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ABSTRACT.

The conditions necessary for the inversion of density gradients, and for the
transition from radiative to convective transfer of energy in stellar models in which
kEL(r)[M(r) oc p°TY have been investigated by a method which makes use of thermo.
dynamic properties of polytropes with variable indices. Some previous results due to
Chandrasekhar on density gradients have been confirmed and others on convection
hitherto unknown have been obtained. Special attention has been given to conclusions
following from Bethe’s law of energy generation in stars.

1. INTRODUCTION.

Rosseland ! in his investigations of the stellar structure first drew
attention to the point that for certain energy generation laws the radiative
transfer of energy is connected with an outward positive density gradient. At
a certain stage the gradient may change sign and assume the usual negative
value. Such a phenomenon we shall call here inversion of density gradient.*
" Chandrasekhar 2 has considered the question of inversion of density gradients
and the p—7T relations for different stellar models, e.g. those for the models
n oc L(r)[M{r) oc T8, and pxT3, the former specially in great detail. Tt is
concluded that there is ‘a lower limit to the central radiation pressure 1 such
that a configuration with a higher value for the central radiation pressure
should be characterised by a negative density gradient in the neighbourhood
of the centre’. Severny 3 has also caleulated similar lower limits to the
central radiation pressure when the opacity is given by Kramers’ law. While
working some models based on Bethe’s law of energy generation 4 it has been
experienced that the central radiation pressure plays an important réle also
in these models. A point of interest is that there are solutions for which
positive density gradients (dp/dr > 0) start at the centre even for very low
radiation pressure and the negative gradient does not appear until higher
values of this pressure are taken.] The general question of the instability
of radiative gradients has also to be considered in the construction of stellar

* The definition of gradient used here is dp/dr, unlike that of Chandrasekhar who

uses dpfdT.
+ In this discussion Chandrasekhar uses the term ‘radiation pressure’ for 1—f. The

same phraseology is adopted in the present paper.
t This is from some results of numerical integration carried out by Mr. U. Burman,

which is in course of publication.
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models. It is important to know under what conditions for a given opacity
formula and a law of energy generation, radiative gradients would become
unstable or inversion of density gradient would take place. In Part I of this
paper we have considered the question of inversion of density gradient by a
method different from that of Chandrasekhar, and have been able to arrive
at quite general results regarding the zones of positive gradients. The final
regults are quite in agreement with those of Severny and Chandrasekhar.
It is found that the general result depends on the form of the product ky
which plays such a prominent réle in Eddington’s theory of stellar structure.
In Part II of this paper the same method has been applied to the consideration
of when a radiative gradient is to be replaced by a convective one, and quite
general results hitherto unknown have been obtained. In both parts special
attention has been given to the conclusions which follow from the assumption
of Bethe’s law ¢ of energy generation. Lastly, it may be mentioned that the
results here obtained are of a general character corresponding to the solutions
of the differential equations for steady state configuration and naturally may
include cases which do not correspond to actual stellar conditions.

Part 1.
2.

In this section we first deduce some relations which are necessary for our
later arguments. Many of the following equations are really known, or are
easily derivable from known equations, but we propose to deduce them first
for the sake of completeness.

If p and ¢ are the gas and radiation pressures, we have the equations
(using usual notations)

d __ GM()
FPt)=——5—r .. . T
dg _ L(r)
d—r-—kp.tiwcﬂ' ‘. .. .. .. (2)
Further, we have
poc,oq*, .. .. .. R )]
from the gas law, so that
dp dp  1dg
. 4
s + iy 4)
From these equations we obtain
dp _ldp 1dg
pdr pdr 4qdr
_1( d¢_GM (r) dq
Tp\ dr T dr
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where
A=plg=B/(1-B), PB=p
P being the total pressure.
Further, from (1) we obtain

d _ oM
5'Q(’\+1) - 72 P

whence differentiating out and using (2) we obtain

q%—()\+l)kLm _ G. .M

47rcr2 72
which we write as

@_M,E[(A+1)_k%—4w00]. .. . (6)

= €, ]Ce = 477{:06

we can write (5) and (6) as

dp _ GM(r) p? 1LY '
2= '},‘[0(1"‘1)‘) 1] e ()

a QM) p ,
=3 .;][0(1+A)—1]. .. .. .. (B)
From these equations we are able to draw some conclusions regarding the
inversion of density gradients. It may be noted that when the radiation
pressure is small (A large), unless # be also small, the density gradient will
be positive,

and

3.

