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ABSTRACT.

No existing tidal theory can satisfactorily explain the origin of the solar systemn and
account for the angular momentum and energy possessed by the planets. To obviate
the difficulties of the tidal theories, the Sun in the present theory is supposed to be origi-
nally a part of a Cepheid variable of about nine times the Sun’s mass, which oscillated
with small amplitude. The near-by passage of a star of about the Cepheid’s mass in-
creased the amplitude of the oscillations rendering them unstable. That this could have
been possible has been mathematically shewn in this paper. Matter was consequently
thrown out, which condensed into the Sun and the planets. Enough energy for this is
available in the parent Cepheid. The Sun is shown to have taken about two-fifths of the
energy of the parent Cepheid. It has also been shown that the encounter need not be
very close, nor need the intruding star have an inordinately large velocity, to give the
requisite angular momentum to the Sun and its planets and enough energy to the Solar
System to escape from the parent Cepheid.

We shall briefly allude to some of the modern theories which have been
proposed from time to time to explain the origin of the Solar System. The
planetesimal theory of Chamberlin (1916) and Moulton (1906) and the tidal
theory of Jeans (1919) and Jeffreys (1929) undoubtedly possess certain dis-
tinct advantages in explaining thé dynamical arrangement of the bodies which
form our Solar System, but they are also open to some grave objections. In
both these theories it is supposed that the Sun and a passing star narrowly
missed each other. Jeffreys later on supposed that there was grazing collision
between the two bodies. It is also surmised that the angular momentum of
the planets was obtained at the expense of the small fraction of what had
originally been possessed by the passing star. But Russell (1935) has pointed
out the grave difficulty which arises when the distribution of angular momentum
per unit mass of the passing star as well as of the planets is considered. If
I be the semi-latus rectum of the orbit of a body, whether a planet or a passing
star, relative to the Sun, we find that the angular momentum per unit mass
of the body is proportional to 4/I(1+x), where « is the ratio of the mass of
the body to that of the Sun. Now to produce tidal eruptions in the Sun,
the encounter must have been very close, and the parameter I may be taken
to be of the order of 0-03 astronomical unit. If we take z to be one, we find
that the angular momentum per unit mass of the passing star would be 0-25
unit, taking that of the earth per unit mass to be unity. On the same scale
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we find that the angular momentum per unit mass varies from 0-61 unit in
case of Meraury to 5-49 units for Neptune. The weighted average for all
the planets is calculated to be about 2:63 units, which is ten times greater
than the amount which the star can possess due to its motion round the Sun
and at the same time produce tidal eruptions for which a close encounter is
necessury. It appears to be highly improbable, if not impossible, that so much
angular momentum can be put into the material ejected from the Sun by the
passing star during the encounter.

Recently there has been a number of new lines of attack on this problem,
1t hus been suggested (Russell, loc. cit., p. 135) that our Sun might have been
a binary star having a companion much smaller than itself which revolved
in an orbit about the Sun at a distance comparable with those of the major
planets. A collision between this companion and a passing star broke the
former into fragments which were condensed into the present planets. Russell
abandoned this hypothesis as unpromising, as it is not possible to explain
satisfactorily how the collision would be capable of breaking up a single mass
into several planets of comparable size. Moreover, it is unlikely that the
plane of orbit of the original companion about the Sun and that of the intruding
star would be roughly parallel. Lyttleton (1936) tried to give a mathematical
treatment of the above suggestion. He studied the particular case when the
three stars were of equal mass. Luyten and Hill (1937) have pointed out
two main difficulties in Lyttleton’s theory. The first is that the energy re-
quired to form the planets is verv large and the intruding star must have
an initial velocity of 100 km./see. at least relative to the Sun at a great distance
from the Sun, which is a rare occurrence in Nature. The centre of the planetary
ribbon which may be formed between the Sun’s companion and the intruding
star would acquire a velocity much greater than the velocity of escape relative
to the Sun. The second difficulty is that, after the encounter, the subsequent
action of these two colliding stars, that is, the Sun’s companion and the in-
truding star, on the planetary ribbon, cannot be neglected. Luyten and Hill
have shown that about 94 per cent of the total length of the ribbon would be
retained by these two stars, and so only 6 per cent of the length of the filament
becomes available for possible capture by the Sun and subsequent formation
into planets.

To avoid the requirements of a very large velocity for the intruding star,
Lyttleton (1938), in a later theory, assumed that the intruding star was
much more massive than the Sun. But Luyten (1939) has shown that
even with the above assumption no favourable case for formation of our
planetary system can be established. Luyten has shown the possibility that,
in order that the Sun could capture a part of the filament between its com-
panion and the intruding star, ‘the Sun must have been running parallel to
the filament for some time, and must itself have suffered a close approach or
collision with the intruder.” In the above case, the Sun itself would be cap-
sured by the more massive intruder.
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It can be mathematically shown that rapidly rotating stars break up by
fission preferentially in the vicinity of another star. Ross Gunn (1941)
has considered the case of a rapidly rotating star, with angular velocity of
rotation slightly less than the critical value for fission, which approaches
another star. When they are sufficiently near together, both are deformed
by tidal forces. Tidal forces acting in conjunction with the centrifugal forces
break up the rapidly rotating star. Condensed masses of planetary size from
outermost zones leave the surface of the star whiclr has broken up into com-
ponents. Now tidal forces between the stellar components and the second
star reduce their angular velocity of rotation. Gunn believes that the resulting
slowly rotating outer component finally proceeds to infinity, accompanied
by two different families of satellites all marked by definite asymmetries.
He maintains that no serious inconsistency of energy or momentum will oceur,
and that a stellar encounter of the type considered above will produce a dis-
tribution remarkably like the Solar System.

The main difficulty of this theory is that such close encounters in which
one of the approaching stars is rapidly rotating with angular velocity almost
equal to its critical value of fission are highly improbable. The suggestion
that such encounters might have ocourred in the early stages of evolution
when our Universe was much more compact and the stars were very close
together seems also to be too far-fetched.

