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ABSTRACT.

The density distribution for a completely degenerate Fermi-Dirac gas in a uniform
field is obtained (i) by using the thermodynamical theorem connecting Gibb’s free energy
and potential, and (ii) directly from the wave-equation of a particle in a uniform field
and subject to the appropriate boundary condition. The two results are, of course,
identical. The meaning of degeneracy temperature for a Fermi-Dirac gas in a field of
force is discussed.

1. The present paper deals, from two different points of view, with the
density distribution in a Fermi-Dirac (non-relativistic) degenerate gas placed
in a uniform field of force. The starting point in section (2) is the expression
for Gibb’s free energy for a Fermi-Dirac gas in the absence of the field and
then the distribution in the presence of the field is determined with the help
of the well-known thermodynamical theorem connecting the difference in
Gibb’s free energy with the difference of potential. In section (3), the wave-
mechanical problem of a particle, moving in a uniform fleld and subject to
appropriate boundary conditions is considered. The eigen-values for the
energy of the stationary states are determined, and the number of independent
wave-functions corresponding to eigen-values less than any assigned value is
found. The density distribution for a completely degenerate gas is then
eagily obtained. The final results of the two sections are, of course, identical.}
Section (4) deals with the degeneracy-temperature (Ty) for a Fermi-Dirac gas
placed in a field of force.

The degeneracy-temperature increases with the field strength and the total
number of particles. The physical meaning of the degeneracy-temperature
{T'y) is, that the gas is degenerate if its temperature is low compared to T,
and is non-degenerate if its temperature is large compared to T.

1 The interest of the problem partly lies in the fact that recently two alternative
derivations—one based on the pressure of a degenerate gas and the other using the idea
of a harmonic oscillator—for the fundamental mass-radius relation for a white dwarf
have been given. The final results are identical except for a numerical factor of the
order unity. In the white dwarf theory several simplifying assumptions are to be made
to make the problem amenable to two alternative treatments. The simple problem taken
in this paper has the merit that it permits of an exact treatment in both the cases.
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2. Let us consider an assembly of Fermi-Dirac particles at temperature 7’
and occupying a field-free region of volume V. The number of wave-functions
for a particle, when its kinetic energy lies within ¢ and e +de, is

ale) de =-2-}:L;’-(2m)’% Velde, .. .. .. qan
where m is the mass of the particle, g its weight factor, and & is Planck’s
constant. If n{e) de represents the number of particles per unit volume of the
assembly and having their kinetic energy within the range ¢ to e+de, the

distribution law is

Vonle)de=—2€4 g
1
e/kT
Ze +1
and Vn=J __a(ﬂe_, . .. .. (3)
1 efer
Oze +l

n being the concentration. .4 is called the absolute activity. The Gibb’s free
energy per particle is connected with 4 by the relation

{=kTlogA. .. .. .. .. (4
For the completely non-degenerate 2 or classical case (4 — 0),
+ nh3
= kT log ———— , .. .. .
¢ 8 @mmkT)} ©®)

and for the completely degenerate case (4 — o)

- B2 30\
e =272(Z¥§> . .. .. .. {(6)

We shall now consider the gas placed in a field of force directed along
the z-axis which we shall suppose to be vertical. The density distribution of
the gas is, then, given by the well-known thermodynamical theorem

L) —L(wg) = W(xy, 20) , . .- - (M
where {(z) denotes the value of the Gibb’s free energy at x and W(x,, ) is

the work done, against the field, in carrying a particle from x; to x,.
For a classical gas in a uniform field, we then have the usual Boltzmann law

n(x) = nge AT . . .. (8)

where n(x) is the concentration at x and n, the concentration at « = 0, and
« is the force acting on a particle—the direction of the force is along the

1 In this paper we treat only the completely non-relativistic case.
2 The 4 suffix attached to a quantity denotes its value in the non-degenerate case,
and the — suffix refers to the degenerate case.
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negative x-axis. If 7 denotes the number of particles contained in a vertical
cylinder of unit cross-section and extending from x = 0 to x - 0, then

f = j “noe'“’/”dx=7—%ﬂf—T, .. .. o 9
0
and hence
_ 7:7& -k T
n(w)—kTe . .. .. (10)

The concentration for a classical gas, at any assigned value of «, is directly
proportional to # (or ny) and vanishes for  — 0. However, for a completely
degenerate gas the situation is entirely different. The concentration, for a
given x, is not directly proportional to # (or ngy), and the distribution, instead
of extending up to infinity, is confined within a finite interval x = 0 to » = [,
! depending on 7. This is easily seen as follows.

