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ABSTRACT.

The density distribution of a Fermi-Dirac and a Bose-Einstein gas, both for the
relativistic and non-relativistic cases, in the presence of a uniform field of force, is con-
sidered. The average kinetic and potential energy, per particle, is determined, and a
general theorem regarding their ratio is discussed. The condensation phenomenon,
in the presence of a uniform field, for a Bose-Einstein gas is treated in the last section.
The specific heat is found to be discontinuous at the critical point.

1. When an ideal Fermi-Dirac or Bose-Einstein gas is placed in a uniform
field of force, which we assume to be acting along the z-axis and extending
from x = 0 to x — o0, then the density distribution of the gas is described by
the relation,

ne) =) = almy—z), (1)
where »(x) denotes the value of the Gibb’s free energy at x, and « is the force
acting on a particle—the force is along the negative x-axis. If n(z) denotes
the number of particles per unit volume, i.e. the concentration at x, then
n(x) and n(x) are connected by the relation,

n(e)de = ( *~—a(~€-)——‘—i——€-~. .. . (2)

n(x) =
/3+ exp kzsx)

Yo
a(e) de represents the number of wave-functions for a particle when its kinetic
energy lies within ¢ and e +de.
. 4
a(e) de = il

et 2emobeme), . @)

where m is the mass of the particle, g its weight factor; ¢ is the velocity of
light and % is Planck’s constant, and 8 = 0 for classical statistics, 8 = 1 for
Fermi-Dirac statistics and 8 = —1 for Bose-Einstein statistics.

If # denotes the number of particles contained in a vertical cylinder
(we suppose the z-axis to be vertical) of unit cross-section and extending from
r = 0 to z — oo, then

a(e) de dx 3)

i = n(r)dr = [ i ,
OB-H‘xp. T {e—n(0)+ax}

0
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where 7(0) is the value of 7(x) at * = 0. Let € denote the average kinetic
energy per particle, then

E=—1- " ea(e)dedz
" . ﬂ+exp kT {e— O)+ax}

and integrating twice by parts we obtain

1 bl a:vg; [eale)] de dx
o oﬁ+exP']ﬁ1 {e—n(0)+ax)}
provided a(e) = Uate = 0. If W be the average potential energy per particle
then
W':%J J am(e)ded:v D
. B+exp. kT{e 0)+a:c}

It is usual to consider two extreme cases: (i) the completely non-
relativistic case, for which the average kinetic energy per particle is negligible
compared to its rest-mass energy, and (ii) the completely relativistic case for
which the rest-mass energy is negligible compared to its average kinetic energy.
In the non-relativistic case

ale) de = 2’;’3" @m)*elde , O )
and in the relativistic case
a(c)dc—(h)sede,.. .. .. .. (6
and, therefore, we have from (4) and (5)
é - —g, for the non-relativistic case N m
w 3, for the relativistic case.

It should be noticed that the above result is independent of the statistics
obeyed by the gas, the field strength and the actual location of the plane
z = 0 (this plane defines the zero-level for measuring potential energy—and
only particles lying above this plane are taken in considering the average values
¢ and W).

2. The density distribution for a Fermi-Dirac gas in the non-relativistic
case has already been discussed in a previous paper (Kothari and Auluck,
1942). We shall, therefore, treat only the relativistic case for a Fermi-Dirac
gas. The Bose-Einstein case is treated in the next section.
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For the relativistic (completely) non-degenerate (or classioal) case, we
have the usual Boltzmann law,

n(z) = noe‘”/kT, .. .. .. .. (8

ny being the concentration at x = 0, and further

7’1,=/mn0e’°m/dex=7—b'%c—T, .. .. .. (9

0
and § = 3kT. R ¢ 1)

The concentration for a non-degenerate gas, at any assigned value of r,
is directly proportional to # (or »p) and vanishes for z -» c0. However, for a
completely degenerate gas the situation is different. The density distribution,
instead of extending to infinity, is confined within # = 0 and z = [, I depending
on . In the case of a relativistic completely degenerate Fermi-Dirac gas
(2) and (2') give

— o 3@} |
-q(at)_-ck{‘iﬂg} y o .. .. (1
where n(x) is the concentration at z, and hence substituting in (1) we obtain
3ng \ i 3n(z)\} _
ch (41rg> ch ( ang) = ar, .. .. .. (12)

where ng is the concentration at 2 = 0. The distribution will, therefore,
extend from z = 0 to 2 = [ (i.e. # vanishes at > I) where ] is given by

_Ch 37)/0 i
and therefore, from (12) we get
_4ng o \3 3
n(x)-—-—3—(55> (l—.’ll) . . .. e (14)
We, therefore, have for %, and €,
AN YA
n_3<ck>l_ 3 (4179) ...4nol, .. .. (15)
3
__3 ., 3 3ng
E—gdl—-g()k(rﬂg)
3 . (3\} 3 (3npa)\!
== ) o= .. . .. (16
5 (77 z) 5 (-ngck) ’ (16)

z=(%@)*(a@)*. L am
Y o
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For the sake of completeness, we may note that, for the completely
degenerate non-relativistic Fermi-Dirac gas, the corresponding formulae are

