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Parr I. RELATIVISTIC THEORY.

1. Iniroduction.

In a former communication the author has given a dynamical theory of
the formation of spiral arms of a nebula.l There the law of force assumed was

M
f() =;?+m .. .. .. o
in the usual notation, and the potential turns out to be of the form, viz.,
M1
V= ——;—+§[L72+82. . .. .. (2)

The usual geodesic equations of general relativity for the motion of particles
in extra-galactic nebulae suggest spiral tracks. The (u, 8) equation for such
type of motion takes the form:

B .
d02+u—k2+3Mu 7 ST PP )

where r = u™', B =13 (2mpo+2) and h = 126, the well-known areal constant.
Integrating this differential equation we get

2
(%) = ¢(u)+constant .. Y 4)
where P(u) = ﬁgu —u2+hfs+ 2Mus.

Lindblad’s condition for the formation of the spiral arms is given by ¢"(ug) >0,
which in this case happens to be 2

12Mu0+6—ﬁ4—2 >0. . .. .. (5
R2u,
That this inequality holds good can be shown by recourse to numerical
substitutions. We have
iy =151 =2x10-Bem-!, B=206x10-4cm-2,
h? = 21251037 cm?, and M = 3x10!5 cm.
L.H.8. of (5) = T72x10-7—2+43-6353
= T72x10-741-6353,
which is positive. Here, the numerical values are in gravitational units.
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So, if the theory of the formation of the spiral arms of a nebula is to fall
in the domain of rational mechanics, it seems necessary to modify the classical
Newtonian law of gravitation in conformity with the general theory of relativity.
Hence, from the point of view of classical dynamics equation (3) is obtained
when the gravitational potential is of the form

M. 1 Mhp2
S lfl Wady . % T .
14 —t5 Bri— —. (6)
Considering initial values we have
Vo= —6x10-242:575x10-9—1-2x 1016 ., M

this shows that the third quantity on the r.h.s. of (7) can be neglected when
compared to the first two quantities. Now, this quantity represents the
term 3Mw2 on the r.h.s. of (3) which goes to point out that it can safely be

2
omitted. Consequently, the term — MT:— in (6) can be omitted without any

substantial loss to the theory. This means that the gravitational potential
can simply be written as
v=—Zilpm ¥
—+35 . .. . ..

which was the main assumption in the former paper referred to above with the
exception that 8 is replaced there by u which is another constant. We shall

now proceed to find the solution of (3) and show that it corresponds to an
equiangular spiral.

2. Solution of the orbital equation.

Let u be expressed by the power series

u = 61;(1+610+6202+ co) . .. O
On substitution in (3) we get
25y = z}yfza+3M _ ,f;g L
6bg = (ﬁiz_ﬁ% -1)61,
12h, = (6M+33“ )bz+ (331 6Bat )b1 | . (10)
20bs = (‘%4_5’%} _1)b3 N (6M 123@4)b1b2+10;8a b,

If this solution gives an equiangular spiral of the form
u=1e“0°0*’°‘ .. .. .. .. (1D
a
we must put &; = cot o which gives 2by = cot® a. But 25, =1-77984+1-8x 107,

and so cot a = 1-3341. (9) and (11) tally up to the term containing 62 if we
6B
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put cot « with a negative sign. Hence a = —36°52’. In these considerations
the term 3Mwu? on the r.h.s. of (3) is of no consequence. It can, therefore, be
safely omitted.

It is explicitly assumed here that the spiral nebula is formed of a central
mass-condensation and an equatorial layer of matter composed of particles
some of which are of size comparable to that of a star. This outer layer
consists of two spiral arms extending outwards up to a region beyond which a
large number of condensations are essentially formed which compose the
starry region of the further outer portion of the nebular matter. It is a
plausible hypothesis that the spiral arms are the orbits of matter ejected by
the immediately surrounding region of the central condensation. The rela-
tivistic theory of the formation of the spiral arms is, however, not capable of
determining the number of spiral arms possible. This theory being of a very
general character the number of spiral arms is of no consequence from the
most general point of view. This being, more or less, a local property of the
spiral nebulae, it can be determined by having recourse to classical dynamical
theory or its modification.

