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The thermodynamical properties of Bose-Einstein gas have been discussed
by several authors. In this paper we shall examine the ratio of black-body
radiation pressure to gas pressure for an assembly of Bose-Einstein particles at
temperature 7. The gas pressure is given by
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in the non-degenerate case; and by
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in the degenerate case, where n is the number of particles per unit volume,
k is the Boltzman’s constant and T the absolute temperature. Further, in
the non-relativistic case
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and in the relativistic case
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{ (s) is the Riemann zeta function defined by

In the non-relativistic case the average energy per particle is much smaller
than its rest mass energy and in the relativistic case it is the opposite. 4,

and 4 f are the degeneracy discriminants in the non-relativistic and relativistic

cases respectively. When A, is less than [ () the gas is non-degenerate and
degeneracy sets in when 4, is greater than { () = 2612. For the relativistic
case the critical value of A, is { (3) = 1-202.
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The black-body radiation pressure in the system will be
1
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where =5 o5

We shall now derive expressions for § the ratio of the gas pressure to
radiation pressure for the different cases. The physical meaning is discussed
later. As usual this includes two sub-cases, viz.: (1) the non-relativistic
case, and (2) the relativistic case.

' Case 1. Non-relativistic non-degenerate case.
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In this case we have from equations (1) and (3) by giving s the value §,
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Case 2. Relativistic non-degenerate case (y<<€1, A4¢£1). We obtain
as before from equations (1) and (3) giving s the value 3,
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Degenerate case (A, > {(s)).
In the degenerate case 8§ is determined in a similar way. From equations
(2) and (3) we have for the non-relativistic case (s = ),
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and in the relativistic case (s = 3) we get
d=1 .. .. .. .. (7

The variation of 8 in the various cases is best represented graphically. In
figure 1 the abscissa represents log 41, and the ordinate log y. On the upper
side of the line RR the abscissa scale is for log 44 and on the lower side for

" log AOR . The continuous curves are the curves along which 3 remains constant
and its value is noted on the curves. The space above the line RE (log y = 0)
denotes the non-relativistic region and below it the relativistic region. The
broken line D;D; divides the degenerate region from the non-degenerate
region. The degenerate region is to the right of the line. Similarly, the
broken line DyD, (log 4 g"’ = [ (3)) divides the non-degenerate from degenerate
region in the relativistic part of the diagram. It will be seen that DD, and
D,D, are almost in a line.
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Fra. 1. Showing the variation of the ratio § of the gas pressure to radiation
’ 2
pressure. The ordinate represents log y (y = %) and the abscissa log 4y and log A;?
for the spaces above and below the line RR respectively. Thus each of the usual four
sub-cases occupy almost a quadrant, viz.,
the non-relativistic degenerate case in the first quadrant ;
the non-relativistic non-degenerate case in the second quadrant ;
the relativistic non-degenerate case in the third quadrant ;
and the relativistic degenerate case in the fourth quadrant (where 8 = 1).

It is clear from the figure that in the relativistic case gas pressure is smaller
than the radiation pressure, and they become equal to each other in degeneracy.
This region where the two pressures are equal is shown shaded in the figure,
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In the non-relativistic case, the gas pressure is always greater than radiation
pressure in degeneracy, but can be greater or smaller in non-degeneracy.

It follows, therefore, that when & < 1 the gas is necessarily non-degenerate
but the converse is not true, that is, in a non-degenerate gas 8§ may be less
than, equal to, or greater than, unity. When the gas is degenerate § is greater
than unity in the non-relativistic case, but is equal to unity in the relativistic
case. These results are similar to those obtained in Fermi-Dirac Statistics
but with the difference that the ratio of gas pressure to the radiation pressure
becomes equal to unity in the relativistic degenerate case for Bose-Einstein
gas, whereas in the Fermi-Dirac degenerate gas & is always greater than unity.
This is to be expected since the radiation itself behaves as a relativistic
degenerate Bose-Einstein gas.
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