1
2n2vgm,
is the ground state; ¢ = 2, ¢ = 3 the next two higher states.

From equation (6)1 for the ground state we have Fi(z) =0. As we
want to find the condition when the oscillator can be treated as effectively
free, we find for the ground state the condition that n is very little different
from zero. Also we have from (6)2

22 2 2:4 2 6
A (N Sl W Mt 2 {2 12 .8
1 n(2!+4!z +6! 204 .. .)+n <4!+6!z + .. > R

This gives for zg >3

I
=

}z > 419 or n < -025.

Hence for I > 8y, the energy will differ from the value % hvg, of a completely

free oscillator, by less than 59%,.

1 By equations (6) and (7) we mean the equations Fy(z) = 0, Fy(2) = 0 respectively.
2 Instead of z; we have written 2.




140 F. 0. AULUCK : ENERGY LEVELS, ETC.

For the second state we have to use the equation (7) as already explained.

This gives
l z2 4
(3| =17 + . .>+0(n-—-1)

Foran eﬁectively free oscﬂlator, in the second state, n is very little different
from 1. From the above equation we get n—1 < -056 for z, > 3:5. Hence

the energy for I > 3-5 [, will differ from ;—)hvo by less than 3-6%,.
For the third state we have again to use (6). We find that for [ > 4],

the energy will differ from its value ghvo for a completely free oscillator by

less than 39.

In general for the (2r4-1)th state we use (6). We have to find the condition
when the oscillator may be treated as ‘ frec one’,i.e. we have to find the condition
that » may differ from 2r by a small quantity so that we can consider n—2r
to be little different from zero. Hence

2 224 !
relg2e ) T g T
1 i ;(274—2) tEralt
n—2r 2r(2r —2) rt2r i
‘1 Pt A R
In the denominator, 'rhe last term is numetica.lly the maximum if 2z > 2r
A
(i.e. { > 2rly). Hence the denominator < @1 22, Therefore

2 2 828 aor
P R UL %(2r+2) Tt et @t '}“LO("_M'

The series within brackets ix convergent for all z and therefore for 2 > 2r
1 2v . (r1)z2r+2
2
prgms PR ety Y o

> —\—/Zﬂ (g) {vy Stirling’s formula
nl ~ @rn)iuse—r}s
(%)r which tends to zero for large r, i.e. the energy of the

or n—2r < 4

Var
8 r

oscillator will differ from the value ( 2'r'+%> hvy by less than —— \/m <er) kvg

when | > 2rly.
Similarly for the (2r+2)th state we find that for zg>2r+1 the energy of

the oscillator differs from the value <2r+g> hvq by a quantity less than

_i._._ (E) " hvy, which tends to zero for large r.

\/ mr \&r
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