Substituting the expression (6) in (7} we have

h2 (3mo\% A2 /3n\}
and hence the distribution extends from z = 0 to x =1 (i.e. » vanishes at
x > 1), where [ is given by
h2 [ 3ng £
A L L L L
and (11) becomes
n = dng (2ma) 3 (—2) (13
=7z . . . .. (13)

The total number of particles contained within a vertical cylinder of unit
cross-section is

_ 3\Em o 2
o
and substituting for ng in terms of I, we have
3
_ 8mg [2m\Z 3.
n-—-—l'g<7;§‘> otl.' . ’ e ..(15)

Equation (15) gives the extent [ of the distribution in terms of the total number
of particles lying above unit area.

The above expressions refer to a 3-dimensional case. It is sometimes of
interest [Singh (1941)] to consider explicitly 2- or 1-dimensional case. How-
ever, as the general case referring to any number of dimensions is equally easy,
it will be better to give the results in terms of », v being the number of
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dimensions. The Gibb’s free energy for a completely degenerate gas, in the
case of a v-dimensional space, is easily found to be

— h2 g v %
§y=%§_g-[‘<é+l>%, . . .. (16)

where n, denotes the concentration per unit content in the w»-dimensional
space.  Using (16) in place of (6) we obtain, instead of (15),
v

v
_ <2wma 2
Ny = ¢

2
7) ”'—v—*, . - N (]7)
(3+2)
2

7y being the number of particles lying in a column of unit ‘cross-section’
(which is of »v—1 dimensions) and of length ! along the x-axis. For v = 3,
{17) reduces to (15).

3. Wae shall now discuss the distribution law by directly considering the
Schrodinger equation for the motion of a particle in a uniform field of force.1
Consider a particle enclosed inside a cylinder extending from x = 0 to x— oo,
the end at « = 0 being closed. The cross-section of the cylinder is a rectangle
of sides ay and ag parallel to the y and z axes respectively, one of its corners
being at the origin. The Schrodinger equation is

+1

872m

VAt (W—az)p=0. .. .. .. (18

'This equation is separable in the three variables and, therefore, ¢ will be

p=Csin " sin " Xy, .. .. .. (19
a3 a3
(no, m3=1,2,3, ... .)
X (x) satisfies the equation
2 2
d2X = 8wim htmy R Mg
a2t —%}—m—z—mx =0 .. .. (20)
2 '3
Writing
R fns\2 B2 [ng\? B2 \ §
7 e = — — —_—y = .. <.
W 8m <a2> 8m \ ag x 8n2m ) (1)
we have
dzX
m+uX=0. . N .o .. (22)

1 Also see Condon and Morse, pp. 46—47.
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This equation is a standard form of Bessel’s equation and its solution is
X(u) =utJ 2 ui (23)
_ § 3 , . .. " )

where J 3(w) is a Bessel function of order ; . The eigen-values of W can now

be found by imposing on (23) the boundary condition

Xu)=0 forax=0,

. 8m2m \ 4 B2 [na\* K2 fng\? )
i.e. for u o= (h%a?) {W_gfn (;2) ~ % (173) .o .o (24)

For large values of the argument

2 \}{ 2p+1 4p2—1 2p+1
Ju(x) — <;;> )cos (x—- 1T 7T Tw sin | x— Tw) ...... }, (25)
and hence for large « we have !
3\31 2 3z b
() - — — sl Zu3— = 2
X(u) (ﬂ) u_li_cos(gu ]2>. .. .. (26)

From (24) and (26), therefore, we have

8rzm\ } B2 (n\® k2 [ng\® 3 §
() o (- () Y- (o)

i B2 [ng\® k2 ng 2 foh2ez 5\
or W—S_m—<£)+§;i(a;)+ —""'32m7b1), e .. (27)
where n; is a positive integer. Equation (27) gives the eigen-values of the
energy W.

