ON INTEGRATION OF STELLAR EQUATIONS FOR BETHE’S
LAW OF ENERGY GENERATION.

By U. R. BurMax.
(Communicated by Prof. N. R. Sen.)
(Received January 27, 1942.)

ABSTRACT.

The application of Bethe’s law of energy generation in the internal constitution of
Stellar bodies on the assumption of the radiative transfer of energy, is discussed. Three
numerical integrations of the stellar equations have been performed for a central tem-
perature 2.107K and central densities 80, 40, and 1 gm./em.? The configurations all appear
to be infinite, behaving ultimately as isothermal gas spheres.

1. Introduction.

Bethel has recently suggested a mechanism for the generation of energy
in stellar interiors, where the temperature is high enough to produce trans-
mutations of the light atomic nuclei. By this process, the hydrogen content,
which is quite in excess in the main sequence stars, takes part in a reaction
producing composite nuclei (He) in presence of carbon and nitrogen, which
merely behave as catalysts. The binding energy of these composite nuclei
is set free and this furnishes the energy necessary to maintain the radiation
from stars. The object of the present paper is to study some consequences
of this theory when applied to the internal structure of stellar bodies.

We have carried out some numerical integrations of the stellar equations
of equilibrium taking as luminosity function the one given by Bethe’s theory
of energy generation in stellar interiors in its accurate form. Several numerical
integrations of the stellar equations? are found in the literature on the subject,
of which the one which bears some likeness to the present case, is that corres-
ponding to the point-source of energy. The plan followed here has been to
start with Strémgren’s model of a star like the Sun, having a central temper-
ature of the order of 20 million degrees. Assuming this central temperature,
integrations have been performed from the centre, for central densities 80,
40 and 1 gm./cm.3, all for a hydrogen concentration of 35 p.c. (by weight),
and an opacity formula given by Kramers’ law with a continuously varying
guillotine factor (except in the last case where it is treated as a constant).
The ratio of radiation to gas pressure in the neighbourhood of the centre in
the three cases is respectively -003, -006, -25. The radiative transfer of
energy has been assumed throughout after an examination of the limit where
the radiative gradient is to be replaced by an adiabatic one. It is expected
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that a comparison of these models with the standard model or the point-
source models will be of considerable interest and help us to explore the possi-
bilities in this line.

The results of integrations have been given in three tables. It is found
that none of the three cases really give a stellar body configuration, and all
these gas spheres attain isothermal conditions after varying distances from
the centre.

According to Bethe’s! law of energy generation, the energy generated
per gm. per sec. may be put in the form

B

e =copl-3e 77 T 0 )

2
with c=d XXblnG by 1)
3 mlm2m82Z1Z2
Here p is the density of the gas, X;, X,, the concentrations (by weight) of the
two reacting types of nuclei, m;, m,, their masses, Z;e, Zqe, their charges,
m= ;nﬁi{;_:. , the reduced mass, ry, the combined radius, €, the energy evolved
1 2

per nuclear reaction, I'/h, the probability of the nuclear reaction per sec. after

penetration, and
B3 <n2m34Zf Z§)§ (1.3)
=3\~ ) .. . .. .
k being the Boltzmann constant, and h=h/2x.

For the reaction N144H, the following numerical results given by Bethe !
are used in this paper.

7o = 3-9x10-18 cm.,
r = 5 volts = 7-95 x 10-12 ergs. (at T = 2.107K),
@ =T78x10-3MU. = 7-8x10-3x1-49x 10-3 ergs.,

my(N18) = 14X 1-66 X 1024 gm.,
mo(H!) = 1-66x10-24 gm.,

X,(N) =01,

Xo(H) =035,

Zy(N) =1,

ZyH) =1. .. .. .. .. .. .. .. .. (1.4)

2. Stellar equations for steady state of equilibrium.
The fundamental equations for steady state equilibrium of stellar bodies

are
P M(r)
dp, __ xL(r)
dr = " dmere P 22)

13B



FOR BETHE’S LAW OF ENERGY GENERATION. 303

dL(r) = 4mpr2 edr .. .. .. .. (2.3)
dM(r) = 4mpr2 dr .. .. .. .. (24)

where P = p, (gas pressure)+p, (radiation pressure),

p = density,

M(r) = mass within a sphere of radius 7,

L(r) = luminosity at distance 7, ie. energvflux across a spherical

surface of radius 7,

¢ = velocity of light,
7 = constant of gravitation,
€ = energy evolved per sec. per gm. as determined by Bethe’s formula,
x (opacity coefficient)

= xo —’)T (Kramers’ law), .. .. .. . .. .. (2.5)
with y, = 3-9x10%(1-X3).
In the opacity formula, the guillotine factor ¢ can according to Bethe, be
represented by the form?,
t = Aptr-1 .. . .. LL(26)

for densities between 10 and 100, and for temperatures between 107K and
3.107K, A being a constant.