It is tentatively assumed for the purpose of the considerations set fourth
in the following pages that the boundary of the central condensation is
represented by the Schwarzschild incompressible fluid sphere r =a. The
matter beyond » = ¢ moves along spiral tracks which is a natural consequence
of the geodesic motion according to the general theory of relativity. It is the
purpose of the following sections to study the stability of the spiral motion.
Presently, some preliminary formulae are obtained.

3.  Geodesics and the spiral tracks.
Taking into account the influence of cosmic repulsion on the motion of
the system of particles in the outlying layers the fluid beyond r = a is
represented by the line-element

ds? = —erdr2—r2d0% —r2sin2 0dg24ediz .. .. (12)
, 2
where e~ A= 1—2Tm-—8r2=e”, B=Tr—p%i/—1, po=1T. .. (13)

The term in 72 is due to cosmic repulsion. The orbits are given by the geodesic
equations:
dza*
dst
Changing the independent variable from s to ¢, (14) can be re-written in the
form

da* da?
+{, a}%d—Z=o, (@ pv=1,2 3, 4). .. (19

dea* dat da” da* da” da*
-Et“’?+{yv,a}7ﬁzt’%—{yv,4}ﬁ—ét——ll? =0,(x=1,2,3). .. (15
Putting § = g, %9: 0 equations (14) for a =1 and « =3 yield with the

help of (13) the relation
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2 2
%g+(%x'— %) (%) —e"\(r_ %e"\A’w'z) =0 .. (16)

where w = ((ii_;:’é . This is the differential equation for spiral orbits.3

4. Conditions of stability.

It has already been shown elsewhere 4 that the condition that every point
of the space represented by (12) is a point of equilibrium if

{44,0} =0, (x=1,2,3). .. . .. a1
In the present case

{44, 1}=%e”"\v';é0, and {44,2}=0={44,3}. .. (18)

(18) shows that every point of space beyond r = & cannot be a position of
equilibrium. But it may be possible to find out some points (r,, 0,, ¢,)

which are positions of equilibrium. Let one such point be (rg, 0y, ¢p). If a
neighbouring point be denoted by (rg+¢, 0p+7, do+&), remembering that

d d2 . .
il =9, ar = (), equations for small motion turn out to be:
dt)r=r, di2 )r=r,

a2, d o dE

wtaMg =0

a2y d dy

a—t-é--|-d—t[2log r]%-—O, .. .19
a2f d

and [2 log r+42 log sin 6] % = 0.

ast
It has been shown by Prof. Narlikar 3 that for stability it is necessary and
sufficient that

a d d . e
T @ [2 log ], 7 [2 log r+2 log sin 6] be positive ;
2 (:—Z —ﬁr)i* . .
that is, > 0, %’. >0, 2 (;+cot e.é) >0 .. .. (20

2m
iy ¥
The last two of the inequalities (20) give

# >0, #+rcotd.d>0. R 21 )
The first inequality (20) then leads to

m 2m
;z-—ﬁr>0, I—T—-ﬁﬂ >0;

ie., r>(38)~% and r>3m. .. .. oo (22)
Therefore, for the stability of the orbits r should lie within the range
(3m, (38)"%). 'This range will be called hereafter the ‘region of stability .
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5. The characteristic exponents of the orbits.

