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ABSTRACT.

Stellar models for a core source of energy, and opacity law of the typo « oc pal’—5, and
radiative energy transfer have been discussed. It is shown, finite stellar configurations
may be possible only when b<(4a. Generally for all positive values of ¢ and b there are
solutions which ultimately correspond to isothermal gas spheres of infinite mass and radius
and non-zero limiting temperature.

Introduction.

1. U. R. Burman has recently completed some numerical integrations
of the equations of stellar equilibrium on the basis of Bethe’s law of encrgy
generation ! in its accurate form, and radiative transfer of cnergy. His
cases show a uniform behaviour of the integrated result. For the central
densities he has assumed for integration, almost the entire energy generation
is confined towards the central region, and very soon a stage is reached from
where outwards the luminosity remains practically constant. Numerical
integration reveals in each case a nearly isothermal condition at fairly high
temperature sooner or later, suggesting the configurations are infinite.

It is not @ priore clear why for a fairly large range of central densities
assumed by Burman in his integrations he has not found anything to suggest
that there exists some finite configuration which may represent a stellar body
with a radiative gradient.

The object of this paper is to examine analytically what circumstances
lead to isothermal conditions and generally infinite configurations as found
by Burman. The problem is posed as follows. There is an energy generating
core of a stellar body surrounded by a radiative envelope within which the
luminosity is constant. A general opacity law depending on some powers of
density and temperature, e.g. k = «ep®T'~% (@, b, positive) is assumed for the
envelope. We enquire under what conditions we should obtain a solution
with finite mass and radius, and what conditions should lead to solutions corre-
sponding to isothermal spheres. We may also note what other types of solu-
tions with physical significance may be expected. As we shall confine our
attention here only to the radiative envelope, the conditions will all refer
to the outer boundary only and be only necessary ones. Permissibility of a

¥

1 H, Bethe, Energy Production in stars. Phys. Rev., 55, 434, (1939).
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318 N. R. SEN! ON STELLAR MODELS BASED ON

solution in the central region is for the present outside the scope of our investiga-
tion. