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ABSTRACT.
Denoting by
A,1,0, U0, 8,V

the operations of taking the adjoint, the inverse, the opposite, the versor, the scalar part
and the vector part of a quaternion, it is proved that the complete ‘field’ generated by
these six fundamental operators consists of forty-one operators. These forty-one operators
have been determined, and tables of their mutual products have been prepared.

This paper gives the most general result of applying on a quaternion some or all of
these operators any number of times, and in any order whatsoever.

Some general results about linear operators will be considered in a separate paper.

§1. DEFINITIONS.

1. A quaternion z is a hyper-complex number
4

z = Z e,y == €171 eoka+egrz+ €42y, . .. (1-1)
n=|
where ¢;, €, 3, ¢4 are unit quaternions satisfying the relations
€12 = g2 = g2 = —1, eg2 =1, .. o (1-2)
eqe, =eey e, (v=1,2,3) .. .. .. (143)
€18y = —eg€) == €3} €93 = —€gly == €1; €3¢ = —eje3 = €y. .. (l1'4)

The quantities z;, g, 3, ¥4, which are the ordinary real or complex num-
bers, are called components of the quaternion x, and the quaternion is some-
times also denoted by

x = (11, Tz, Ty, X4). .. .. .. (1-5)

2. A quaternion x is said to be zero, and denoted by 0, if and only if,
all the four components vanish, i.e. x = 0 ifand only if z, = 0 (n = 1, 2, 3, 4).

3. x=y ifandonlyif z, =y, (n=1,2,3,4).

4, z=24+y Ba quanternion whose components are

2, = pky, (=123, 4).

5. z == cx, ¢ being an ordinary number (scalar), is a quaternion whose

components are * z, = cx,.

* Throughout this paper, n will run from 1 to 4, and » from 1 to 3.
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6. z =y is a quaternion whose components are
21 = Y4 +ToYs— XY+ TaYs-
Zg = —Z1Y3+ToYs+TsY1+ Y2
23 = T1Ya—ol1-+TgYs+TeYs3
24 = —X1Y1—PaYe—T3Ys+T4Y4.
7. 2’ = yx is a quaternion whose components are

2y = 1%+ Yoz —Y3To Y421,

2y = —y103+ Y204+ Y321+ Y472,
23’ = Y1 % —YoX +YsTs+ Y43,
2 = =Y — Yol —YsZg+ Y4 %4

8. Thus z,' = 24 but 2, 7 ¢,, and therefore, in general,

YT F Y.
9. The ‘norm’ I2 of a quaternion z is defined to be
1 = 2324224 w3242
The quantity 1 is called the ‘length’ of x; it is therefore the square root
of the norm.
10. The partial norm m2 of x is defined to be
m2 = 2242 4+ 242,

12, m2, I, m will of course be complex guantities, in general.

§ 2. OPERATORS.

1. The operators will be denoted by capital italic letters.
The result of an operator B when applied to the quaternion x will be
another definite quaternion ', written as
2’ = Rz, .. .. .. .. (21
where each of the components x,” will be determined in terms of xy, g, 23, 4.
An operator thus transforms the quaternion.
If two operators RB; and R, are successively applied:
2 = Rz, 2" = Ryx, .. .. o (22)
we can write this final result as
" = RyRx, - e .. oo (248)

and consider R,R, as a single operator, since z," can ultimately be determined
in terms of z,.

The order in which the operators are applied is, however, important,
because in general,

Yy = Rox, y" = Ry = RiRsx, .. o (29)
i.e., y" will be different from z”, so that
R2R1 # R1R2. .o . e . .o (2'5)
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The operators in general will not be commutative, and it will be one of
our problems to find a sub-class of operators which are ccmmutative.
2. We define the following operators:

(1) A is the operator of taking the ‘adjoint quaternion’, whose com-
ponents are: (—uxy, —ag, —23, Z4). Thus,
Ax = —eyx)—egro—ezx3+e4xy.
(2) E is the identical operator which leaves the guaternion unchanged.
Er = v = ejxy+epxategrgte42y.
E thus really signifies the operation of multiplying by +1.
(3) 1 is the operator of taking the ‘inverse quaternion’ whose com-

ponents are :
Xy Lo <Ly Xy
TEr Tpr TpEproprl)

1
Iz = E —ey ) —egly —eglg—+e4y).

(4) O is the operator of taking the ‘opposite quaternion’ whose com-
ponents are: (—wxy, —&y, —&3, —Xy). Thus,

Thus,

Ox = —(e11+ega+e323+e44).
O signifies therefore the operation of multiplying by —1.
(5) U is the operator of taking the ‘unitary quaternion’ whose com-

ponents are :
e T B S
1ot o)

1
Uz = 7 (e1%1+e5t2+e323+e4%y).

Thus,

U signifies therefore the operation of dividing a quaternion by its length.