It can easily be shown that if the kinetic energy of a dynamical system

be expressed in the form
1 dz*
T=_ g,wvv, 'v“—%, .. .. .. (23)
then the geodesics can be expressed as Lagrange equations of motion. Applying
this method to the particular case under consideration the kinetic energy is

given by

T—levr—eviorgr] L L@
where a dash denotes a differentiation with regard to s and 6 = g Z—f = 0.
The Lagrange equations of motion take the form
afory_or_,
ds \ or’ o
d forT- oT
35(5?)"£=°” . .. .. (25)

a (2@’) Ty

ds \ot' ot '
The first integrals of the last two differential equations are respectively given by
r2¢’ = h, . .. .. .. (26)
and e’ = ah, .. .. . .. 27
where k is the well-known areal constant and « is another arbitrary constant.

Writing the line-element (12) in terms of differential coefficients and changing
the independent variable from s to ¢ we obtain with the help of (26) and (27)

AL g <_ —Br)( >’+(;_’; _,37>_r(‘%>2 0. .. (28

Also from (26) and (27) we get

dp 1
20 0 = =, ‘. .. .. (29
reh o =~ (29)
Differentiating (29) we have
& B\ adrdg _ %
'(ﬁf+2r T e tdt—o . .o ( )

For a circular orbit we have

dr d2r
—_— = — =0. .. .. .. (31
<dt)r =1, O’ ( t2>r='r0 ( )

Therefore, (28) gives us

=" e @
o
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To determine the characteristic exponents of the orbit let us put

r=ro+€ ¢=dg+n, .. .. .. (33)
where ¢ and 7 are very small quantities. Substituting these values in (28)
and remembering the conditions (31) we get

czzf_'_ [(_____) (387 ~pr2 ]g—o (38

Therefore, the cha,racterlsme exponents are given by
1 2m  6m 3
+— [(_..__) (Bra —3,32r4)] . . .. (35)
7o To "o
It is a well-known result in the theory of orbits that if the characteristic
exponents are imaginary the motion is stable. The condition that (35) gives
imaginary values is
2m(ro—3m) < Pra(3pri—1). .. .. .. (36)
(36) gives the most general condition of stability of the spiral orbits and it

also determines the so-called ‘region of stability’. The relations (22) are
included in this general condition.

6. Some numerical results.

A numerical estimate as to the upper and lower limit of the possible
values of r would seem worth while as it would give an exact idea as to the
‘region of stability’. These results are supposed to be valid so far as the
arders of magnitude are concerned. We have

m = mass of the nebula, r = range of stability,
® = mass of the sun = 1-5x 105 cm.

(a) r > 3m:—
TasLe 1.

m r
2x100@ 9% 1014 cm.
2x 10190 9% 1016 cm.
2x 1011 9 x 1016 cm.

Table I gives the lower limit for » with an uncertainty proportional to
the same in the determination of the mass of a spiral nebula.

) r< (38—

Tasrz II.
B r
10-54¢ cm -2 577 x 1028 cm.
10-85 ¢cm~-2 1-8 x 1027 cm.

Table II gives the upper limit for the range 7.
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The maximum range for elliptic and quasi-elliptic orbits lies between
1022 em. to 1024 cm.® (order of magnitude only) which lies well within the
region of stability

ParT II. SOME NEW DYNAMICAL RESULTS WHICH FACILITATE
NUMERICAL ESTIMATION OF THE FEATURES OF A SPIRAL NEBULA.

7. Solution of the equations of motion in terms of a single variable.

Having considered the theory of the formation of the spiral arms from the
dynamical as well as the relativistic points of view, it is our purpose in the
following pages to deduce some new formulae which will give with facility
numerical estimates of some of the elements of a spiral nebula. For this
purpose we make a plausible assumption that p, and o, (which occur in

equations (27) and (28) of the former paper 7) can be expressed in terms of
a single variable as

pp=Pand oy=F.. .. .. .. (37

where | and k are constants to be determined later and A is a function of time
only. (27) and (28) of I are then written as

. - . 2(M —m) 2m (" —1)
2042 4 72 _ 2 |l —
LVN 4 LI 2ka)‘A—[ 3 +m:ll+a3 - - 8

KP4 KA+ 20 L = __“”(’;';1) o m k(=)

a2 (k—1)

where L = log I and K = log k. (38) and (39) would determine A uniquely
only if

39

k"=(1;l" .. . .. .. (40)

in which case we get a single differential equation of the first order, viz.,

" ("+¢17) Zi% () = [e+l) _ 3M4mn=2) _ﬁ] "

a a3
m , 2m\ (" —1)
— (E§+—a3) =t 4l

where

[m(n+l) 3M+m(n—2) —B] /2w (a+21i)'

a3
An integral of (41) is given by the relation
"— M n—2)
Suwawge = (m+2m) I l) [m (n41) 3 +'m :l g .. 42

a’

where wy = (a3) .
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Initially, we have the conditions t =0, A=0, m =0. Suppose A =n
when ¢ = T. Then we get an algebraic equation of the nth degree to determine
Ao Itis:

<3M+mn B __) "+(m 2m) (14 .. +l)—3wwoe"T =0. .. (43)

a3

The greatest positive root of this equation is given by the inequality, viz.,

1
l(;<1+[3ww o7 | (3M+m"+,e— w)]"

8

j (44)
or l;<1 +[3wwoe”T/(3M+3mn 2m+ - E—WZ)]
From (44) we get
3M+4+3mn—2m m)* WT}T
uT ad +h- a2
ot =~ 45
Bwage IM4-mn " mn (45)
P

Also, for our purpose here, we require a positive root which is greater than
unity. One such root is given by

IM+43mn—2m m wl——l

+8-0
ad a?
o~ .. .. (46
P=1+ 3M+mn mn (46)
—w P

to a much closer approximation.

8. Length of spiral arms.
Taking the equation of the spiral as. r = aef ©°t* an element of length
along the spiral arm is given by

ds = r cosec « df = a cosec o e? 0 %dg. .. .. 4

Length of a spiral arm ranges from 6 = 0 to 8 = 0,, so that, we have

0

n
L=acosecocf efeota gg
0

acosec o - 4 coto
=— [e n —-1]
cot o

= sec o (1,—a)

=asecal . ., .. (48)
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where L = length of a spiral arm and 7, = a(1+0"): Substituting the value
of I given by (46) we get

B 3M+3mn—2m m ,,%1 "
ad +B— a?
L=aseca| 1+ SH +mm o
l ad Tt

— 1
3M+3mn—~2m m N a7
a3 +h— a? ?
3M+mn f— mn 5

as a2

(49)

= asec o 1+n&
L

The radius of the spiral arms (measured from the centro of the ellipsoidal
mass) is given by

3M +3mn—2m MmN n-1
L L
ad a? ? (5
SM+mn mn 5 Y
ad

R=a(l4l") =a| 24n

So that, we can easily determine m and » as R and M are known from
observations. We consider here two particular cases: (a) the nebula M31
(N.G.C. 224 in Andromeda), and (b) the nebula M33 (N.G.C. 598 in
Triangulum). .

(@) M319:—
1
3M+3mn—2 1
+ :;n ”—2+/3— gni? 1
R=197376%x102cm. =a| 24n ' . ,
3M+mn mn j
B
73 a

a=49344x1021cm., M = 35x10°@.

Therefore

5 2m
2= [1 +3M+,Ba3+mn(l _a)]Appmx' .. .. (8D

L = 3a sec «.

and

It is found that there are two possible values of «. They are
o= —36°52", and o= 445°
Then

and

Ly, = 3asec ay = 18504 x 1022 cm}
' (52)

Ly, = 3a sec ay =147 x1022 cm.

where La1 = (L), — ay» €C
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(b) M3310:—
3M+3mn—2m o m~ i
ad at
==z b 21 . =
R = 2734935 X 100 em. = | 24m 4 —gr—— :
st )

a=35466x1020cm., M =1-5x10190Q@.

Therefore, as before, we get

) _ 2m
5711428 = n I:l +3M+Ba3+mn(1 _a)]ADPML .. {(8%)

Then

and

L“x = 6-711428qa sec o; = 2:976 x 1021 om.}
(54)

Lm2 = 6'711428a sec o, = 3:365 X 1081 cm.

The following table gives the probable values of m and n for the nebulae
M31 and M33 as calculated from the equations (51) and (52) respectively.
ny denotes the value of » for M31, and n, denotes the value of » for M33.

TasLe III.
m n1 n2
01X E 2:81966 x 1011 1:576 x 10°
03xG 8-45898 x 1011 4-728 x 109
05X @ 1-40983 x 1012 7-88 x 109
091x@® 2-56589 x 1012 1434 x 1010
10x ® 2:81966 x 1013 1-576 x 1011
20 ® 563932 x 1018 3152 x 101
30x® 8:45898 x 1018 4728 x 1011
40%x® 1:127864 x 1014 6:304 x 1011
Y40 140983 x 1014 7-88 x 1011

It is known that the mass of a star ranges from } to 50 times that of
the sun.’? The stars which are formed along the spiral arms of the nebulae
considered above have their masses each equal to 0-91® where ® = mass of
the sun. It should be remembered that these estimates give the order of
magnitude only.

9. Solution of the perturbation problem.

The expression of the dynamical equations of motion of the outgoing
masses along the spiral arms in terms of a single variable A facilitates the
solution of the problem of perturbed motion of the masses. For this purpose,
therefore, it is necessary to evaluate the constants P, @, B which -occur in
equations (52) of the last paper. This is done without much labour if
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expressions are found for the A4’s which are functions of £, only. We give
below some of the values:

2 4 A
1 3 ‘f,\ 105 ‘f)\

Ag= = I+ — st et . |,
BN R (C A (L ]

N

1 £ 15 &
A, = +— > -4 ... R
vl TS ey ]

1 [3 & s &
Ay = nil 1° 22+I§ Nt o b
(+8) | (1+8) (1+£3)

- 3 Y
1 5 & 315 &)
Ag = 5 3 sstioe Tt - | ete

PO LS (e () ] h

Therefore,
P = [i{AO—A1+A2_A3+ e (=1)PA }]
%, D=1
= —0843,

so that, 14P = P=0157;

Q=[33{A — Ay Ag—Ag+ (=174, + }]
4 af; 1p 1 2 g »

Q=1
= 5985;
and R= {1—A4,444,—943+ . ... +(=1"p24,+ ... '}f,\: 1
= (r411.

Suppose that the number of masses moving along cach of the spiral arms is
n, then, we have
m' = M —mn.

1 .
With the substitutions p, =1 and 0/\=th’ the equations of perturbed

motion (equations (52) of the paper referred to above) reduce to the form:

- . o * — . \
LA 4 L — 2—;‘1 L = {7 9851 s 985n+2) 1wt ; ?
om Un—1)  0-167(M —mn)

TE OIS T @ |

m(n+1)  0411(M —~mn) P
- f

a3

LA 4 LM 4 2wa LI =
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These give a single differential equation of the first order to determine .
Tt is

% <a +3> d () = jmn+1)  8396M —m(6:396n+2) _ , } o
a) dt {

a? a3

m  2m\Ul"=1)  O0-157(M —mmn)
T\e2T e ) 1-1 a3 ‘
The solution of (57) is given by

m(n41) 8396 M —m(6-396n+2) 22
p> - p —w?}l

9396wawoetT = %

_(m 2m)l(l"—1) 0-157(M —mn)

azgd )1 as
coeff. of 1
iy

Let A ==n when ¢ = T, so that, (58) gives an algebraic equation of the nth
degree to determine [. A positive root is approximately given by

where

1
9-396 M —3-396mn—2m m |n=1

l=1 a? e 59
=1+ ~9396=5306mn mn 69)
ad =y
The expression for the radius of the spiral arm for this case is
93960 ~3396mn—2m o m T

R 2 @ _a (60)

=0l SN TG306 M —5306mn . mn

a3 e

Comparing this with the expression given by (50) we see that the effect of
the perturbing influence is to bring the spiral arms closer to the central
ellipsoid. It can be very easily shown that the perturbing influence also puts
a check on the number of particles moving along the spiral arms.