From (5)" we conclude that the density gradient is negative or positive
aceording as

1
0(1+;A>§1. N
. 1
Or if we put C=0<1+ZA) R
the density gradient will be negative or positive according as

.CS1. i . .. o (T

In the same way, from (6) we conclude that the (outward) gradient of A will
be negative or positive according as

01+ . . .. .o (8

The inversion of the density gradient takes place on the curve ' = 1, where

,\=4($—1). e (Ta)
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Similarly, the curve on which the inversion of the A gradient takes place is
given by
B14+N) =1. .. .. .. .. (8a)

Since A must be positive, it follows from (7a) that an inversion of the density
gradient is possible only when 6 does not exceed 1. For 8>1, C'>1 whatever
A may be, and the density gradient will ever remain positive. This condition
(as indeed every positive density gradient) also ensures the existence of
convection (Part II).

2]
8.

75 700

50
A—>

(gas pressure)
(radiation pressure)
positive density gradient, positive A gradient and convection. Above C =1, the

density gradient is positive; above dA/dr = 0, the A gradient is positive ; for
every (A, 8) point above the middle curve 8, there is convection, and
below this curve there is no convection.

Fia. 1.—These curves between (A) and 6 oc ky show the limits of

Similarly, from (8) we obtain the result that if §>1, the A gradient will
always be positive. The behaviour of these two gradients are shown in fig. 1
where the hyperbolas C = 1, and dA/dr = 0, are drawn on the (A, 8) plane
(for the intermediate curve see Part II). These two curves divide the plane
into three zones. On the upper zone beyond C =1 hoth dA/dr and dp/dr
are positive; in the middle zone dA/dr> 0, but dp/dr <<0; in the lower zone both
the gradients are negative. A positive density gradient is compatible only
with a positive gradient of A.

4,

The next step will be an investigation by a method set forth by Severny 3
of the point whether the inner or outer region bounded by the surface
corresponding to € = 1 is the region of positive (inverse) density gradient.
For this we put
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ax

Z0HN-1 (9
dr 1%
@ = @ rp (10)

where £ is a new variable which increases in the direction of r, since the right
hand side of (10) is positive, Differentiating ¢ and using (9) and (10) we

obtain
dC _ 1 r2q de 1
E—[(I-’-‘i}\).GM(T)p d7*+ 0{6 (]+)\)-—l}]. .. (1D

We calculate the value of this derivative on ¢ = 1. Replacing A in terms
of 0 from the relation ¢ = 1, making use of the equation of gravitational
equilibrium in the form

aP _  GM(r)
ar = T T2 P
and replacing g by (1—pB)P, we obtain
dC (d0/6)
<E>C [ 1-8) dP/P)+ o(1 0)]0=1. o {12)
Now let us put
de dP
—0—~—b( P) .. .. .. oo (13)

where b, of course, is a variable quantity throughout the star. Equation (12)
we can then put as

dC 3 3 ’
(ﬁ)(ﬁ':l: —_— 1(0—61)(9—02) = [b(l —ﬁ)+; 9(1—0)]0:1 ..o (12)

where 84, 8, are given by

6y, 05) = *[1*»\/1"' b(1— ,9] Rt

Two cases we may distinguish immediately. Firstly, if 6 increases
outwards, (13) shows that 5>>0. Hence, from (14) 8y is greater than 1, and 6,
is negative. Since on ¢ =1, # cannot exceed 1, 8 <§,, and the right hand
side of (12)' is positive. Hence outside of C' = 1 the density gradient is positive.

Secondly, if @ decreases outwards, b< 0, and provided the roots are real
0<0;<85<1, then unless 9 lies between 0, and 6,5, the sign of the derivative in
(12)’ will be negative, and inside of C = 1 the density gradient is positive;
for 8;< 0 0,, outside of C' = 1 the density gradient is positive. Tf, however,
the roots are complex, the sign of the derivative is negative, and inside of C = 1
the density gradient is positive.

We shall now examine in detail the case when e and k are functions of
p and T. Bethe’s law of energy generation suggests that e for some tens of
millions of degrees varies as some high power of 7' (about 18 or 15), and a
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low power of p (unity), while k¥ within the same temperature range and for
density between 10 to 100 varies as 3/4th power of p, and ~ % power of T.

According to Kramers’ law (when the guillotine factor is very nearly unity)
k will vary as p, and 7’35, For our purpose we take

0 oc p=. T, .. . .. .. (18)
From this we obtain
dé dp dT

PR O
and combining this with (13), and the polytropic relation
dP 1\dp
we obtain
ar 1 dp
It can be shown that if we put
dr 1 dp
T (18)
then 8
1 4-38
— = —(1-p). R )

Equation (17) then becomes by (18)

%=_{b<1+%)+m}. R ¢ 1%

Now from (16) it is evident that at a density inversion n = 0, when from
(19) it follows that »” also vanishes such that

e Y Y 1)
n
Hence at a density inversion we obtain from (17)" and (18)
y__°b
r = n y (b ¢ 0)
so that
b= ¥y _ y

Ti-38" " 143a (21)

where we have put for brevity 1—8 = « (which lies between 0 and 1).
Let us go back to equations (12)’ and (14) which latter equation we write

(04, 0:) = 5 [liJ T 1+3a] S L. 14y

as
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This evaluation and substitution of the value of b is a distinctive step of this
paper.
For the rest it will be really advantageous to express all the 6’s in terms
of ¢ in (12)’. Sinceon C =1
1 4o

0= —1 =75, N 23 B

we rewrite (12)" after substitution of the values of @ and b on the right as

o\ [ e [31-w i
(EZ>O=1— [1+3oc( 14-3a _y>:|0=1’ e < (12)

The sign of the derivative on the left is determined by the sign of the ex-
pression within [ ] on the right. The term 3(1 —a)/(1 43«) decreases monotone
from 3 to 0, as o increases from 0 to 1. We note the density exponent x is
unimportant for the determination of the zone of positive density gradient
(which is determined solely by the power of the temperature in ). Further,
we obtain the three following cases:—

For y>3, the derivative on the left is always negative; hence if there be
an inversion of density gradient, the positive gradient will always appear in the
tnlernol region starting from the centre, and cannot start anywhere in an inter-
mediate region of the star.

For y <0, the derivative on the left is always positive; hence if there be
an inversion of the density gradient, the positive gradient will appear in the outside
(in the central region there being negative gradient), and can occur only at an
intermediate region of the star.

For 0 <y <3, the positive density gradient may appear in the internal or
external region according to the value of a.

These results are in agreement with those of Chandrasekhar £ and Severny.3

To settle the last case, we plot the straight lines

3(1—a)
1430 y

for constant values of & on the (», y) plane (Fig. 2). They are straight lines
parallel to the x axis. For given x and y (which we call xy and y,), the line
whose equation is y = yg will lie above some of the above plotted lines o =
const., and below others. Positive density gradient will appear in the internal
region of a star containing the centre for all « values at inversion whose
corresponding lines lie below y = y,, and in the external region for all & values
at inversion whose corresponding lines lie above y = yo. The value of g is
for the present consideration immaterial.

The conditions given above all apply provided there is an inversion of
density gradient inside the star. A necessary condition for the existence of
such an inversion can be given in some cases. Take for instance the third
case 0<y<3. For given y = y,, the corresponding parallel line will coincide

=0 .. .. . .2
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with a certain plotted line, say « = o' = 1—p8’. Now since in the region of
positive density gradient dA/dr is positive, if the inverted gradient starts from

5 - 18-0
+8: o
1-B=05

1Pt
2

P2

Y—>

+-p=o6

1-p=7
1-p=-§
rg=-a

0 1-8:=1
X—>

Fia. 2.—If 8 oc p"’Ty 9, and 0<y,<3, in order that positive density gradient can exist
at the centre of a star, the central radiation pressure 1—B; should be greater
than the value corresponding to y = y,,.

the centre, « will increase inwards, and so «,, the value of « at the centre will
be greater than «'." &' being known from given g, a necessary condition for a
central region of positive density gradient is

1—-B.>1=8. .. .. .. .. (29

For the first two cases y>3, and ¥ <0, there exist no such lower limits as
necessary conditions for positive gradient starting from the centre. In these
cases & positive density gradient at the centre is consistent with every value
of 1—B,. These results are also in agreement with those of Chandrasekhar.2
We may notice, however, that it is y, i.e. the power of the temperature in the
product &z, which plays the determining réle in this matter, and a result valid
for all ranges of y is obtained.
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According to Bethe’s law of energy generation y is very high (near about
12 to 15); it may then be conclided that if there be a positive density gradient
it can start only at the centre and nowhere else, so that the inverted gradient
is possible only in the core of a stellar body and nowhere else. Also such a
contingency is compatible with any central value of the ratio of radiation to
gas pressure.
Parr II1.

5.