Since,
2
Ly
) =1
> (%) =1

n
the norm and the length of a unitary quaternion are unity.

(6) S is the operator of taking the ‘scalar part’ ey of the quaternion z.

Thus,
Sz = egxy = 6,040 +e30+4-e424.

Sz has therefore components (0, 0, 0, x4).

The norm of 8z is #,2, its length x,, and its partial norm 0.

(7) V is the operator of taking the ‘vector part’ e;x;-+esrs-egzs of the
quaternion . Thus,

Vi = ey2; 4-e92g+e325+¢40.

Vz has therefore components (2;, g, &3, 0).
I0
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The norm as well as the partial norm of Vx are both m?2, i.e. the same as
the partial norm of .

3. These operators, viz.
4 E I 0 U 8 14

are irreducible, i.6. none of these can be expressed as a product of two or more
of the remaining operators.

In the next section we shall define some other operators which will be
derived from these fundamental operators, and which will be therefore
reducible.

For the sake of convenience, we shall denote the product of O with any

operator B as R, thus
OR=RO=R. .. .. - .. .. (26)
Evidently,
0=0E=E0=E§E. .. . . .. 27
1t is easy to see that O and E commute with every operator.

A general operator B will consist of the product of some or all the operators
4,E,1,0,U, 8, V, each factor repeated any number of times, and the factors
occurring in any order.

Our main problem in this paper is to find all the different operators which
can be obtained by taking all possible permutations and combinations, and by
taking all integral powers of these operators, and by repeating these factors
any number of times in any order. In short, we shall determine the ‘field’
generated by these seven operators, and we shall find that the field is a very
limited one, consisting in fact of only forty operators, together with the ‘Null-
operator’.

4. We shall now give the derived operators. The calculations are
straight forward, and details of intermediate steps have therefore not been
reproduced here.

(1) N is the ‘null-operator’ which makes all the components of the
quaternion vanish. Thus, ’

Nz = e/04e504¢30+¢,0 = (0, 0,0, 0) =0
Th.l. N=VS=28V.
Th. 2. Any operator multiplied by N either in front or behind, gives N.

Thus if the general operator R contains at least one N, or at least one § and
one V, as a factor, then R reduces to N. N is commutative with every operator.

(2) B is the operator of dividing the quaternion by its norm. Thus,

1 x Lo €T -,
Bx = = (€101 +eatp+ €305+ egy) = (751 ! _lg ’ 1_33 ’ Ts) .

Th. B= Al =1I4.

I0B
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(3) The operator D is defined by the equation
1
Dz = 3 (—e1y —eoo—eggt-e424).
Th. D=AU=U4A=1U=Ul.
(4) J is the operator defined by
Jr = (7 '-1— = (O, 0, O, -1“)
Ty Ty
Th. J =18 = BS = (4I8).
(5) The operator K is defined by

Ke=ey. 2% = (0,0, 0, 5‘)

[ 2
Th. K =8I = 8B.
(6) The operator L is defined by
Lr=1¢4.1=(0,0,0,1).
Th. L=1US.
(7) The operator M is defined by

Mx=e4.”f,é = (0,0,0 "2)

1
Th. M =S8U
(R) The operator F is defined by
2 12
Fr=¢.— = (0, 0,0, —).
Ty Ty
Th. F =181 =JI=1IK.
(9) The operator H is defined by
Hx = e4.—l- = (0, 0, O,l).
Ty o
Th. H=1IM = IS8U.
(10) The operator P is defined by

1 Zy o Tg
Pr = —5 (1% +egoteaty) = (5, 13 Lo 0),

Th. P=AIV =14V = BV.
(11) The operator @ is defined by
1 L Xy T
Qr = 7 (€11 +eo%s +egt3) = (l—; , —152 , l—23 , O).
Th. Q= VAI=VIA=VA.
(12) The operator W is defined by

x & 7
L (elx1+62x2+33x3) = (““1) —2’ "§: 0)'

’I’; m m m

Wzx =
Th. W=UV.
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(13) The operator X is defined by
i
Xz = 7 (eyy +eoxo +egtg) = (‘% , C% s ?ZE‘ s 0) .
Th. X =7VU.
(14) The operator Y is defined by
12
Y = — (er@r+ea0p+573) = (

Th. Y =1VI.
(15) The operator Z is defined by

121'1 lz.’lfg l2x3 0
me’ m2’ m2’ )’

l l l l
Za = 5 (ea¥1+egty +egtg) = (772 Ty, —3 % 5T 0) .

Th. Z=1VAU = BX.
5. We have thus defined

(1) the seven fundamental irreducible operators

AE, 1,0,U,8 7V,
(2) the fifteen derived operators
N,B,D,J,K,LLM,F.H P,Q, W,X, Y, Z.

We shall also need the barred operators.

3 A4,...,V,B,...,H, ..., Z

which are the operators 4, . . ., Z multiplied by O = E.

The components of Rx have the same magnitude but opposite sign as those
of Re.

It should be remarked that § = 0, 0 = E, N = N.

We have thus altogether 41 different operators which can be divided into
three main classes. Before doing this, however, we shall define full, scalar
and vector quaternions.

A ‘full quaternion’ is one whose fourth component is not zero, and at
least one of the first three components is not zero.

A ‘scalar quaternion’ is one whose fourth component is not zero and the
first three components are zero.

A ‘vector quaternion’ is one whose fourth component is zero, and at
least one of the first three components is not zero.

The three classes of operators are then as follows:

(i) The operators 4, E, I, O, U, B, D and the barred operators corre-
sponding to them are such that they transform a full quaternion into a full
quaternion. They will be said to belong to the class (f).

(ii) The operators S, ¥, H, J, K, L, M and the barred operators corre-
sponding to them are such that they transform a full quaternion into a scalar
quaternion. They will be said to belong to the class (s).

(iii) The operators V, P, @, W, X, Y, Z and the barred operators corre-
sponding to them are such that they transform a full quaternion into a vector
quaternion. They will be said to belong to the class (v).
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§ 3. THEOREMS ON OPERATORS.
1. Preliminary Theorems.

(1) The product of any number of operators from any one class will
belong to the same class.

{2) The product of any operator of class (s) with any operator of class
(v) will be N,

(3) The product of any operator of class (s) with any operator of class
(f) will belong to the class (s).

(4) The product of any operator of class (v) with any operator of class
(f) will belong to the class (v).

(5) The product of E with any operator R will be R itself, so that ER =
RE = R.

(6) The product of O with any operator R will be R, so that OR = RO

]
S

(7) The product of N with any operator R will be N, thus NR = RN

(8) If R, is any operator of class (s), so that R,a = r4¢,, then

I
=

ARx = Rx = eyr4; IR, = -1—2Rsx = 6—4;

7
7'4 4

BR,x = AIR,x = IR,z = j—‘*;
4

UR,x = 1—Rsm =ey1l = Lz
L
DR,x = AUR,x = UR,x = Lx = ¢4°1.
(9) If R, is any operator of class (v), so that R,x = eyr;-egrs+egrs,
then OR,x = ARyx = — Z e, = Bz

the norm of R,z = the partial norm of R,a = rf-l—?‘: +r§ = 2 say
1 1
IRz = — 1',—2sz = - ﬁZev'r,,;
1 1
BRx = 5 R = 5 Z er,;

1 1
UR,,x:;R,,x:;Zer

v V;
1 1
DRz = — - By =— - Ze,,'r,,.
(10) For the seven fundamental irreducible operators, we find
(@) A2=E2=12=02=E;
) S2=8;02=U0;V2=1V.

Such operators as 8, V, U whose second power, and therefore every power,
is equal to the operators themselves, are called idempotent.
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2. Commulalive operators.

(1) The operators A, E, 4, E(=0) commute with every operator

whatsoever.

(2) The operators 4, E, I, O, U commute among themselves, and also
among the class of all the operators formed from these five operators by

taking their products.

These five operators are represented by the five vowels.

{3) To get a field generated by these five commutative operators, it is
sufficient to add the operators B and D to them, and also the barred operators

of all these operators.

(a) Tf we leave out the barred operators at first, we get

TasLE 1.

E A I B U D

E E A I B U D

A A E B I D U

1 I B E A D U

B B I A B U D

U U D D U U D

D D U U D D U.

(4) Tf we include the barred operators also, we obtain the following
table.
Tasre II.

E A1 B U D E 41 B U D
E E 4 I B UDTE A1 B O D
A4 A E B I b U A E B I DU
1 1 B E 4 D U I B E 4 DT
B B I A E U D B'I 4 E U D
U U D D U U D U D D U U D
D D v v p DU DUU D DT
E E A1 B U D E 4 I B U D
A4 A FE B1 DU 4 E B I DU
I I B E A4 b U I B E A D U
B BI A E O D B I 4 E U D
U ¢ D D 0D U D UD DU U D
D | b 0O U DDUDUUDDU




IN THE THEORY OF QUATERNIONS, 231

(5) If we leave out U and its derivative D from the table I, we obtain
a group of commutative operators formed by

E, 4, 1, B,
and we thus get the table III.
Tasrr ITI.
E 4 1 B
E B A 1 B
4 A E B I
I I B E A4
B B I A E

We draw attention to the property possessed by the three operators
4, 1, B, that the product of any two in any order is the third operator, i.e.

Al =IA =B; AB=BA =1; IB= BI = 4.

They possess the further property that the product of all the three in

any order is K :
AIB = BIA = IAB =1B4 = E.

(6) If we include the barred operators also, we goet a more comprehensive
group of commutative operators formed by E, 4, I, B, E, 4, I, B, and for
their mutual products we obtain the following table.

TasrLE IV.

E 4 I B E 41 B
E E 4 1 B E A1 B
4 A E B I 4 E B I
1 I B E A4 1 B E 4
B B I 4 E B I 4 &
E E A1 B E A4 I B
A A E B I 4 E B 1
I I B E A4 1 B E 4
B B I 4 E B I 4 E

(7) The operators E, 4, 8, V, E, 4, S, V, N also form a field of
commutative operators, and the following table is obtained for the mutual
products, . '
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TaBLE V.

O N T S SN
p | kol kg B o ®m R
LI R e R r
LSS IR T
SO I N N
®n | W W wm A,y
< ] ORy w atuRy B
R R e AR

RN o Iy

(8) With the help of the following tables, we give the mutual products

of all possible operators in all possible ways.

TasLe VI.
I

B U D 8 V

4

I B U D 8 V

E 4

D U 8

A E B I

4 E U D J P

I

U D D U U D L
D U U D D U L

B

SR
2
SRS
s

NI

N
V

]
vV

E

A

U
D

N}
1%

TasrLe VII.

NN e BRR RN
By SRR R N
BN N R
B xRk
S|l ovNNERE S
AR B
Sl mmaaN&
RN RN R_ARANNA
oI MR R ANS
N MmN RN S A
T imREANNRA
R R R MM RN

RI~ADR®A
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Tasre VIII

E 4 I B

Vv

D 8

U

¥ r J J H H S N
H H H H HH L N

J J F F H H J N

K

S M M J N

S

K

)

- N R R
N s
NN R R
SN MR KN
SEES Y
P Y
= B g i

L L L L L L L N

S oA, R M

fi=

s

=
[N
(S
Ny

N

¥

H
J

9N R

N

Tasre IX.
¥ H J K L M P Q W X Y Z

N N N N

AT

K L M N

F H J

N N N N

L L L L L L N N

K

A,'
AY

N N N

AT

M § F L H N

N N N
A7

N

F L H N

K M S

A?
lv

A’V

1\7

A’Y

L L L L L L N

AY
z @

N N

L L L L L L N N

X
X
W W W
W
X

N N NN NTV Y W
N
N

AY

Y W Z @

wwW W
wow

P Q W

Vv
W

N
N

N N N
N N N

N
N

W
zZ

W

N N N N N

N

¥

N N N NN

N

N N N N NWWWWWW

N

F

H
J

K
L

M

ok

Y

If Ry, Ry, Ry are any three operators whatsoever, and if

3. Theorem.

then

and

Ir
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This theorem is obvious, and with its help one can immediately write
down the complete table of all the possible products.
We thus obtain the following Main Theorem :
The complete field of operators is provided by
E,A4,1,0,U,8,7V,
N,B, D, F,H J K, L, M,
P, W X, 7Y, Z
and the barred operators corresponding to these. Whatever product of these

operators we take, we shall never get any other operator except one of the
field.

The most general product with the commutative operators.

If we confine ourselves to the commutative operators A, E, 1, O, U only,
we can easily determine the result of the most general product in the following

way :
Let’jl""ﬂjr; k13~--3kr; ll!"'ilr; ‘ml)'~":mr; Ny e e oy Ny
denote any positive integers including zero, and let
=g+ i k=k+. . s =04+
m= My+...+Me; B =n14...4n,.
The most general product with 4, E, I, O, U will be of the form
R= Aml Ej1 Inl Okl Ull Amz o Ulz L Amr Ejr I”r Okr Ul’,
=A™ E I" 0* U
=Am In Ok UZ
{a) In the first case suppose & is even, then O* = E, so that
R = Am In Ul
(1) Suppose l = 0,ie. ly =l =...=1, =0, then
R=A™ I" = B, if m is odd, » is odd
= 4, if m is odd, » is even.
= I, if m is even, n is odd.
= E, if m i3 even, n is even.
(2) Suppose I 7 0; then since U is idempotent, we get
R=A"I" U = U, if m+n is even,
= D, if m+n is odd.
(b) If k is odd, then O* = O, so that
R=0 4™ I" U’
{1) Suppose I = 0, then
R =0 A™ I" = B, if m'is odd, n is odd,
= A, if m is 0dd, = is even,
= I, if m is even, n is odd,

= 0, if m"is even, n is even.
1IB
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{2) Suppose I # 0, then
R=0 A" I" U=0U, if m+n is even,
= D, if m+n is odd.
4. Further Results.

A,

M R=A" 8" 4" g A"
= § whatever the m’s and »’s may be, provided that at least
one of them is not zero.

2 R=I"8"=1"8 (n#0). Then
R =8, ifmiseven,
=J, if m is odd.
BYR=8"I"=S8SI" (m0). Then
R =S8, ifniseven,
= K, ifnisodd.
4 R=I'S"I"=I'ST* (m30). Then
(@) if nis odd, S I" = 8 I = K ; so that
R=I'K=F, iflisodd,
= K, ifliseven.
(b) if niseven, SI"={8 E = §; so that
R=I'8=uJ, iflisodd,
=8, ifliseven.
G) R=S8'T1"8"=8I"8S (1#0,n70). Then
R=8I"8=J, ifmisodd,
=8, if miseven.
{6) Since 4 commutes with every operator, we get
R=A"T 48" 451" m=0),
- ]Z Ak +kytky Sm I'n
=I'8 I on account of (1).
(D R=U"S"=US (m70,n#%0). Then

b8

R=1L
B R=8S"U"=8U (m#0,n#0). Then
R=M.

My

@ BR=U" 8" U8 ...U
positive integers including zero.
Then R = L provided r > 2.

n,
8", where the m’s and n’s are any
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(10 R=A"™ "1 42 p" . A™p™
=A" V" (m=mi+...+m, n=n+...4+n,)
=A™V (V is idempotent). Then
R=7V, if miseven,
=V, ifmisodd.
(1) R=I"V"=I"V (n#0). Then
R=1V, ifmiseven,
=P, if mis odd.
(12) R=V"I"=V I" (m30). Then
R=7V, ifniseven,
=0, ifnisodd.
I3) R=I'V"I"=I'VI" (m#0). Then
(@) ifnisodd, VI"=V I=@; so that
R=I'Q=I10=E1Q=EY =7, iflisodd,
=I'Q=FEQ=Qq,iflis even.
(8) if nis even, V I" = ¥V ; so that
R=I'V=P, iflisodd,
=1I'V=v, ifliseven
(I4) R=VI"V'=VI"V (1£0,n5#%0). Then
R=P, ifmisodd,
=V, if miseven.

(15) R=U"V"=UV (m#0,n%0). Then

R=W
(16) R=V"U"=V U (m#0,n%0). Then
R=X

(17) R = vty gty g™ V™, where the m’s and n’s are any
positive integers including zero. Then R = W provided » > 2.

Thus the result of any operations and of thegg combinations can be im-
mediately written down from the tables given above.