Very recently Lyttleton (1941) has also considered the question of
planetary formation resulting from the break-up of a single stellar mass due
to rotational instability. He regards the Sun as the distant companion of a
close double star whose components had first merged into a single body and
then this mass broke up into a pair of stars due to rotational instability, and a
planetary filament was produced between them as they were separated from
one another. The initial system was thus a triple star, and Lyttleton main-
tains that a single mass which could be obtained by combining the two com-
ponents of a double star would have sufficient angular momentum to causc
instability, fission, and ultimate formation into a planetary filament. Lyttleton
further suggests that the two new components separate from the Sun with
hyperbolic velocity, leaving the filament to be captured by the latter. This
part of his theory is open to the same objection as his earlier theory of planetary
formation depending on encounters. Moreover, it is not clear how the decrease
of separation between the two compouents of the double star can be brought
about so that they would ultimately coalesce into a single body. It seems
rather far-fetched to suggest that this process of coalescence was brought
about by accretion of inter-stellar matter. It is also difficult to see how the
close passage of a third star can be responsible for gradual merging of the
two components of the double star into a single body. In all probability
such a process may result in catastrophic collisions between the two com-
ponents.
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In a recent paper, P. L. Bhatnagar (1940) has studied the changes that
would take place in the velocity of the Sun and also its distance from its
companion due to the encounter of the latter with the intruding star. He
has shewn that even in the most favourable cases there is hardly any possi-
bility for the formation of the planetary ribbon, as in such cases an actual
collision between the Sun, its companion, and the intruding star cannot be
avoided.

It may be mentioned now that from astrophysical considerations Spitzer
(1939) has proved that even if the desired planetary ribbon is assumed to be
formed by a close encounter between two stars, it would acquire sufficient
velocity of expansion to dissipate in a period of the order of an hour at the
most at stellar temperatures without giving birth to any planets. Thus
from two entirely diffcrent considerations we find that the existing tidal
theories are unable to explain the formation of the Solar System.

It may be mentioned here that in reply to Spitzer, Lyttleton (1941)
states that it is not permissible to regard the filament as conditioned solely
by its own gravitational effect. On the other hand, the filament would be under
the combined gravitational field of the stars concerned. Moreover, he main-
tains that a temperature greatly in excess of that likely to be reached at any
point of a star similar to the Sun is required to give thermal velocities equal
to the escape velocities of the particles in the filament.

We have now seen that it is hardly possible for an intruding star to supply
most of the energy and momentum required for the formation of planets.
It has been suggested that the raw material which ultimately formed planets
was shot out from the Sun by powerful internal forces. If there were sufficient
initial impulse, the planets could easily have been formed at their present
distances while the attraction of a passing star would set them revolving in
their present orbits. But the main difficulty is how such powerful internal
forces came to exist. We have to examine the possibility whether the requisite
amount of energy for formation of planets can be obtained from available
subatornic sources due to thermo-nuclear reactions. We have further to
examine bow a state of dynamic instability can be brought about, which would
result in ejection of matter to planetary distances. Cepheid variables con-
stitute a well-known class of periodic variables having short periods. Cepheid
variables lurch (Merrill, 1938a) towards us when they are bright, away from us
when they are faint. The accepted interpretation is that of pulsation which
holds the field now as the best working hypothesis. Jeans (1929) suggested
that changes in brightness of variable stars depend on the rotation of a pear-
shaped body. This explanation in which the orientation of the star’s axis
plays an important part is not acceptable to the astronomers for any standard
type of variables, for they are of the opinion that a variable star has approxi-
mate spherical symmetry so that it would look the same at all times from all
directions and would not depend on the location of the observer (Merrill, 19385).
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Gaposchkin (1938) mentions that the Cepheids are in fact among the
most luminous objects of their spectral classes, and may appropriately be
called ‘supergiants’. Gamow (1939a) suggests that the pulsation phenomena
observed for Cepheid variables are due to instability during the transitions
from the giant branch into the main sequence. Further, he is of the opinion
that the pulsative instability of the stars near the limiting line of R-L diagram
(radius-luminosity diagram) is due to the conditions existing during the
transition from the state of thermo-nuclear evolution into the state of purely
gravitational contraction.

It will be useful to investigate how dynamical instability of pulsation of
a Cepheid variable can be brought about, and to find out when this state of
instability has been attained, whether sufficient sub-atomic energy can be
obtained in the Cepheid to eject matter to planetary distances to be condensed
into planets. It has to be seen whether a passing star (a close encounter not
necessarily being required) can bring about this state of instability by pro-
ducing tidal disturbances. It may be remarked that if the planets are once
formed, the attraction of the passing star would set them moving sidewise.

We may also examine the case of pulsating instability of a Cepheid
variable having mass considerably greater than that of the Sun with the
possibility that an amount of matter having mass more or less equal to that
of the Sun might have been thrown out to a distance where this ejected
material would ultimately escape from the parent’s body with part of the ribbon
which had initially joined the two, and thus become our Sun with planets
formed out of this partial ribbon. The parent Cepheid as well as the passing
star would give the necessary angular momentum to the planets to go round
the Sun in their orbits.

Eddington (1926) has considered the adiabatic pulsations of a variable
star, which are symmetrical about the centre. The star as it expands and
contracts remains spherical in shape. He only considered small radial oscilla-
tions, the square of whose amplitude could be neglected, and so all the varia-
tions could be represented by simple harmonic terms.

Sterne (1937) has considered three models of oscillating stars for which
the square of the amplitude was neglected, viz.

(1) the star of uniform density;

(2) the star in which the density varies inversely as the square of the
distance from the centre up to a very small distance from the centre within
which the density is constant; and

(3) the model in which nearly all the mass is contained in a particle at
the centre and in the remaining portion of the star the density varies inversely
as the square of the distance from the centre.

We shall now retain the square of the amplitude in our equations and try
to investigate their solutions.
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For radial oscillations of a star, the equation of motion, in general, is

2
g=-9°_§0_1‘1£ S

where €, g, p and P denote distance from centre, gravity, density and pressure
respectively, at a point, and £, go, po and P, are the corresponding values
at the same point in the undisturbed state of the star.

Define £;, py and P; by

€ = o(1+£1), p = po(l +py) and P = Po(1+Py), .. @
where §q, py and Py are small quantities.
We shall keep later on small quantities of the second order, that is, up to
ff, ete.

During the motion the following equation remains true:

pofidt = p£2dE. .. .. .. )]
For adiabatic oscillation, the relation
P = Kp” .. . .. .. @)

holds good, where y is the effective ratio of the specific heats (regarding the
matter and enclosed radiation as one system).
We get from (2), (3) and (4)
1

l+py = — ; (5)
(L4€1)2 (1+£;+£0€))
1
and 14Py = — (6)
' (I +£1)2Y (1+§1+§o§1)7 '
here 46
whert ¢ = P
We therefore have
3 Jo (1+£4)* dPy dpl}
= — 5 - 14Py) 5—+Pp ¢ (T
From equation of undisturbed state we get
dP,
E-‘-‘ —9JoPy -

The equation (7) may now be put into the form

.. 1 1
§= —g - — ;
’ I:(l+£1)2 (1+£0)7 7 2 (148 +Eok) )

Py 2 d 1
~ 04421 - .. .. (8)
Po v dg (l+§1)27(1+§1+§0§1)y]
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Approximations.

We shall neglect higher powers of £;, ete., than the second. Following
the method of P. L. Bhatnagar (see later) we get:—

erD

(L+Py) = 1—y(31+6ot, )+ { £e7+ )7 (By+ DE}+yBy+ Dok, }

P vy s
T = YR )+ D6 o DEE,
4%,

+4y(By+ DéE +y(y+ DékiE, ], where ¢ = 2

Hence A+P) (1 +E02 = 1= § By =28 +vtot, |

+{<‘:) —;y+l>f +y(3y—1éeé £, +'y(y+l)§05 }

dPy _

7 —y(4¢,+ &8, + {47' By—1)é€,

(1 4&)2 2
2y(2y+ Dot T +y(By—1)éof 1€,
+ylr+DEEE T

We get, therefore, from equation (7),

é=go[{ —By =)t —véok, | + {(;’yz—gy—z)gf

+yBy=Dtotst, + LD gﬁf’?}]

P, . . . 'y
+ 2y (4614608 = {43y = Dat + 22+ Dbk

+@y=Detd ++DESET] . ®)

Let us assume in the beginning that ¢, is small and that
€1 = a1(£g) cos nt—as(£o) cos 2nt—ag(£o), .- )]

where a1(£) is a small quantity of the first order and ay(&) and ag(é,) are
small quantities of the second order in £;. We shall neglect small quantities
of the third and higher orders. ag(£p) has been introduced for the vanishing
of certain quantities of second order which are left over after equating co-
efficients of cos nt and cos 2nt to zero.

We have

E

& = £3(14-£,), where € = — d2§

’.E‘
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Hence £ = bofy = —n2p{ay(£o) cos nt—4ag(éy) cos 2nt}. .. (10)
£, = a (&) cos nt—a, (&) cos 2nt—a (&) . .. .. (11)
§'l = a'l cOos nt-—(f2 cos 2nt—-a; s e . .. (12)

where §; = Zgl , fl ii—j—: , ete.

Substituting in (8) we have

- , P , .
I_nZalfo-}-go{ —~(3y—4)a;—yéou, } + -;(;—X{‘ial +£oa, }]cos nt

A |
[ —anttots b0 By =t rtod b By =iy

1 | . P . .
+3 Y@y =1 foma, + 3yl +1) boa,’ + - —da,~fa,

. . o 1 | ..
-2(3y —aya, —(2y+1) 50(.12—— 3 (3y=1) éoaya, — 5 (y+1)§(2) a, al}]cos 2nt

Yy +1) €22} L7

1 .
[ {(3y—4) a3+'y§0(z + - (3‘}’—4) (3)’+1)a$+ é)’(g‘}”‘l)foalal
+1
4 Po

{ —day —Egay—2(3y—1) aya,

‘ 1 -1 -
—(2y+1) &t — 5 (By—=1) €otia;, — 5 (y+1) ﬁalal}]=0. L. (1)

Putting the coefficients of cos n¢, cos 2at and the terms independent of time to
be separately zero we get

> 4 n?p, uv}
a,+—— +{ a1=0, .. - .. (14)
T T Py T @
- 4—v 4n2py av
—a =@, .. .. .. (15
o+ +{PW 50} Q (15)
and ot e P 0 (18)
. g — Qg =&, .. . . .
3 go 3 g%
goPofo . 4
where ,ya=3 -, .. .. .. .. (7
P, » (7

3B
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and Q= {%(3y-1)ﬂ’y°_z(y_1)-;

181

(18)

These equations have also been obtained by my research scholar, P. L.
Bhatnagar, in his unpublished thesis for the D. Phil. degree of the Allahabad

University.
Boundary conditions.
From equation (1) we get
(14£:1)2d(PoPy) s ¥
Remembering that
1dPy _ _
po ko "

we find that

d(PyPy) _ { 1

At the boundary P, is infinitesimally small, and

A(PoPy)

ap, T

Hence, at the boundary

1
(14+£,)2P; = {m —(-1+§1)2} + =

where £, go, E have their corresponding values at the boundary.

(21) may be put in the form

(14+P)(1+£)% = +

(1+£&)2

1 é‘

L
g

i

Now, we have, up to small quantities of second order,

Py = —y(3er+bot]) + { 3 rlr+DEE?

+y@y+ Disksf, + 3 7B+ 1E )

(20)

21

(22)
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Now, substituting in (22), we get at the boundary

£

£ = —{ vt} { 5 or -0+ 18]

-1 o,
trity—Dkbib +5r+DEE L @)
Now, substituting for £, .f'l, f'] and f from (9), (10) and (12), and equating

the coefficients of cos ng, cos 2nt and the term independent of them separately
to zero, we get at £, = R,

ne
<53_v7s—o>“1=0, (2
4n? 3 1 ” 1 , 1 .
a +(§ - ;Z—’;)a i ad z: ) o+ 5 By—Da,+ 3 (v+Dea =0, (25)

Ya(3y+1 o1 ,
and a, +g— 3+_a( z:- ) 1+ (J'y—-l)alal+z(-y+l)§oalz=O. (26)

These conditions have also been obtained by P. L. Bhatnagar.

Case I. Sphere of uniform density.
We consider a sphere of undisturbed uniform density f. The mass within
. .4 3 . . .
radius &, is 3TP £,; the undisturbed value of gravity and pressure are
:

go = i Upéy and Py = %;—T G“(Rz—f() where G is the constant of gravitation

and R, the radius of the undisturbed star,

2
We havev = 12_2_; where ¢, = Rux.

z2’
Substituting the values of go, Py and v and putting ég = Rx in (14), (15)

and (16), we get

1

(1—z2) 4 d = (4—6a7) -__+ (B—2w)a, =0, .. .. (27)
(1 —x2) %__+£ (4—622) E—f+(4ﬁ—2a}a2 =, - .. (28)
and (1—: -’-)d “3+1 (4—62 2)21 - §a3 o, ce .. (29)
wehere @ ={ 5 @r=18—3 y—D } ]
3 O+ 1B =21z 22

1 da, \?
+{1_§(y+3)x2}<7x1), . (0
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3nt

and = — . 31
A= s (31)
Let us now put dashes for differentiation with respect to z.
The boundary conditions are at = 1
2a, +(20—B) a; =0, . . .. (32)
: 1
2a,+(2x—4B)as+ 5 x(3y+1) at
.1 .
+By=Daa + 5 (y+1)a =0, . .. (33)
and 204+ 20a5+ % x(3y+1)a
| .
+By=D e, + ;5 y+1)a} =0, N O

’

where a,, a,, etc. have their relevant values at z = 1.

We shall now get the solution in series of the equation (27) and investigate
the convergence of the series in the interval 0 < = < 1.

Tt is evident from the form of (27) that the boundary condition (32) is
2
satisfied if d—xazl remains finite at z = 1.

d

The roots of the indicial equation for (27) are 0 and —3. The negative
value gives a singularity at the origin. We, therefore, choose the former value
(0) and expand the solution about the origin in a power series of the form

a]=2b,\m", L 35)
0

where we assume arbitrarily by = 1 (as the equation is linear).
1t is found by substitution that the terms in odd powers of # vanish, and
that the coefficients of the even terms satisfy the recurrence formula

-5 2X(2A4+5) — B+ 2a
22427 720 (2A4-2)(2A+5)
The series (35) will terminate provided

B —20 = 2X(2\+5). .. .. .. (37)
Otherwise, (35) will be an infinite series whose coefficients are ultimately all
of the same sign, and which, by the recurrence formula (36), can be easily
shown to be divergent at x = 1, and convergent for z < 1.

Hence it is impossible for the boundary condition (32) to be satisfied,
and at the same time for a; to be finite at x = 1, unless condition (37) were
satisfied.

b (36)
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Let us suppose that condition (37) holds good and that the series for a,
terminates.

We shall now find out the complementary function of (28). The roots
of the indicial equation are again 0 and —3. Choosing the former, as before,
we assume for the complementary function of (28) the series

ichz’\. .. .. . .. (38)

4]

By substitution we find as hefore that the terms in odd powers of z vanish
and that the coefficicnts of the even terms satisfy the recurrence formula

. . 2X(22A+5)—4B+2¢
2a+2 = ‘T (@A 2)2A+5)

It is quite possible that for particular values of A both @, and the com-

(39)

plementary function of a; may terminate, e.g. « = —;;, Ar=3and Ay =1T.

For the particular integral of (28) we assume the series

ic;r‘. .. . .. .. (40)

)

We note from (30) that as, aceording to our assumption, a, is a termina-
ting series, 8o is Q. Hence, the coefficients of (40) will ultimately follow the
same law as those of (38), that is, the terms in odd powers of  will vanish and
the coefficients of the even terms will satisfy the recurrence formula (39).

Reasoning as before, we conclude that it is impossible for the boundary
condition (33) to be satisfied and at the same time for a; to be finite at x = 1,
unless the following condition were satisfied

48 —2a = 2\(2A+5). DR '8 §

We shall now suppose that both conditions (37) and (41) were satisfied
and the geries for a; and a; both terminate.

The indicial equation for the complementary function of (29) gives again
the roots 0 and —3. Choosing, as before, the first root, and assuming the
series to be expanded in the form

Zd’\z’\, R 1)
)

we find that the terms in odd powers of z vanish and the coefficients of the
even terms satisfy the recurrence formula

2,\(2/\+5)+§
nt2 = S BFDETE)

The series (42) will, therefore, never terminate and for z = 1 ean be shown
to be divergent. The same remarks will apply to the series assumed for the

d (43)
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particular integral of (29), as its coefficients will ultimately satisfy the recur-
rence formula (43).

Hence, even if conditions (37) and (41) were satisfied, it is impossible for
the boundary condition (34) to be satisfied, as ag does not remain finite at x = 1.

As a) is a first order term, while a; and ag are of the second order, it is
impossible for @, to remain finite if 2, and ag were not so.

Hence we see that £, given by (9) cannot remain finite, and the conclusion
is that no radial mode of oscillation is possible in this case.

Case 11.

The density varies inversely as the pth power of the distance from the centre
(where p is a positive integer excluding 1 and 3), except tn a small, finite core of
constant density surrounding the centre.

Let a small core of radius a inside the star of radius R have uniform
density, and let the density py of the undisturbed state outside the core be
k'/fg at a distance £ from the centre (@ < §&; < R). Let p, be the uniform
density of the core in the undisturbed state and p be the mean density of the
envelope.

Let p= ;—lz .

Hence Pa = ak-p = R’I’c;ﬂ

Now 4—73Té (R3—ad) = 51—’;(&:_8 - R:‘3> ,if p#3.

Hence k= ﬁ(P—g)((Iﬁi;ia;z:)aRp-a _ ﬁ(p—z)g’:’::_—;)ya) Rr L (44)

ond P = GBS (gm0
if p # 3.

The value of gravity at a distance & from the origin in the undisturbed
state is go, where

%7‘n¢>a¢l*‘6'+2r;i:£3 [Ex,}_—s—a;l—_—g]@
Jo = éﬁ >
[where G is the gravitational constant],
g Y
3 p—3 gg aP-38  £,P-8 af

Put g = Rz, where p < 2z < 1.
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Therefore, we have
4rkG 3
go*m(——?;——?,), .. .. .. (46)

T 3(p—3)Rr-122\pr-3  zP-
if p#£3orl.
Now, in the undisturbed state,
aE, = = fJoPo-

Integrating and remembering that pressure is zero when £, = R, we’
have at a distance £, from the centre the pressure P, given by

- 4nk2G P 1 3 1
Po= sp—3rms {(;o+1)w—3 (;?ﬁ - 1) T @p-2) (x—z,:g —1) } SNCL)

Now v=@;—%§—n
—_ -3 -3
(p+1)(2p—2)(par-3—3ur-3) TS

= p@p—2)xr3(1—a+1) =3(p+ ) -3(I—a22)’
when p % 3 or 1.

We have o=3— as hefore. (49)
: Y
Also Py, v and k are given by equations (47), (48) and (44).

Substituting these in equation (14), we have for the annular region: —

[-3(p+1)#”'312+p(2p—2)xp"—{p(2'p‘—2)—3(p+1)#"‘3}-r2"]%
+[6(p+1)(p—3)ur=3z+ (3—p)p(2p—2)xr-2—4{ p(2p—2)
—~3(p+ )r-)22-1] B [30(p 4 1)2p—Dpr-3
—ap(p+1)(2p—2)a?-34frPla; = 0, .. .- . .. .. (B
where f= Z%;—y (p2—1)(p—3)Rrur=3 . .. (52)
Let ay = .r"ibﬂ" satisfy (51) .. .. .. (53)
0
The indicial equation gives
g = 22=52VEp—5P+8a(p—1) L (54)

2 F
that is, two real roots, one positive, the other negative. We keep both the
roots as u though small is finite.
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Equating the coefficients of x?1* to zero, we arrive at the following
recurrence formula:
Sor—p—{p(2p—2) =3(p+1)p*~3} A+ ¢ —2p+2)A+g—2p+5)br—2p 4 2
+22p—2{A+q—p+3)A+g—2p+5)—a(p+1)}br-p+3
=3(p+Dp~3{(A+q~2p+5)(A+q)—a(2p—2) }br = 0. .. (55)
From (55) we have
for_p = N[{p@p—2)~3(p+1) uP=3}by_ g,
—p(2p—=2)by_p3+3(p+ 1) p""30,]
FAL{P2p—2)=3(p+ 1) p" =3} (2¢—4p+T) by _ 3, 1 9
~p(2p—2)(2q—3p+8) by_p . 3 +3(p+1) p’~3294+5—-2p) 4]
+{{p(2p—2)=3(p+1) p*~3}(g—2p+2)(g—2p+5) by_3p . »
—p2p—2){(g —p+3)(¢—2p+5) —a(p+ 1)} by_p, 3
+3(p+1) p" 3 g(5+9—2p) —a(2p—2) b, ]. . - .. (56)

The coefficients of A2 and A on the right hand side of (56) will be simul-
taneously zero, provided the following equations arc simultaneously satisfied:

{p2p—2)=3(p+1) p'=3}a—p2p—2) y+3(p+1) p~3=0, .. (57)
and {P(2p—2)=3(p+1) p=3} (2¢—4p+T) c—p(2p —2)(29—3p+8y
+3(p+1) 32 t5—=2p) =0, .. .. .. (58)
by . 1 o
where = A2 and Yy = A p: 3
b/\ ) [l/\
Solving (57) and (58), we get
v B(p—3)pr-3
T p2p=2)=3(p+1) prd
o -3
and Y = i“’ .
. ] 7

This makes x and y both less than 1, so long as p > 3 (as p is much less

than 1). For p = 2, we have 2 = Q_i‘l;, which < Lifp < :;, andy > 1.
It should be noted that the values of x and y which we have obtained are
independent of A, and at least one of them we have proved to be always less

than 1 if < % But, for the convergence of the series (53) when x = 1, both

« and y ought ultimately to be greater than 1 for p > 3, as b, is a later term to
both by 5, 2 and by, 3; and for p = 2, x ought to be > land y < 1.
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It is impossible, therefore, for the coefficients of A2 and A in the right hand
side of (56) to vanish simultaneously, if the series is to be convergent.

As the Cepheids have all finite periods and we are not considering an
infinitesimal core, both 7 and p are finite. Hence f given by (52) is finite.

ba_
Hence the ratio ———2_ is of the order of A2 or A and the series (53)
br_opi2
diverges when z = 1. This is because when p >3, b, _ p 18 a later term than
h—p
A—-2p+2

ba—2p+2 and the ratio must be less than 1 for convergence. When

p = 2 the ratio b————~—’\b'\2pp = must be 1, hence coefficients of A2 and A must vanish
in this case, and the series would again be divergent.

It need hardly be mentioned that the series cannot terminate.