We can apply the same method of analysis for exploring the convection
zones in a stellar body. Such a zone will start within a stellar body at a
surface where the radiative temperature gradient changes into an adiabatic
one (if no severe turbulence exists). For a radiative gradient we have

1dP 1dp
Pdar "mpdr

_ B
e T TN
1—{1+32)6

The adiabatic gradient is given by an equation of the form (24) with 7y replaced

(24)

where 8

(25)

by the adiabatic constant (0 where 7 (taking the value of the ratio of specific

heats I'= g as being near to the significant value 1-55; 1.C.S., p. 193)—

_ 2 (4—3B)2
v, =B+3 g
= A [y 42 @42
—1+A[1+3'/\(8+A) .. .. (26)
. A
since B =T
We now put
¢ = YR 7a
1
A (1+‘1—/\)9 _ % (4+2)2 @
14X 1_(1+i/\)0 3 A8+4A)

If at any point C"<0, the gradient is radiative, but if on the other hand
(' >0, the gradient is adiabatic. €’ = 0 is the point where the transition
takes place, where we have the relation
1
(14329 (4422
TABHA)

2
=3 (28)

1”(1+21i)‘)6



192 N. R. SEN: ON THE INVERSION OF DENSITY

From the condition C'<<0 it can be easily shown that the temperature
gradient will be radiative if 6 < @,, where

p _ 84+
¢ 4
and A = 3AB+X)+2(442)2.

It may be shown that the above value of 6, in terms of A decreases monotone
from 1 to 0 as A increases from 0 to infinity. Hence if >>1, there must be
convection. This proves the statement made in Part 1. Further, if we call
the limit of 6 above which positive density gradient occurs 8y, i.e.

1
bo=—7
then it can easily be verified that between A = 0 and oo, 8;>6,. Table 1

gives the values of 6, and 6,;. Corresponding to a given value of A, a value of
8> 8, means the instability of a radiative gradient, and 6> 6, implies positive
density gradient. All positive density gradients are thus radiatively unstable.
For gas pressure about half of the total pressure or more, the value of 9 for
which inversion of (negative) density gradient occurs is about two to three
times of that for which radiative instability ensues.
We similarly put the value of # for which the gradient of A vanishes as
)+, and have by (8a)
1
Oy = i
For a given A, the A gradient is positive if only the corresponding 8 be greater
than 8).. InTable 1 the values of 8- are also given. It is these three functions
8., 8, and 0y, which are plotted in fig. 1. It is evident that o radiative gradient

can change to an adiabatic one only where the A gradient is positive, and generally
an adiabatic gradient implies a positive A gradient.

TaBLE 1.
A oc 9(1 0)"
] 1 1 1
1 0-80 0-94 0-80
1 0-52 0-80 0-50
4 0-23 0-50 0-20
9 0-13 0-31 0-10
19 0-07 0-17 005
49 0-03 0-08 0-02
99 0-02 0-04 0-01
0 0 0 0
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We have now to calculate (dC"/dt),,_,, from (27), making use of the
equations (9), (10), (28) and finally (18) as in Part I. After some calculation
we obtain

(d_()'_) = (a positive quantity)x (b+X) .. .o (29)
dt =9
where
_3(1+4) 22 96 . _
X= Td4x 4 (H‘z), with 4 = 3A(8+2A)+2(4+A)2 .. (29a)

We have now to calculate b, At ¢’ = 0 where the transition takes place
the radiative and adiabatic gradients merge into one another. Hence on
¢’ = () the gradients are given by

dP dp

Y =%

dl; 1 ’ d, (30)
o= (Fs~1)E

The values of I'y and I'3—1 as functions of (I1—p) have been tabulated by
Chandrasekhar.® 1If as in Part I we take 8 oc p*T¥, we have

dé d dT
T, T

whence using (13) and (30) we have

b=_‘”—"'—y(7{}‘*ﬂ. 31)

Equation (29) we may now write as

N [ z+yT=1) ,
( y7 >C'=0— (a positive quantity) x[ T +X|. (29%)

Equation (29)" now gives all the information we want. For A or 1—8 = const.,
the straight lines

=T 1"'1/(1"3—1)+X~0 .. .. (32)
are plotted on the (2, y) plane. (We take « and y in p*7"% both positive. For
negative y or x the plotted straight lines will be in different quadrants.) The
values of X for different values of (1—p8) or A are shown in Table 2. We note
these values are all positive quantities, At a point in the first quadrant of the
(%, y) plane on the side of any of these straight lines away from the origin the
expression [ is negative, and on the opposite side f is positive. The arguing
as in Part I we conclude ag follows. For a definite value of 1—8 we first
plot the straight line f = 0 on the (z, ) plane (in the first quadrant it is only
necessary to joint the points (I'yz, 0) and (0, (I's—1)X/I";) on the x and y
aXes respectively). If any transition from radiative to convective gradient

takes place at that particular value of (1 ——ﬁ ), then for all #, ¥ values whose
8
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representative points lie on the side of the line f = 0 away from the origin,
(@C’[dt) . o Will be negative, and so the radiative gradient will be outside of
the surface C' = 0, i.e. the external region will have a radiative gradient and
the internal an adiabatic gradient. If, on the contrary, the representative
point (z, y) lies on the same side of the straight line f = 0 as the origin, the
conditions are reversed.