Bethe does not give the value of this constant 4. We have constructed
tables connecting ¢ and p for different values of 7' whence in conjunction with
(2.6) we obtain A = 2-5x105.

We may, therefore, take the dependence of opacity on density and tem-
perature to be given by

x=x,pT" % . o .. .. (2.5a)
and x6=§49.

Let us introduce a change of variables in the stellar equations, by the
following substitutions,
r=ro%, p=pgo, T =Tor, M = Mgm
L = Ll, p, = (prlo ¢ Py = (Poo P }
Here ry*, M,, L, are constants of the dimensions of distance, mass, and lumi-

nosity respectively, and further
p, = central density,

(2.7)

Ty = ,»  temperature,
(pr)o = ,» radiation pressure,
(pylo = ,»  ga8 pressure,

* This r, should not be confused with the ry in equation (1.2).
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Writing the pressure equations as

k

1
= = = T4
Py ;:.HPT’ =3 aT - .. (2.8, 2.9)

where u = molecular weight, H = mass of the proton, @ = Stefan’s constant,
we get on account of the above definitions

g=74 p=or. ., .. .. (210, 2.11)
We now introduce the substitutions (2.7) in the equations (2.1)-(2.4) and
putting
(pr)l) ‘. GMOPO

o= , B = ,
(Ps)o ro(Pgo
_ XOIPO% TO— IT’LO 1,
(pr)() = 47)’67‘0 = ‘3 aTO y
Ly = 4‘”/’3 €T3 Tg,
b= BT, .. .. .. .. .. (212)
obtain the following equivalent set of equations
dp | dg _  , mo .
%+a?d—5:_ ﬂ.ﬁ, - .. .. (2.13)
dg _ cir— ¥ .1
s T T .. .. (2.14)
dl =5
L 2 _g i3 2
il e .x2, ‘s .« (2.15)
dm
_— 2. s .. . . .
7z = % (2.16)

Now the constants ry, My, Ly, o, B', may be expressed in terms of the
chemical composition, the central density and temperature, as follows

se

2 ac Ty
70—_—" Y
€Xo  ;
Po
EXY
3 e
M(,=4w<?f"‘,’)7 o
€ T
oXo Py
251
3 Tic
L0=47T€0(* ,>.f “%;“,
EX -
0Xo .
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we d2 T
Bkl "o’
g = A6 e To" (2.17)
kinH "€ x, " 3
Po

Hence for specified p, py and Ty all the above constants are known. We put
in addition p = 1, which is very nearly true for a star in which the H,-content
is in abundance. The above constants all then depend on py and 7'y only.
Those solutions of the equations (2.13)-(2.16) will correspond to a stellar
body, for which o,  vanish simultaneously for a finite value of the radius.
The boundary conditions at the centre are 0 =1, r=1,1=0, m = 0.

3. Density and temperature gradients.

We shall start our solutions at the centre with given central values of the
density and temperature, the energy generation being strictly governed by
Bethe’s formula. Before proceeding with the numerical work we shall inves-
tigate the conditions under which the radiative density gradient in the neigh-
bourhood of the centre remains (i) negative, and (ii) stable, for the energy
generation law assumed.

The density gradient %o will be positive at start from the centre if

oz
%o . -
= | >0 (the second derivative not vanishing).
0
From p = o7 we get

o0x2
20\ _ (@) _ (o
ox? 0_ orz/, ox2/

for ¢ and 7 both have the value unity at the centre, and the first derivatives
of all the three variables vanish there. Equation (2.13) gives on differen-

tiation
oZp 2q\ _ onfmo\ _pf @ om
(sz)o-*-a(w)o_ 2 (F)o A <x2' ax>0

= 2,3'(%)0—3'. Gé . %’-2)0 .