) P s sﬂg om\? :: 2 ,
n=<4wg) B0 = (h2) o'l =5n0l, . .. (15"
) §
3 3 h2(3n ,
and € == — = — — k' . ‘e . .. (16
n ¢=gal l4m<4-rrg> (167
£

_ Bhe(lsn )P _8( ke \F(1un)?
T 14m\8agl) ~ T\2m 8mg )’

15a\*/ K2 \? ,
and l = (8-rrg> <2moc> . .. - . (17

3. We shall now take up the case of Bose-Einstein gas and discuss how
the peculiar condensation phenomenon, first mentioned by Einstein and
recently discussed in detail by London (1938-39), Goldstein (1941) and Kothari
and Singh (1941) and others, is affected by a field of force. In the case of a
Bose-Einstein gas (8 = —1), 5(x) can never be positive, otherwise the number
of particles n(e), occupying a state of kinetic energy e, would be negative for
some value of ¢, which is inadmissible. For Bose-Einstein statistics, the
non-degeneracy is characterised by < 0, and the degeneracy by 4 = 0.
Writing, as usual,

n(x) = n(0)—ax, .. .. .. .. (18)

we have from equation (2)

zf stenO+a) T yeyde, .. .. (19)

§=1

and, therefore, in the non-relativistic case

) [-q(O)_om:
(@) = hi (2mmkT)* Z . (20)
s8=1
and in the relativistic case
BT @ 7(0) — ax 5
kT
n(x)—S-rrg<ch> Zsae . @D
1
Hence we have for #, in the non-relativistic case
g BT 1 O
=3 2mmkT)* — e , .. .. (22)

1 8
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and in the relativistic case

® 8
_ KT\ RT < 1 "Ozp ,
n-—Sng(E) 72;(5 e @)

1

The R.H.S. in (22) or (22') attains its maximum value when %(0) = 0, and,

therefore, (x) = —az. This means that the Bose-Einstein gas is degenerate

only at the level z = 0. Denoting the maximum value of the R.H.S, of (22)
by n*, we have

wt = & @mm kT)’IEC() e (33
and similarly from (22")
3
n" = 8ug (%kz) kff( 4), x . - (23)

{(s) being Riemann’s zeta function. When the actual number of particles
lying per unit area above the plane x = 0 exceeds n*, then it follows, from
arguments familiar in connection with the discussion of the condensation
phenomenon for a Bose-Einstein gas, that the difference (72 —n*) represents the
number of particles in the zero-energy state, and these will be all situated at
the level z = 0.

Defining the critical temperature 7'y by the relation

( ——E&L— lativist
Ty = [9(2wmk )] , (non-relativistic)
l[S_:g,y(%) 70_;—([;—)]} , (relativistic)

we see that so long as T > T, (i.e. # < n*), the gas is non-degenerate
throughout the entire space. But for 7' < T, (i.e. # > n*), the gas is
degenerate at the level x = 0 and non-degenerate above it; and the number
of particles in the zero-energy state which are all located at the level x = 0 is

given by
_ T\? _—
n) 1— T~ (non-relativistic)
n*) = 0 ... (25)

T\
7 [l — (——) ] (relativistic).
To

It should be particularly noted that whereas in the absence of the field the
condensed phase (i.e. particles in the zero-energy state) is present throughout
the mass of the gas, in the presence of the field the condensed phase is only
present within a restrieted region of space.}

. (24)

(R —

1 In the foregoing treatment the thickness of the layer, in which the condensed phase
is present, is zero because we have assumed that for the zero-energy state ¢ = 0, but
due to the uncertainty relation the zero-state has always a small but non-vanishing
energy.
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Tt now remains to derive the expression for the average kinetic energy per

particle and this is easily found to be, for the case T' > T,
B\ = 1 *KO),;%
E = e = ("rrmlr’l’) < ) Z ~ ~, (non-relativistic) .. (26)
gz
1
and
ET\3 )2 2 1 ﬂ“’)k
E = i€ = 241rg<:’:) Z? e ", {relativistic) . .. (26"
1
and hence
o 1 ™M
—e
R P N
€= kT , (non-relativistic) . (27)
o1 20 5
—~e
g%
1
and
1 1Oz
";5- e
€= 3kT 2L (relativistic) . 27)
1 " g
st
1
In the degenerate case (' < T'y) we have
3 . (KT ..
r 2;’8 (2mmkT)} ~— ( ) {(}) (non-relativistic)
E = T 3(kT)2 .. (28)
l 2479 (C—h—) - {(5) (relativistic)
and
T
? £) (non-relativistic)
2 §(§)
- (29)

3T g 4; (relativistic)
The constant-volume specific heat C, at the point 7 = T, is easily shown
This iz to be contrasted with the case of no field where

to be discontinuous. is i
the discontinuity lies in the temperature-derivative of the specific heat and not
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in the specific heat itself. The ratio of the specific heats at the point of
discontinuity is found to be

2
[Colat T 40 1 “g %%%}—) (non-relativistic)
(AP .. (30)
Clurize | -3 C[—g);—?(]; (relativistio)

The condensation phenomenon for a Bose.Einstein degenerate gas, due
largely to the recent work of London, has acquired physical significance because
of its possible connection with the peculiar properties of liquid He IT. The
possible applications of the foregoing results will be cousidered elsewherc,
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