A particle with energy W will not be found at any appreciable distance

beyond [ = %V , for, by (21) if = be greater than %V , # becomes negative

and the asymptotic expansion for X(u) decreases exponentially:

X@) i (2 EL et (28)
417 (-u)i . .. . ..

1 For determining the eigen-values, we require the bebaviour of X () in the neighbour-
hood of z = 0. The assumption, that for « = 0, u is large, is always valid except for
those energy states for which n, is small. For determining the eigen-values for the lowest
energy levels, the behaviour of X(u) in the neighbourhood of # = 0 is required.
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We shall now enumerate the number of eigen-functions corresponding to
all values of energy less than or equal to a certain assigned value of W = al.
Writing

= .. (29

<¢>§+<Z_2>Z+<;i:)=ﬁ R )

The number of eigen-functions for energies << W is the volume of the space
bounded by the surface deseribed by (30) and the three co-ordinate planes, and
for which n,, ny, and ng are all positive. If g is the weight factor for the
particle, then the number of wave-functions is g times the above value. If,
for a moment, we suppose n; fixed and ny, ng varied, then the area of the
positive quadrant of the elliptical section is

Zagaai“—(%‘)%}, L e

and hence the required volume is

rB3 n %
ga‘ﬂsj (= (2) = B, )

Hy = 0

(27) reduces to

Remembering that, for the completely degenerate case, the number of particles
is equal to the number of independent wave-functions, we have

- k2
ho=g. B

8mg(2m E 3.8

The above treatment can be easily generalised to hold for any number of
dimensions. In the case of v-dimensions (30) will be replaced by

(ﬁ;>§+i<2)2=m. L (3)

i=

The content, corresponding to the positive values of ng, ng, .... n,, of the
hyper-ellipsoid in (v— 1)-dimensions will be
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and hence the number of wave-functions is

v—1 yBe

o V=1

=g.—~—~—1—2——(a2a3. .. ay) o (MY U2 g,
2v-1r("—+2—1) F= 7) '

0

2 vt 2m\;
3 g(azag PN am) : o2 Z‘l+1 ( h’—g)2, N . . (3(‘))
I‘(- +2)
2

Therefore, finally, we have for the v-dimensional case

oo =g<i’}§°_‘) — . NEY))
v
r(3+2)

a result which is identical with that of section (2).

4. In the foregoing sections we have discussed the density distribution of
a Fermi-Dirac gas in the presence of a field. We shall now derive an expression
for the average kinetic energy per particle, and then discuss the degeneracy-
temperature and its dependence on the field strength.

For a classical gas, the average kinetic energy is g ET and is unaffected

by the field. For a completely degenerate gas the average kinetic energy (e)

per particle is
L1
i== j eon dz,
0
where the null-point energy eq is given by the usual expression,

_ 3k (3n 3
=10 m \dng) ’

and hence using (13), (14), and (15) we obtain !

s =3 31 (3w
CTI¥T i m \dng
3 ke (164 \%
=T4-;L-<§,‘T~g—l'>, o ) .. ..(38)

1 The total energy per particle (i.e. the sum of the kinetic and potential energies) is
easily found to be; ol for the degenerate gas. For the non-degenerate case the total
energy is g kT,

2
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and the expression in terms of # and «, which is the most useful in practice, is

3/ R\ [15an\

Let us define the degeneracy-temperature 7 by the relation,

- €

To= 7, e E0)

k being the Boltzmann constant. In a degenerate gas, the average energy per
particle is much larger compared to kT and hence the eriterion for degeneracy is

T < T, S (2 )

The temperature Ty can be expressed with the help of equations (38) and (40)
either in terms of ny or any two of the three quantities o, I, and f. Taking
7 and « for example, we have

oo 3 [\ [15an\?
ned(E) (=Y. L e

#, a8 defined before, denotes the number of particles contained in a cylinder
of unit cross-section, its axis being parallel to the field. Equation (42) shows
the effect of the field strength on the degeneracy-temperature—the temperature
decreasing with decreasing field strength.
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