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SUMMARY,

As is well known, the cold stellar bodies, viz. white dwarf stars and planots, have pro-
vided vne of the most fertile fields for the application of the new Quantum Statistics.
It was realised that under certain simplified conditions, the state of an electron inside a
cold stellar mass could be represented by the wave-functions of a simple harmonic oscillator
and a further development of this idea led to a discussion of the usual (i.e. non.relativistic)
and the relativistic harmonic oscillator subject to artificial-boundary conditions. The
fundamental formula of the white dwarf theory has been derived from the standpoint
of the bounded oscillator. When the relativistic theory of the oscillator is used, it is found
that, for a mass exceeding a critical mass M, the radius of the equilibrium configuration
tends to vanish.

1. Introduction—The fundamental mass-radius relation of the white
dwarf theory, first given by Milne (1932), is

R=a1{:—g(%)3, L wm
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where L is the characteristic length of the white dwarf theory,
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and oy is a numerical constant,*

oy =~ t 4512 .. .. (3)

23
po denotes the mean molecular weight per free electron, m is the mass of the
proton, and the other symbols have their usual meaning. If the stellar
material be assumed to be composed of an element of atomic weight 4 and
atomic number Z, then because of complete ionization (in accordance with

the theory of pressure ionization) yg = % .

0 . A . .
* w, is & constant characteristic of the Emden solution of Emden’s equation of
2
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index §; w, == 132-39.
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It will be noticed that in the expression (1), the dependence of the radius
R on the chemical nature of the material is through the ratio py = 4/Z and
therefore so far as the composition of a white dwarf is concerned, we need
distinguish only between hydrogen (4/Z = 1) and non-hydrogen elements
(for which 4/Z is approximately 2 except for He3, for which it is 1-5). For
any assigned mass, the computed radius given by (1) will vary between two
limits, the maximum being for pg =1 (all hydrogen) and the minimum for
o = 2 (no hydrogen). It is a significant fact that the observed radii for all
the known white dwarfs lie between these two limits. In fact the observed
radius can be made to agree exactly with the theoretical value by assuming
a suitable proportion of hydrogen and non-hydrogen elements. If the pro-
portion, by weight, of hydrogen, He3, and other elements be z, y, and 1 —x—y,
respectively, then p, for the mixture is easily seen to be,

6

}L0=m, . . .. .. (4)

or ignoring He3
2 e
Po——m .. .. .. .. .. \4)

Thus, if we take the case of Sirius B, for which the observational data are
most reliable, the observed radius, as was first pointed out by Mitra (1932),
agrees with the calculated value for py =1-2, i.e. 2 =% or about 70%, by
weight of hydrogen.

A couple of years ago, this result was considered satisfactory but the
recent work [Kothari (1938), Wildhack (1940)] on the energy-generation inside
white dwarfs has made it imperative to abandon, for them, the hypothesis
of hydrogen-abundance. A white dwarf star cannot contain any appreciable
amount of hydrogen, for otherwise the energy generated in it due to the proton-
proton reaction (H14H!->H2+4U) will be tremendously large compared to
its observed luminosity. In faect, at the present moment, the problem of
white dwarfs constitutes a serious dilemma: for, (i) if hydrogen-abundance is
agsumed to make the observed radius agree with the theoretical value, then
the computed luminosity will be in violent disagreement with the observed
value, and (ii) if no hydrogen be assumed so as to reconcile the observed and
the theoretical luminosities, then the radius given by formula (1) is smaller
than the observed value by a factor comparable to 3.

No satisfactory solution to resolve this dilemma has so far appeared.
Bethe, though realising that it is very unlikely, has suggested the possibility
of a flaw in the theory of energy-generation, whereas Gamow and Kuiper
congider that there is a chance of the observed radius being in error. The
third alternative, that the formula (1) is faulty, can also be dismissed as
extremely unlikely. All the same it seems worth while to examine, if possible,
the basic formula (1) from a point of view different from the usual one.

An instructive treatment, differing from the usual derivation, is provided
B
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by realising that the motion of an electron inside a white dwarf can be
represented under certain assumptions as that of a simple harmonic oscillator.
2. Free-oscillator and the white dwarf star*—In a way the connection
between an oscillator and a white dwarf should appear natural enough, for
crudely speaking it depends on the elementary result, that a particle moving
inside a frictionless tunnel passing through a spherical mass and subject to the
gravitational force is oscillatory. This crude physical picture has to be trans-
lated in terms of wave-mechanics, and account must also be taken of the
electrical field set up in the ionized material constituting the white dwarf star.
Let us consider, for simplieity, a model of uniform density. As pointed
out by Roseland, an electrical field is set up in a star which prevents any
appreciable separation between the free electrons and the atomic nuclei, and in
the case of a model of uniform density we have '

AmHu+Zev= 0f,
or ey = —pgm .. .. .. ()

where « is the gravitational and » the electrostatic potential both measured
from the centre —u = v = 0 at r = 0. For a sphere of uniform density it is

seen that
aM

u=-272§r2, .. = .. .. (6)
and therefore from (5),
= _ oy G,
V= 5y R3r.1.. .. . o (M
The Schrodinger equation for an electron inside a white dwarf will be
82
V)4 h2m<W—mu+ev)x/; =0, .. .. .. (8)

* This section is based on Kothari (1940). By free-oscillator is meant a simple
harmonic oscillator subjet to the natural boundary condition ¢ — 0 as r > . The artifi-
cially bounded oscillator is considered in the next section.

1t The atomic nuclei, because of their large mass, behave as a non-degenerate gas,
though the free electrons constitute a degenerate gas. The distribution of the nuclei

—-xr

will, therefore, follow the Boltzmann Law N = Npe kT where N, is the concentra-
tion for r = 0 and N, the concentration at a distance r; x is the potential energy of the
particle at r (x denotes the work done in carrying the particle from r = 0 to r). For
uniform distribution the variation of N with r should be negligible and hence y must be
zero. When electrical and gravitational fields both are present, the gravitational potential
energy is Am g u and the electrical potential energy is + Zev, + Ze being the charge of the
nuclous. Therefore x = Am g+ Zev.

i At the boundary of the white dwarf, the electrical potential will be
pom gGM

¥ = e
1 2R

i.e, it is of the order of 104 volts.
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where W is the eigen-value of the energy. Substituting for » and v, we obtain

8a2m 1
v+ B (W—§a7*2>¢=0, .. .. o9
where a=ymﬂ%l3g. .. .. .. .. (10)

This is the well-known equation of a harmonic oscillator and its eigen-values

. h 3 1
are given by Wq= 27(;—'—:;) (q+ §> where ¢ is any positive integer including

zero. The number of independent wave-functions associated with the eigen-

value W ‘ is gq—(—qT;t-l—l where g(= 2) is the weight factor.

P

In the degenerate case, because of the exclusion principle, all levels from
q = 0 to g = g, will be completely filled where g, will depend upon the total
number of electrons and will be defined by

'ID 3
M qo
= ( +] ~ g
e Zq g+1) ~ 5
q=1
3M \4
or 9y = (#om;) . .. . .. .. (11)

Identifying with the radius of the star, the ‘amplitude’ of the oscillator corre-
sponding to the energy W,,’J we have

hfa\? 1 1
= (= Y == uR2 2
W,,0 = 2ﬂ<m) (qo+2) 2ocR , . .. .o (12)
Substituting for & we obtain for the maximum energy W,,O,
m2 m %sz s
W, =—Q"°—€7)—Mi, R 1)
0 2.3%h2 -

and the mass-radius relation,

R=(24)%£’2@M&,.. U P

where Lo is given by the relation (2). Equation (14) is the fundamental
equation of the white dwarf theory and it is indeed satisfactory that a view-
point, widely different from the usual theory, gives a relation which agrees
with Milne’s formula (1) except for a somewhat different numerical factor.
In the case of Sirius B, the calculated radius from the above relation comes
out to be, for uy == 2 (no hydrogen) 1-6 x 10° ¢cm. This may be compared with
the value 0-8 X 10° given by Milne’s theory. The observed value is 2x 109 em.
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3. Artificially-bounded oscillator—The above investigation is, however,
admittedly rough and needs to be refined in many ways. For example, the
effect of electron collisions should be taken into account and this could be done
on lines similar to the theory of diamagnetism of metals. Perhaps a more
serious objection is the use of the equation (12) in a wave-mechanical treatment.
The value of W A taken in the theory corresponds to that of a free-oscillator

whose wave-function ¢ satisfies the boundary # — 0 as r-— co whereas the
equation (12), introducing as it does a classical concept of amplitude, assumes
that the electrons do not go beyond the stellar boundary r = R. Though
equation (12) is plausible, still the underlying physical incompatibility between
its L.H.S., which is interpreted in terms of quantum mechanics, and the R.H.S.,
which admits only a classical description, is obvious. The very idea of a
boundary at a finite distance is foreign to the usual theory of the oscillator.
It is evident, therefore, that for a complete wave-mechanical treatment of the
problem, we must consider the wave-function of the oscillator subject not to
the natural boundary condition ¢ —> 0 as r — oo but to the artificial-boundary
condition = 0 at r = R.