TaBLE 2.

1-8 X rx i X{(Tg—1)  3(1—a)/(14-30)
0 0-6 1 1-5 3
0-01 0-540 0-89 1-39 2-88
0-05 0-376 0-60 1-05 248
01 0-263 041 0-80 2-08
02 0-149 022 0-51 1-50
03 0-092 0-14 0-33 1-11
0-4 0-057 0-08 0-21 0-81
0-5 0:035 0-05 013 0-60
0-6 0-020 0:03 0-08 043
0-7 0-010 0-01 0-04 0-29
08 0-004 0-:005 0:02 0-18
0-9 0-001 0-001 0-004 0-08
1 0 .. .. 0

In Table 2 the intercepts of the line f = () on the axes are also given (for
positive 2 and y), and some of the straight lines are plotted in fig. 3. They
correspond to the values of 1—p8 from 0 to 0-5. For the rest the lines come
too close to the origin and are not shown in the figure, but they may be plotted
eagsily from the intercepts given in Table 2. The line for 1 —B = 1 passes through

the origin for which f = — ~£— — ¥ These results are obtained by taking the

ratio of specific heats I' = g in (26); some deviation would result for a different

value of I,

The conclusions derivable from fig. 3 are interesting. It is clear that
for any laws of energy generation and opacity which make either x>1 or y>1-5
convection may appear only in an internal region (core) including the centre.
Bethe’s law of emergy generation and Kramers’ opacity law satisfy this.
Hence in stellar models worked according to Bethe’s scheme, convection may
appear only in the core and never in an intermediate region. (This, of course,
applies to the stellar interior and not to the exterior envelope.) In fact, for
any law of energy generation with fairly high power of temperature there is
no necessity for considering models in which a convective zone exists away
from the centre. Secondly, unlike the case of inversion of density gradients,
the direction of tramnsition from a radiative to a connective zone is now in
general dependent also on the deunsity factor. If in (15) any one of x or y

88
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is negative, the corresponding sign of # or y in (30) will be changed, and the
straight lines in fig. 2 will also look different. But they may be easily

15]

Y

10

05

0

=<

0 T x>

o7

05

F1a. 3.—The figs. against the lines f = 0 give their parametric values 1—§.
If @ oc p®TY, for >>1 or y>1-5, conveetion may occur only at the centre
of a star; for z<1, y<1'5, convection may occur at the core if the
central radiation pressure 1—p8; be greater than the parametric
value 1—~8’ of the line f = 0 passing through (w, ).

constructed from Table 2. Lastly, it is to be emphasised that the considera-
tions following from equations (30) do not say if convection must necessarily
take place, but show which region should be convective, if there be a transition
from radiative to' convective gradient, provided only the forms of the energy
generation and opacity laws are known. ‘

Given these laws so that z and y in 8ocp®T¥ are known, it is possible to
find & mecessary condition in order that there may be a convective core. If
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we take the point (x, ¥) on the plane of the fig. 3, then there will be a straight
line corresponding to the parameter 1—p8’ through that point, unless the point
lies on that side of the line 1 —8 = 0 which is away from the origin. In the
former case (x<<1, y<C1'5), convection will appear at the core only if the value
of 1—pB at the point of inversion of the radiative gradient be greater than 1 —p§".
Since again 1—f should increase inwards for an adiabatic gradient, it follows
that a mecessary condition for a convective core when z<<1l, y<1'5, is
(1—=Bc)>1—p8', where ¢ stands for the value at the centre of star. In the
latter case (x>>1, or y>1-5), there is no special lower limit for 1—f, as
necessary condition for the existence of a convective core.

The information obtained by our analysis is helpful for numerical
integration specially for Bethe’s law of energy generation. For instance, if
the central temperature be given as 20 million degrees, there is an upper
limit of central density below which we can start with a radiative gradient
at the centre which will ever after remain such, and above this upper limit we

start with an adiabatic gradient at the centre. Investigation on this line is
in progress.
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