By expanding m in a Taylor’s series about the origin, we obtain

m _1
»),=3

9%p 2q\ _ 1,
(), +(),- -5

so that
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It may also be seen without difficulty that

?ﬁ ——_le_'b
02/, 2
2p\ _ | A
(’872)0— a.:‘.‘ie —3B.

_?;T 1 0%
ox? o 4\02%/,

the condition for the density gradient to be positive at start from the centre
becomes

whence

Since

1me*b—§ﬁ'+llze*b>0
or
e-b(ﬁ+i)>1. N e )
g 4p

The constants «, B’ involve the central demsity p, and the central
temperature T, while b involves Ty only. For an assigned T, the above
inequality will give a limiting value of the central density, which when ex-

ox
Taking Ty = 2.107K, and using Bethe’s value of b, viz. b = 56 for this tem-
perature, this limiting value of py comes out to be 75 gm./em,3 Hence for

ceeded will cause the density gradient near the centre to be positive (Qg >0>.

po > 75, g—?; > 0 from the start, and for py < 75 the gradient is negative.

We now discuss the stability of the radiative gradient. The radiative
gradient y,, is given by

a7 dP
=Y .. .. .o (3.2)

while the adiabatic gradicnt is defined by 3
ar_r,-1 ap

T_T.P, .. .. .. (3.3)
where
(4—38)(y~1)
Iy =1 .. . .
| 2=t B —B)E+A) 34
in which

__ Py _ gas pressure
~ P " total Ppressure

and y = ratio of the two specific heats.
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The radiative gradient is stable, if ¢

I'y—1
Y < T, (3.5)
otherwise the equilibrium will be convective {adiabatic).
We calculate vy, at the centre thus:—
Since
AT _dr _ldg _ lot+— %1
il e R
and
mo
dP _dptadg 2 dx
P 7 p+ag ptag’
hence
1
ar (dP _ 16 ptag 1
TIPSR wm
o
At the centre,
dT' ,dP\ _ l4a (dl
T PJ], 48 \dm/,
= 1_+'oc Leb
4
Hence radiative equilibrium is stable if
Tt a2 . L (3.8)
B I 2 1]

To obtain the value of p, for which the condition (3.6) is satisfied, we calculate
the function %ﬁ ¢~ for different values of pg, arbitrarily assigned. Further
B=1-2

1-p=1-%
= p
ptog
Hence, at the centre,
3
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We then plot the central value of ﬁ e~% against the central value of (1—8)

B

on a logarithmic scale as follows :

o logio(1—8) logm<1;°‘ : e-b)
5 —1-33 —2-40
10 —1-62 - 1-57
25 —201 —0-57
50 —2-31 0-18
100 —2-60 0-92

log. 4 (G-1)/

. T

-3 T -2 -7 ]
log (I-p) —

Fia. 1.

In a similar manner the following table gives 4 against (1—pB), the

figures being taken from Chandrasekhar’s ‘ Stellar Structure’s.
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1-p e ozl —B)  logaof 475 ).
0 1-6 -~ 0-204

01 1-304 —1-0 0115

0-2 1-177 —0-70 0-071

0-3 1-108 —0-52 0-045

Corresponding to the values 10-3, 10-2 for 1—8, we calculate 4(I'y—1)/T"y
from (3.4) taking y = 5/3, and obtain two further results as follows:

;-1
log14(1—8) logye (4 _21-2—)
—-30 0-203
—2:0 0-192
Ty—1

Next we plot log 4

7 against log (1—p) on the paper of our previous graph.
2

-2

The two curves of log 1;: e~% and log 4112-1

Ty
log (1—~B) = —2:32. This determines o, and hence the upper limit to p,
satisfying (3.6). This value of p, comes out to be 52 gm./cm.3 Thus, for
central densities less than 52 gm./cm.3, the equilibrium is radiative; for higher
central densities a stable configuration would require a convective gradient.
4. In this section we propose to give the results of our numerical inte-
grations. It has been shown in the previous section, that, if we take a central
temperature 2.107K for the Sun, then for central densities greater than 75
gm./cm.8 the solutions of the equations start with a positive density gradient

intersect at a point for which

(—g-g>0) just leaving the centre. Further, if the central density be less

than 52 gm./cm.3, the stable temperature gradient at the centre will be radiative,
which will, however, have to be replaced by an adiabatic gradient (non-
turbulent convection) when this limit is exceeded. It has been shown by
N. R. Sen 5 that for an energy generation law with a high power of the tem-
perature as that of Bethe, the temperature gradient, if radiative at the centre,
will continue to remain radiative outwards all along. With Bethe’s energy
generation law in the accurate form, we have performed three integrations.
The first is for py = 80 gm./em.8 7T, = 2.107K. This should approximately
represent, the central condition of the Sun according to Stromgren’s suggestion.
The solution naturally starts with a positive density gradient. Two other
cases worked out both have stable radiative gradients, viz. py = 40 gm./cm 3,
po =1 gm./em3 and Ty = 2.107K in both cases. The results are given below.

The process of integration has been extremely slow to begin with. A start
has always been made by Adam’s method, and after a certain stage, the work
has been continued by the method of successive approximations. This is
very convenient, when the steps are to be made larger and larger as the
integration proceeds. In fact, in the first case of integration, the original
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small step of ' = 10-4 has been increased 256 times towards the end of the
work. Whenever a step has been doubled, care has been taken to ensure
that the check formulae provided by the method are strictly verified within
their limitations. Only towards the end, these verifications have been made
up to one unit in the last decimal figure, as further accuracy was not possible
under the circumstances.

{i) po =80 gm./cm.3, (radiative gradient not stable).

Here
ro =2.10-3
My=4.10-6
Ly=3.1020
o=23.10"8
B = 10-25, .. .. .. .. - .. .. @D

For the sun, the boundary values are given by
r=rex ="7.1010 cm.
M = Mym =2 .1038 gm.
L = Lyl = 4 .108%3 ergs./sec.

If we introduce another set of variables in place of x, m, and I defined by

x=;—-1013.x'
m=>5.10%8 m'
1 =1018 7,

it may be seen that these new variables are all expressed in terms of the
respective solar units except I’ which is 4/3 times the solar unit.
With these changes equations (2.13)—(2.16) become
dp dg 10 m'o

dr T dx 7 x'2

_(zg g oir ‘1
dx’ 77 a2

dar s dm’
_—= 25 e T S —
e 5.10 a
——fix, = 860’2, .. .. . .. (4.2)

At the origin the boundary conditions are p=1,¢g=1,0=1,m' =0,1' = 0.

This case has been worked out in nearly 150 steps of which we insert
only 24 in table I, and these will show the general character of the solution.
We start with an interval x' = 10-4, the choice of this interval depending
on the values of the higher derivatives of the variables at the origin. The
interval must be such that we may not have to pass out of the circle of con-
vergence of the Taylor’s series which we have to construct in the first few
steps of Adam’s method.



FOR BETHE’S LAW OF ENERGY GENERATION, 311

TasLe I.
z’ T a q p m’ 14
0 1 1 1 1 0 0
1x10-¢ 1 1 0-999999 1 0-3x10-10 0-7%x10-2
46 0-99948 1-:0001 0-99794  0-99958  2-8x10~6  6-7x10-5
446 0-95590 1-0035 0-83494  0-95926 2:6x10-3  3-8x10-2
510 0-94404 1-0028 0:79427 0-94672 38x10-3 5-0x10-2
590 0-92807 1-0000 0:74186  0-92832 59x10-3  6-5x10-2
990 0-84167 0-9530 0-50184  0-8021 2:7x10-2  1:2x10-1
1374 0-76588  (-8373 0-34408 0-6413 6-9x10-2 1-3x10-1
1726 0-71104 0-6882 0-25560  0-4893 1-:3x 10-1 14 x10-1
2110 0-671 0-514 0-203 0-345 2-0x 10-2 1-4x 10-1
2622 0639 0-328 0-167 0-210 3-0x10-1 '
3134 0-628 0-207 0-155 0-130 40 % 10-1 "
3646 0-624 0-135 0151 0-084 4-8x10-1 '
4158 0-619 0-094 0-147 0-058 5-5x10-? ”
4670 0-618 0-070 0-147 0-043 6-2x10-1 v
5438 0-617 0-044 0-145 0-027 7-1x10-1 .
6462 0-617 0-026 0-145 0-016 8-2x10-1 '
7486 " 0-018 " 0-011 9-1x10-1 .
9534 . 0-009 . 0-005 10:6x 10-1 .
12094 ’ 0-005 I 0-003 12-2x10-1 "
16178 ' 0-002 . 0-001 14-5 % 10-1 .
23346 " 1-0x10-38 - 6-2x10-% 181x10-1 -
43826 " 2:3x10-4% ' 14 x10-4 26-8x10-1 .
60210 2 9-7x10-8 - 0-6x10-% 31-9x10-1 v

In tables I, II and 1IL, 2', =, o, ¢, p, m/, I’ represent respectively the
central distance, temperature, density, radiation pressure, gas pressure, mass
and luminosity in suitable units.

The integration in every case at start is given up to five decimal places,
but when the steps of integration become large, the method of integration
followed cannot generally give more than three places of correct decimal
figures.

We have carried out the integration as far as six times the solar radius.
The luminosity I’ attains the constant value 0-1 (in solar unit) at a distance
of about 0-2 solar radius, which means that the energy sources extend prac-
tically up to this distance. The temperature = takes up the constant value
0-62, the density ¢ and the gas pressure p gradually diminishing, but the mass
m' gradually increasing. The whole thing now behaves as an isothermal gas
sphere, which is known to have an infinite radius. There is one point to be
noticed here; when r becomes 0-62, ¢ is of the order of 0-1, i.e. the density
p is of the order of 1% of the central density p, (= 80), so that towards the end
of the table we have somewhat overstepped the density limit for the validity
of Bethe’s representation of the guillotine factor £. This will not, however,
affect the qualitative character of our results, as we have subsequently shown
(in the case py = 1), that taking the proper representation of ¢ for low densities,
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we arrive at a similar result, i.e. an isothermal atmosphere in the end.
We give below some values of the polytropic index » at different distances
from the centre. n starts with a negative value but tends to become in-
finitely large towards the end, which corresponds to the case of an isothermal
atmosphere. We calculate » from the formula

dP 1\ dp
7=(+3) 7

or

e (1, 1)
pt+og n) p
or
dp dg _ 1\ p+og do
dx'+ad—x’_<l+ﬁ)' P (ﬁ . .o (4.3)

Here the values of p, g, o and the derivatives are taken from the integrated
results (the derivatives are not shown in the table).

’

x n
3
10=4 i
0x10 g
1
10 — %
1
DIaTH —
206 3
1
398 —_—
58

1
146 —
+ 52
1
i"m _
590 7
2110 5
5438 54
— 0

{il) po = 40 gm./om.8, (radiative gradient stable).
In this case the constants a, 8', etc. are given as follows :

«=16.10"3, B’'=6.10-2, ry=5.10-3
Ly=25.100, My=7.10-5. .. .. .. .. (44)
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Expressing the variables z, m, [ in terms of solar units by the transforma-

tions

the equations become

z=14x10187

m = g L1088 m’
4
== . 101370
l 5% 10
dp dg 60 m'o
R T
_dg _ 4 oir U
de’ ~ ~ 35 a%
dar 25 -2
2 29 1025 s
i = o 1025 . g7 ‘e
dm’
o 'g
iz 96022,

(4.5)

The starting interval is «’ = 10-3 , and the total number of steps worked
out is thirty-six of which we give only eleven.

z’

0
1x10-3
10
52
100
196
260
388
548
676
740

1

1
0-99962
0-99016
0-97008
0-93656
0-92665
0-92007
0-918
0-918
0-918

1
0°99998
0-99842
0:95820
0-85320
0-65110
0-37943
0-17750
0-079
0-049
0-032

TasLe II.

q

1
0-99999
0-99846
0-96121
0-88553
0-76937
0:73732
0-71662
0-712
0-711
0:711

P
1
0-99998
0-99804
0-94877
0-82765
0-561613
0-35160
0-16328
0-073
0-045
0-030

m’

0
0-3x10-7
3-2x10-6
4-4x10-3
2-9x 10-2
1-7x10-1
3:2x10-1
6:5x 10-1

1-0

1:3

1-4

%
0
0:3x10-¢
2-7x10-4
34x10-2
1-7x10-1
5-0x 10~1
6:5x10-1
8-2x10-1
8-9x10-1
9-3x10-1
9-4 x 10-1
94 x 10-1

Here also we arrive at an isothermal condition as in the previous case, but
there is one point of difference; here the constancy of temperature sets in some-
what before the constancy of the luminosity. This difference will be more
marked when we pass on to still lower central densities, and in fact for the case
po =1 gm./om.3, the isothermal condition sets in right from the beginning.

(iii) po =1 gm.jem3,

(radiative gradient stable).

Here we take the opacity law in the form

P
X =Xo

it
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The density being low, Bethe’s representation of ¢ as a function of p and
T is not valid. From the study of our tables connecting ¢ and p at different
temperatures, we find that in the present case { may be regarded practically
as a constant quantity with a value 2-6.

The constants a, 8’, etc. have the values

o =25.10"1
B =2.10-20
ro = 6-0
M,=2.108
L, =2.1027, .. .. .. .. (4.6)

With
= 6.1010%
m = 1030 m'

I=2.1087
the equations become

dp dq 1m'o

TR i V)
dg 1, e il
=3 10 o
dal’ 1 < 113 dm’
S =2 10%0r e T
& =310 da’
dm’
—_— 2, - .. Lo (47
= = 216z (4.7)

Here m/, I’ are values of the respective quantities in solar units, and «’ the value
measured in five times the solar unit.

Table III gives the character of the solution.

Tasre III.
x’ T [ q P m’ U
0 1 1 1 1 0 0
1x10-3 i 0-99998 1 0-99998 7-0x10-8 2:0x10-8
50 1 0-9706 1 0-9706 87x10-3 2-1x10-8
98 1 0-8967 1 0-8967 6-2x10-2  1-5x10-2
194 1 0-672 1 0-672 41x10-1  7-9x10-2
290 1 0-451 0-99997 0-451 11 1:6x10-1
386 1 0-297 0-99996 0-297 2-0 2-2x10-1
482 1 0-197 0-99996 0-197 29 2-8x10-1
5. The setting in of an isothermal condition at some distance from the
. .. d .
centre is due to the fact that the derivative d—Z determining the temperature

gradient is very small, which is a consequence of the energy generation formula.
This may be seen from the following analysis.
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. dg. . -
Expanding d—i in a Taylor’s series about the origin we may write

dq _(dq d2g x2 (d3q
= (i), (), 51 (),

_ (dq 23 [déq
()R

The odd derivatives vanish at the origin, as may be seen by differentinting the

dq

expression for == .

dx
The fourth derivative being of much smaller order of magnitude than the
dyq
)

second, the latter is the predominant term in determining the value of T
xr

d\ 1 _,
&lﬁo—_.‘?e

~ 10-25,
The exponential factor (which is a consequence of the energy generation law)
is responsible for the small value of the temperature gradient. This must
be connected with the ultimate setting in of isothermal conditions.

We have

Conclusion.

We have found that when a central temperature of 20 million degrees and
a hydrogen concentration of 359, (by weight) arc assumed, the inte-
grations of the stellar equations in radiative equilibrium for central densities
(1) 80, (ii) 40, and (iii) 1 gm./cm.3 lead respectively to—

(i) an approximate isothermal state at a temperature of over 12
million degrees at a central distance of about 0-6 times the solar
radius, where the density is about 39, of the central value,
and mass 829, of the solar mass. A constant luminosity of
about 149, of the solar value is attained in this case at about -;—
of the above central distance;

(ii) an approximate isothermal state at temperature and density
about 929, and 89, respectively of their central values, at a
central distance of about 559, of the solar radius, the mass
there being about 1 solar unit. A constant luminosity of about
949 of the solar value is attained immediately after this stage ;

(iii) an isothermal state right from the centre.

None of the three cases considered here correspond to a stellar body solu-
tion and our expectation is that for the assumptions made regarding energy
generation and opacity it will not be possible to find a central density which
will give a stellar body solution with finite mass and radius, with a purely
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radiative gradient throughout. The theoretical investigations on the nature
of the solution near the boundary by N. R. Sen ¢ also explain this standpoint.
Tt is of interest to note that our solutions are of the type in which the r—a
curve (temperature-density variation within stellar bodies) has a very steep,
almost a vertically descending downward gradient as ¢ decreases to zero for
a finite 7+ = 7y, as described by Chandrasekhar? in his work on the stellar

)4
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§

A T

Fra. 2.

structure with a simplified form of energy generation law. This is shown in
Fig. 2. The three cases integrated correspond to central conditions repre-
sented by Py, Py, and Py respectively in Fig. 2 on different curves.

The author takes this opportunity of expressing his gratitude to
Prof. N. R. Sen for his constant help and advice, and to Dr. R. C. Majumdar
for the benefit of frequent discussions with him.
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