The significance of an artificial-boundary condition was not appreciated
till very recently. The treatment of an oscillator subject to an artificial
boundary condition has been given in two papers by the author (1941)*. It
is interesting to note in this connection that, during the last three years,
Sommerfeld (1938, 1940) and his collaborators have discussed the Kepler
problem and the rotator subjected to artificial boundary conditions. The
results of the Kepler problem are significant for the theory of pressure ionization,
and in fact it was the possibility of this application that led Sommerfeld and
Welker (1938) to introduce the artificial-boundary conditions for the hydrogen
atom (Kepler problem),

It need hardly be remarked that the generalized study of the oscillator
undertaken in the papers referred to has, besides astrophysical applications,
its own intrinisic interest.

The Schrodinger equation for a linear oscillator ¥ is

dzy  8nxim 1 ;
d_x'2+—hT (Wﬁ'—é a;p2)1/1=.—.0, .. - .. (18)

where m is the mass of the particle and %ocx2 its potential energy for a displace-

ment z, the proper frequency v, being defined by

l 1
v0=2—ﬂ<;%>’ RS 1)

* These papers will be referred to as AI and AII respectively.
t For a detailed treatment see Auluck, 1941. For the sake of completeness results
relevant to the present paper are given here.
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The equation (15) can be written in the form

‘f;‘f (+2 Zz2)¢=0, U
where
W, = hu (n+%), a8
and
z=(4%7)% iz, .. . .. .. (19)

The natural boundary condition is  —0 as x> 4 as and for this case n is a posi-
tive integer including zero, and y is a Hermitian function. For the ground state

=hyy and so on.

1 . . .
the energy W, is kao, for the first excited state Wy = 3

When we impose the artificial-boundary condition: y =0atz = & %, the

energy of the stationary states depends on ! and is no longer given by
integral values of » in formula (18). Tt increases with increasing I and tends to
the asymptotic formula

h2g?

W= gtz -

. (20)

'To take a particular example, consider the ground state (¢ = 1)—similar
results with obvious modifications will of course hold for the higher excited
states. Though strictly the eigen-value of the energy for the ground state is

_l-hvo, only when the boundary is at infinity (I—c0), still the difference from

this value is less than 59, so long as I>3l, where [, is defined by

B \}
l0=<m) .. .- s .. (21)

In the other extreme case when [ is very small compared to I, the energy

approximates to —-. Qur discussion therefore assigns, as if it were, a ‘size’

h?
Smlz’
to an oscillator which for the ground state is comparable to 3l;. The eigen-
value will be practically %hvo only, so long as the oscillator is not confined

within a space less than 3l;, but when it is restricted to a smaller space, the
energy will depend upon the dimensions of this space.*

* It would be of interest to note here that, for the Kepler problem, Sommerfeld and
Welker (1938) found that the eigen-value of the energy becomes positive when the radius
‘a’ of the sphere enclosing the hydrogen atom and constituting its artificial boundary
becomes less than 1-835 a g, a 5 being the radius of the first Bohr orbit.
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4. Bounded oscillator and the white dwarfs.—We now return to the applica-
tion of the oscillator to the white dwarfs. It has already been seen that if all
energy levels from ¢ = 0 to ¢ = g, are completely filled then

([ 3M )Q
do = (f‘-omH .

As already remarked, the solution of the oscillator equation subject to an arti-
ficial-boundary condition gives a relation between encrgy and the position of
the boundary for the different states.. Figure 1 shows this relation in a quali-
tative way—the ordinate represents z, which corresponds to the position of
the boundary.

A

z.~ Y,

3%

9=9:1
41 \a-2 & \\
P

Pl e
B)

Fi1c. 1

The boundary occurs at * = 4 % and z, is defined to be

bo

The abscissa, instead of representing direct energy, denotes n which is connected
1
with the energy by the usual relation W, = Ay, (n+ Q}' The curve marked

g = 1 is for the ground state, those marked with ¢ = 2, ¢ = 3, etc. are for the
successive higher states. '
Every curve has two asymptotes—the axis z; = 0 being the common
asymptote for all of them. The other asymptote is different for the different
curves. For the ground state it is n = 0, for the first excited state n =1,
and for the qth excited state » = g. Consider a line P represented by 2z, = A,
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A being a constant. Then the eigen-values for the different states, in the case
of the oscillator which is subjected to the boundary corresponding to the

value A for 2, (i,e. boundary placed at x = & él—") will be PAy, P4,, P4, . . ..

2
and let PX be the value corresponding goth state. For a given mass M, the

value of ¢y is already fixed and is given by gy = ( SM >%. As we seek
HoMp

to determine the configuration of least possible energy, we note that the mini-
mum value of PX is obviously 04 = ¢, (corresponding to the asymptote n=g¢,).
The interval AR is cut by all curves before ¢y, i.e. it has gg—1 cuts. Any
value of A greater than AR will have the same g,—1 cuts but AR is the minimum
value to possess these number of cuts. The value A, so that the interval
AR (= A) will possess go—1 cuts and no more, is easily given by applying
Sturin’s theorem to the oscillator equation (17) and remembering that our
houndary positions correspond to the zeros of the equation (17). Since n = ¢,
for gg—1 zeros to lie within the interval zy = 0 to z, = A we must have

Jo—1+ l) —_—11)\2 <0,
or
A>24/40. .. . .. .. (23)
as g, is large.  After substituting for gy and identifying ! with

2R <A=£=g£)
0 )

we finally obtain,

t Ly /O\3
R>(2 ° (=], .. .. .. ..
>(24) - <M) (24)

Instead of the equality (14) which is obtained in the semi-classical treat-
ment, we have here obtained the inequality (24), and this need cause no surprise;
for, what the exact treatment here presented determines, is not the radius of
the star but the distance at which the artificial boundary (wholly impermeable
to the electrons) can be placed. Nafura]]y, to be consistent with the data of
the problem, the boundary could be placed anywhere but not inside the star,
for otherwise it will exclude some of the electrons, whereas by hypothesis we
obtain those possible positions of the boundary which will include all the
electrons.

5. Relativistic bounded oscillator.—So far our treatment has been com-
pletely non-relativistic and, though for most of the known white dwarfs and
especially those for which the observational data are most reliable, the rela-
tivistic effect is negligible, still for the sake of completeness, a complete rela-
tivistic treatment of the oscillator is also desirable. The condition, for which
the relativistic effect will be appreciable, can easily be found with the help

5
3
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of the equation (13). For the relativistic correction to be significant, qu

should become comparable to mc2 and thus we have W”o > me2,

or M =M, . . . .. (25)
i3l .
where Wo_ LS izi(,—"l Z 28
0 ; ( »)"HQ \-7’1’(1 )
‘32
F’O

The relativistic effect will be important for masses comparable to My and can
be neglected for masses fairly smaller than this.

The relativistic oscillator, even for the natural boundary condition, has
so far received scanty attention [Nikolsky (1930)]. In the paper A II, the
problem is studied using Schrodinger’s relativistic equation subject to an arti-
ficial boundary condition. Some representative cases have been numerically
worked out. As in every relativistic treatment, the negative energy states
oceur here as well.  One rather significant point (also found by Nikolsky who
worked with Dirac’s equation but using only the natural boundary condition)
is that, for the boundary at infinity, stationary states for the oscillator do not
exist. Infact the stationary states for an oscillator, taking effect of relativistic
mechanics, have been obtained, for the first time, in paper A II by imposing an

hl/o

artificial boundary condition. Even when
2mc?

is very small (i.e. tending

N W .
to the non-relafivistic case), the curves between . and zg, given by the rela-
]

tivistic treatment, differ in a most important respect from the corresponding
curves given in paper A I. The non-relativistic curves (i.e. the curves given
W 135
Pl S
the relativistic treatment, though they run nearly parallel to the non-relativistic
curves for sometime, finally, for sufficiently large values of z5, cut the zp-axis
and then continue their run to negative energy-values. In the relativistic
treatment, it is only a bounded oscillator which has stationary states though
the boundary can be placed at a considerable distance but never at infinity.
The inspection of the curves in the figures IIT and IV of paper A II shows
that, in the relativistic case, if we seek the lowest energy configuration for a
large number of oscillators (corresponding to the large number of electrons
iuside the star), then it will correspond to zero-energy-value for all the oscillators
because all the curves (for the ground state and the higher excited states)
cut the zp-axis. It will also be seen that the minimum value A of z, such that
a given number of curves will cut the z,-axis in the interval zp = 0 to zy =2,

in paper A I) have asymptotes but the curves given by

becomes smaller and smaller as becomes larger and larger, and finally

hl/o
2myc?
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hvg
2mge?
We therefore verify, in a most. interesting way, the Stoner-Chandrasekhar
conclusion of the white-dwarf theory, that when the relativistic effect is
dominant (i.e. the average energy of a particle is very large compared to its
rest-mass energy), the radius for the equilibrium configuration tends to vanish.
From what has been said before, it follows that the critical mass beyond which
the equilibrium configuration will sink to a vanishing radius will be comparable
M, 1526
=

Ho

It is a pleasure to express my thanks to Dr. D. 8. Kothari for his help
and interest in the preparation of the paper.

— oo, which corresponds to the completely relativistic case, A—0.*

when

to
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* This result holds good also for a configuration for any non-zero value of the energy.