10. Ewvolution of spiral nebulae.

The whole of the theoretical research on the problem of the nebulae, in
general, is based on the tacit assumption that these bodies are masses of
gas in rotation with increasing angular velocity. This has also been borne out
by observational evidence. The sequence of configurations through which
these gaseous masses pass is governed partly by the gas laws and partly by
dynamical principles. The elliptical, spiral and other types of nebulae come
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under distinct sets of configurations.* In the case of elliptical nebulae the
fall of temperature is much more rapid than the spiral nebulae, so much so,
that the shrinkage is not checked by the angular momentum. This accounts
for the relatively smaller size of the elliptical nebulae. While, in the case of
spiral nebulae, the balance between the shrinkage and the increasing angular
momentum is kept up by the ejection of matter by the central rotating
ellipsoid. The motion of these outgoing masses takes place under dynamical
conditions only.t This fact is shown by the set of differential equations ((6)
or (27) and (28) of the paper referred to above) for the motion of the ejected
particles. It is, thus, clearly seen that the elliptical nebulae and the spiral
nebulae pass through two distinet sequences of configurations, and, hence,
the evolution leading to their present stage is also distinct.

11. Summary.

In the first part of this paper we have shown that the orbits of the
fundamental particles—the extra-galactic nebulae—are spiral tracks given by
the Lagrange equations of motion which is the same as geodesic motion of the
general theory of relativity. The angle of the spiral is found to be o = —36° 52’
approximately. This relativistic treatment suggests that the law of force
which governs the motion of particles along the spiral arms is of the form

firy= g—f+/3r which is a combination of the law of inverse square and the

law of direct distance. The characteristic exponents of the spiral orbits give
the ‘region of stability’ for the orbits. In the second part, solutions of the
equations of motion are found in terms of a single variable A as a function of ¢.
Incidentally, we get an algebraic equation of the nth degree to determine
I, so that, the determination of the length of a spiral arm becomes an easy
matter provided we know m and n. A table of the probable values of m and n

* (Added on January 30, 1941.) ‘It follows from our discussion that the elliptical
nebulae are not to be considered as younger than the spirals.  They have followed
another root of development only because of a different initial state of motion. The
argument furnishes no reason for believing that the stars should not have developed in
elliptical nebulae to the same extent as in spirals . ... The question of how the systems
acquire their original rotation remains unanswered.’—G. Randers: ‘A note on the
evolution of extragalactic nebulae.” A4p. J., 92, 2, p, 246, (Sept. 1940).

1 The nature of the dynamical problem is such that the mass of the central ellipsoid
in rotation with the angular velocity increasing with time reaches a particular stage (partial
instability) such that the ejection of particles from the antipodal points is the only criterion
for a momentarily stable state of the system. Once this process continues as the time
passes by it is shown in paper I that (w2 —f)a3 is a decreasing function. An important
conclusion is that after this stage w? increases while a decreases; and, if we now regard 8
as a uniformly increasing function of time (which must be expected as the density in
outer regions increases) the system acquires partial stability. It will be seen, therefore,
that no consideration of hydrodynamical instability is required in this purely dynamical
problem. It is only the dynamical (gravitational) instability which is responsible for the
spiral motion of the ejected particles.
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are given for the particular cases M31 and M33. The problem of perturbed
motion is also solved. Lastly, it is shown that the elliptical and spiral nebulae
have distinct evolutions.