H. K. Sen has given an independent proof of this result in a paper to be
published.

With proper substitutions equation (15) becomes

[—3(p+ )ur=32+ p(2p—2)zP=1— { p(2p—2) —3(p-+ jur~3}ae] Tt

+[6(p+1)(p—3)pr-3z+ (3—p)p(2p—2)2r-2—4{ p(2p—2) —3(p+1)u?-8}

x2r- 1] da,2

+[3x(p+1)(2p—2)p?-3 —ap(p+1)2p—2)2P-3+fatlay = Q, .. .. (59)

bn? (p2—1)}(p—3)Rrur-3
wkQy ’

where =
and ¢ is given by (18).

As in the case of equation (51), we can show the series for the comple-
mentary function of (59) to be divergent.

For the particular integral of (59) we note that @ is a function of a4, and,
hence, diverges, as we have proved @, to be divergent. Hence the particular
integral of (59) is divergent.

Therefore no convergent series solution for (59) can be found.

The equation (16) reduces to

d2
[—8(p+1)uP-3a2+ p(2p—~2)aP~1— { p(2p—2)—3(p+)ue~*}at#] T2

+[6(p+1)(p—3)ur-3z+ (3—p)p(2p—2)2r-2—4{ p(2p ~2) —3(p+1)u" %}

x2p~- 1] d(la

+[3a(p+1)(2p—2)ur~3 —ap(p+1)(2p—2)zr~8]ag = @, e ()]
where @ is given by (18).
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The series solution for (60) can similarly be shown to be divergent.

Hence none of a4, a, and ag in the expression (9) for ¢; is finite.

The boundary conditions (24), (25) and (26) follow from the equations
(14), (15) and (16) when a;, ag and ag are finite.

This we show as follows. Dividing each of the equations (14), (15) and (16)
by v, we have

" —_ 2
_ai.+ua1’+{m—?—}al=0, .o . .. (61)

1 1
+%;'——('y+1)$(11,2 .o .. .. (62)
a; 4-—-v S {I n? po oc} ,
d + a == = (y=1) 5,2
an fo" ] 12( )P oY (‘)’ ){-ﬁ ay
1 n2p0 o
+ 5( + ){Povy - g}foalal
0
1 1
+{; ;(y+1)$ L (63)
Now when z = 1,
Po = 0,
Ani2@ prr-8—Jpr-3
Pov = gopofo = [3(p_3)32p—2 P :l .
€T =
__ 4nkEG(p—3ur-3)
- 3(p—3)R2r-2,r-3 ’
a finite quantity,
and v— o0, as Py =0,
Hence, equations (61) and (62) become for finite a,, as,
n2
a + — e — =0 . .o . 3
! (fo ?’90) ! (64)
o 4n
and ag’ +( a { Sy—1) — — = (y=1)—
+1(y'+1){33—9‘-}faa'—1( ) =0 (65)
9 vdo 50011 4')' o = = U. .

Now from (64) we have
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Hence we have
n2 2 3

w

<

|
.p.

iv-Dga

1 0 ’
& + §(3'}"—1)alal

1
a?—}-

2

1
2
1 3
=§yW—U—ZW—U$
1 3y —1 '
1 (- Y — )alal .

Also we have from (64)
't = <n_2 - E)a a
! v90 &)

1
é()’-i-]){—‘ - gﬂ}foalal' —i (y+1)ép;?

Hence we have

1 o 1 /
=5 (y+ 1ot 2‘“1('}'4‘1)50"1 2

1 p
=3 (y+1)gny"2

Therefore, equation (65) becomes

4n?2 1 a(s 1 ’
"’2,'*‘(E - )”2+;i'o£(%’+]) a2+ ;‘ (37—1)“1‘11"*'1 (y+1)éoa,"2 = 0. (66)

£ 790 o
Similarly we have, when ag is finite,
: oa(3y+1
o'+ gag b g T e g Ly — ey + b+ Don 2 = 0. (67

Equations (64), (66) and (67) are the same as the boundary conditions
(24), (25) and (26).

Henee it is impossible for the boundary conditions to be satisfied, as
a,, ay, ng do not remain finite at x = 1.

As a, is the predominating first order term in the expression for £ in
(9), &1 becomes infinitely great when 2 = 1.

The conclusion, therefore, is that no mode of radial oscillation is possible
in this case too.

As regards the variation of density in stellar configurations, some discus-
sion scems to be mnecessary here. The Trumpler’s (Chandrasekhar, 1938)
stars are very massive stars. Inference from observation leads to the conclu-
sion that these stars are more or less homogeneous gaseous configurations.
But Trumpler's stars are not Variable stars. Kopal (1938) states, ‘If
the hypotheses involved in the present state of the pulsation theory are correct,
the density condensation of Cepheids nrust depend widely on their spectral
class, With advancing spectral type the central condensations seem rapidly
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to diminish, and the 8 Cephei-F; stars seem to approach the limit of homo-
geneity.” Chandrasekhar (1936) states ‘the giants should be expected to
be more homogeneous than the main series stars’. ‘“The Cepheids and the
Cluster-type Variables’ which occur in the *Super-giant’ region of the Herta-
sprung-Russell diagram must be much less concentrated towards the centre
than the typical main series stars. Eddington has also emphasised that the
Cepheids should necessarily be more homogencous than ordinary stars.

Eddington (1941) has enumerated two outstanding difticulties in the
Pulsation theory of Cepheid Variables, viz., (1) the quarter-period retardation
of phase between the flow of heat in the main part of the interior and the.
outflow from the surface; and (2) the existence of a period-luminosity law.

Eddington belicves that a close connection exists between the period-
huminosity law and the quarter-period retardation, and that there is a oritical
hydrogen layer not far below the photosphere where “the hydrogen ix in the
mid-stage of ionisation so that it is ionised and de-ionised in the course of
pulsation’.  He thinks that the period-luminosity law can only bhe explained
on the hypothesis of a critical ionisation in a layer near the photosphere. Now,
the period is affected by the changes of density, and the luminosity depends upon
the mass of the star.  Hence, a period-luminosity law is effectively a density-manss
relation. It implies that for u given mass, there vs a narrow range of density for
whick the star can pulsate.  For this reason some modification of stellar material
is required. He thinks that there is a sharp drop in the ratio of specific heats
at the midstage of ionisation in the critical hydrogen layer. This critical
layer stores in the form of ionisation the temporary excess of radiant energy
accumulating during quarter-period delay in emission. The maintaining
energy of the pulsation comes from the change in the rate of liberation of
sub-atomic energy which varies with temperature and density, Due to this
variation, mechanical work is produced through the same process as that of
a thermodynamic engine. Heat is thus added to the material when it is at a
high temperature and subtracted when it is at a low temperature. If this
maintaining energy exceeds dissipation, then only pulsation can occur. The
excess of this energy may be due either to a sudden increase of maintaining
energy or to a sudden decrease of dissipation. This maintaining energy can
increase if there be a source of sub-atomic energy which is especially sensitive
to temperature. But Eddington thinks that this cannot explain the existing
sequence of Cepheids in which the stars of short period have much higher
internal temperatures than those of long period. He believes that Cepheid
pulsation is associated with a transient decrease of dissipation.

It may be mentioned here that it is found from observations that the period
of pulsation of many Cepheid Variables changes less than 0-00002 per cent
per year from which it may be concluded that on the basis of general pulsation
theory the radius of such a star remains approximately constant within the
same limit. Gamow (1939b) therefore concludes that the energy-liberation
in Cepheid Variables which are red giants is due to some ‘nuclear reaction
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which is going faster and at a lower temperature than the reaction in the stars
of the main sequence’. It is also surmised that the Cepheid Variable would
contain in the interior a comparatively large amount of light elements such as
lithium, beryllium and boron. These become consumed by the time Cepheid
Variables cease to be pulsating stars and reach the main sequence.

In another paper, my research scholar, H. K. Sen, will show that, in the
case of radial oscillations of a star, except for (i) uniform density and (ii) density
varying inversely as the square of the distance from the centre, the series

for a; would become divergent even when we neglect terms of the order of fi,

So our pulsating stars must either be homogeneous or have density varying
inversely as the square of the distance from the centre.

As shown before dynamically, a passing star will bring about some sort
of resonance phenomenon, by increasing the amplitude of pulsation through
tidal influence and making the system unstable, so that matter is ejected to
suitable distances to be formed into planets.

Now, let us calculate approximately the kinetic energy in ergs that must
be imparted to the planets so that they may revolve round the Sun and rotate
about their own axis.

Taking the mass of the earth, semi-axis major of earth’s orbit, and the
earth’s radius to be unity, we have approximately from observations (Russell
et al., 1926)

TasrLe L.
Axial
Semi-Axis Sidereal rotation
Planets. major of  period in Mass. Radius.
Orbit.  in years, sidereal
days.
Mercury 0-39 0-24 88 04 0-39
Venus 0-72 0-62 0-96 0-81 097
Earth . . 1 1 1 1 1
Mars .. .. 1-5 1-9 1-05 0-11 0-53
Jupiter . .. 52 11-9 0-42 317 11
Saturn . .. 95 29-5 0-42 95 9
Uranus .. .. 19-2 84 0-42 14-7 4
Neptune .. .. 30 185 0-63 17:2 39
Pluto . .. 40 249 .. 01

Now, if M ;, be the mass of the Earth, r . the semi-axis major of the Earth’s
orbit, T £ the sidereal period of the Earth’s revolution round the Sun, ¢ & the

period of the Earth’s axial rotation and K, the Earth’s mean radius, we
have (Russell e al., 1926)

M . ~6x10%7 gms.
7~ 1-5x 1013 cms.
T ;~3-16 X107 secs.
t z~23-9 X 60 secs.
K . ~6-37 % 108 cms.
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Now the kinetic energy of revolution of the planets round the Sun is
1
I, = EZM r2w?, where M is the mass of a planet, » the mean radius of its
orbit round the Sun, and w its orbital angular velocity.

Hence we have
Mre

Il=%ZMr2w2=27r2 T

. 21127'3}5
[where T is the orbital period] =

Zg, by Kepler’s Third Law.
EZ
Hence we have
2723, M,
5~ —= X 75 ergs, from Table I, i.e. I} ~2x 1042 ergs, on sub-
T g

stituting for M, v, and T' .

1~

Taking account of the asteroids and the satellites, we can put
I; <3 x 1042 ergs.
Now the kinetic energy of the planets due to axial rotation is
Iy, = é ZMk242, where M is the mass and k the radius of a planet, and ¢ is
its angular velocity round its axis.

Hence we have

2 2
I, = an? z Mk , where ¢ is the period for axial rotation of a planet.

5 12
2 Mk
Therefore, I, ~ ég— EzkE X 3 x 105 ergs, from Table 1.
t
E

Substituting for M ., k. and ¢, and taking account of asteroids and planets
we can put Iy << 1042 ergs.

The gravitational energy of the planets, W = %2 VM, where V is the gravi-
tational potential at the planet of mass M due to the Sun’s attraction

= g ® Z % , where (®© is the Sun’s mass and y is the constant of gravitation.

Now, © = 1-983 x 1033 gms.

and y = 6:673 x 1078 C.G.S. units.
Yo Me

Hence we have W~ O —— X175 ergs
27 rg

~ 2 x 1042 ergs.
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Hence the total energy of the planetary system
=L +l,+W
< 86X 1042 ergs.

Now, according to Eddington (Int. Const. Stars, p. 289), the total store
of available heat energy of the Sun consists of 2-97 x 1048 ergs in the form of
material kinetic energy and radiant energy and an unknown amount of energy
of ionisation and cxeitation which is less than 2-7 x 1048 ergs.

It will not be unreasonable to take the total available energy at least to
be 3 x 1048 crgs.

The total mass of the planets would lie between (/500 and ©/1000.

Hence the total energy stored up in them, when they were not separated
from the Sun, would be at least 3xX 1045 ergs. This is at least 500 times the
present cnergy of the planets.

There is also no difficulty about the angular momentum. In order that
Pluto, which ix at a distance of about 42 astronomical units from the Sun,
may not be captured by a passing star whose mass is equal to that of the
Sun, the star must at least be at a distance of 100 astronomical units from the
Sun.  Now, taking the angular momentum per unit mass of the Earth to be
unity, and using the formula A/I(1+z) for angular momentum per unit mass
of the star where | = semi-latus rectum = 200 astronomical units, and x =
ratio of mass of the star to that of the Sun = 1, we get the angular momentum
per unit mass of the passing star to be 4/400 = 20 units. This is more than
sufficient to give the necessary angular momentum to the planets to revolve
round the Sun, as the average angular momentum per unit mass for the plane-
tary system is 2-63 units.

We first picture the Sun as a Cepheid Variable, oscillating with a small
amplitude. The near-by passage of a star—the passage, be it noted need
not be grazing, or even very near, but only sufficiently near to produce appre-
ciable tidal disturbance in the Sun—increases the amplitude of the oscillations,
which consequently become unstable, as we have mathematically shown.
This results in ejection of matter, which subsequently condenses into planets.
We have already shown that the total energy which can be availed of by
ejected matter exceeds by far that which is required for the formation of the
planets. Only a part is utilised for this purpose, the rest is dissipated by
radiation and escape of material.

Instability having ensued by the passage of the star, the Sun would draw
on its sub-nuclear sources to provide enough energy for the ejection of material
and return to a stable state. This energy is, as we have seen, a very small
fraction of the total energy of the Sun, and would be utilised in part to form
the planets. The consequent loss of mass would perhaps hasten the passage
of the Sun from the giant to the main-sequence stage (Gamow, loc. cif., p. 718)
and the oscillations of the Sun would ultimately die out.
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The passing star would, as we have already said, give orbital momentum
to the planets, and the rest of the development of the planetary system would
be as in previous theories. The main difficulty with these theories has been,
as we have seen, the supply of sufficient orbital energy and angular momentum
to the planets, and I have, therefore, specially considered this aspect of the
case in the theory developed here, which I believe to be the first of its kind
in the field. :

A cogent objection may be raised on the ground that we have taken the
mass of the parent Cepheid star to be equal to that of the Sun, whereas the mass
of a Cepheid varies generally from five to twenty times the Sun’s mass. To
meet this objection we can formulate an alternative hypothesis and examine
1ts feasibility.

Let us take the mass of the parent Cepheid to be that of the representative
Cepheid, & Cephei, which is nine times the Sun’s mass. Now, taking Edding-
ton’s (Int. Const. Stars, p. 146) figures, we have the radius £ of the star
= 2-32 X 1012 ¢m.

The negative gravitational potential cnergy in vontracting from infinite
(9o)?
R
material kinetic energy, radiant energy and energy of ionisation and excitation.

Now, on account of dynamical instability caused by near-by passage of
a star of mass of the same order as 8 Cephei, material will be ejected from the
parent Cepheid. Let us calculate the energy required in ejecting material
of mass more or less equal to that of the Sun to a sufficient distance so that
both the Sun and a part of the planetary ribbon that is formed may escape
recapture by the parent star.

The average (Smart, 1938) differential velocity between two stars is
about 20 km./sec. As the ejected material had originally been a part of the
parent star, the differential velocity between the parent star and the ejected
material due to near-by passage of a star can hardly exceed 10 km./sec.

If we take the differential velocity to be 8 km./sec. for the ejected material
with a part of the ribbon, then in order to escape capture by the parent Cepheid
it must be ejected to a distance greater than d given by

v2 = 2 (—S—%t@—} , where v = 8 km, [sec.;

_ 180
=3
~ 36 X 1015 oms.

The radius of the parent Cepheid being 2-32x 1012 cm., the material
equal to the Sun’s mass will have to be ejected to a distance at least 1600
times the radius of the parent star in order to avoid recapture by it.

Our hypothesis is that this ejected material with part of the ribbon ulti-
mately condensed into our Sun and the planets, the passing star as well as the

4

diffusion to present radins = g'y ~ 1-4x 1049 ergs, from which we get

whence we have d
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parent Cepheid being responsible for giving orbital motion of the planets
round the Sun.

Now Pluto is at a distance 6x 104 cms. from the Sun. If at any instant
it comes between the parent Cepheid and the Sun, its distance from the parent
Cepheid would be at least of the order of 3x 1015 cms.

8
As Bx 1%15)2 < ®x (1901‘)2 , there was no chance of Pluto being recaptured

by the parent Cepheid.

According to this theory, the parent Cepheid would also have a planetary
system round it.

The energy required by the Sun to be ejected to the distance of escape
and to have a velocity of 8 km./sec. is given by

@2 1 8@2
Wt

where a is the radius of the Sun = 6-95x 1010 em.,

1 2 3
A 2 — (N2.,2 —
W—ZQ’U +5O(tw +2'y

v = 8 km./sec.
and w = angular velocity

_ 27
T 28 x 24 x 602

as period of the Sun’s axial rotation is about 28 days.

C.G.S. units,

Substituting these values, we have
W < 6 x 1048 ergs,

The Sun has therefore taken about two-fifths of the energy of the parent
Cepheid.

As the passage of the star by the representative Cepheid need not be
grazing or even very near, and as only two bodies are involved, the theory
makes a less number of assumptions than any other recent theory, and is
definitely more probable. One conclusion seems to be irresistible: If the
theory be correct in its essentials, there may be more planetary systems than
at present supposed, and, if life on this earth be the result of an orderly natural
process, some of these other planets may be inhabited by beings like us.

We hope to consider the details of the dynamical configuration of the
planetary system in a subsequent paper.

My thanks are due to Mr. H. K. Sen for kindly revising the paper and giving
useful suggestions.
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