12. Appendix.*

Going back to the theory given in the previous paper by the present
author it is interesting to point out that both Lindblad and Chandrasekhar 12
start with a gravitational potential function for the discussion of the spiral
phenomena. Employing cylindrical co-ordinates Lindblad finds the
gravitational potential to be of the form V (r, z). The thin lenticular shape
taken by the rotating gaseous mass gives rise to dynamical instability which
is responsible for the catastrophe of the breaking up of matter into two spiral
arms. Considering the high angular momentum the order of evolution seems
to be from types like the Magellanic Cloud via spiral nebulae to elliptical
nebulae. An advanced stage of the disc formation leads to partial instability
resulting in the formation of closed arms, the ejected particles moving longer
distances along the spirals. It is found that the central ellipsoid contains
most of the mass of the system and rotates with fairly uniform angular velocity.
Galactic and nebular structure is satisfactorily explained on classical dynamics
by a suitable modification of Newtonian gravitation. The tidal effects of the
outgone particles (that is, the spiral arms) and the formation of massive
spiral arms by successive ejections are dealt with. Our theory also give the
same results. Two opposite symmetrical spirals (logarithmic type) are
favoured. In a recent paper Lindblad 13 finds that the central portion rotates
more rapidly than the spiral structure which has been found to be the case
with the Andromeda nebula. Theoretical considerations supported by
observational evidence go to point out that the rotation is in the direction in

which the spirals wind (that is, taking 0—13 as the radius vector, in the direction
of # increasing, which is found to be the case also according to our theory).

In a recent paper referred to above Dr. 8. Chandrasekhar has explained
the spiral formation by means of spherically symmetrical gravitational potential
35 expressed in terms of residual velocities. The axially symmetrical non-
steady systems give a pair of spirals as the orbits of constant relative density
in contrast to Lindblad’s theory of the spiral arms as the orbits of individual
stars. He deals with almost all points (e.g., permanence of the spiral structure,
etc.) concerning the spiral nebulae in Part XIII of the paper cited above and
gives the theory of open, barred and other types of spirals. It is remarked
that for most of the well-resolved open spirals the value of « is almost 45°
(equiangular spirals). It is found that Chandrasekhar’s theory is more to be
favoured as it is capable of explaining a variety of cases of the spirals which
Lindblad’s theory fails to do. ’

* Added on January 30, 1941.
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REFERENCES.

1 D. N. Moghe.—"On the theory of & spiral nebula.’ 1. Proc. Nat. Inst. Sci. (India),
VII, pp. 141-160, (1941).
B. Lindblad.—— Theory of spiral structure in the nebulae.” Zeits. f. dstrophysik, 15, 2,
pp. 124-136, (1938).
3 V. V. Narlikar and D. N. Moghe.—'A steadily expanding universe and the spiral
structure of the nebulae.’ ‘Observatory’, LVIII, 739, p. 368, (Dec. 1935).
4 V.V, Narlikar and D. N. Moghe.—'A note on a general line-element.” Proc. Nat.
Acad. Sci. (India), 6, 2, pp. 97-98, (May 1936).
V.V, Narlikar.—M.N.R.4.8., (Jan. 1936).
N. R. Sen.—'On the expansion of a nebula.’ Bull. Cal. Math. Soc.,, XXIX, 3 and 4,
pp. 195-196, (1937).
7 Cf. ref. (1), p. 150,
8 Dickson.—Elementary theory of equations, pp. 57-58.
9 E. Hubble.—°'A spiral nebula as a stellar system, Messier 31." Adp. J., LXIX, 2,
pp. 103-158, (March 1929).
10 E. Hubble.—‘A spiral nebula as a stellar system, Messier 33.” Ap. J., LXIII, 4,
pp. 236-274, (1926).
11 Eddington.—’i‘he internal constitution of the stars, (Camb. 1926), p. 16.
12 Chandrasekhar.—The dynamics of stellar systems, IX-X1IV.’ Ap. J., 92, 3, pp. 441~
462, (Nov. 1940).
13 B. Lindblad.—* Interpretation of spiral structure in the nebulae.” Ap.J., 92, pp. 1-26,
(July 1940).

[

e

o«



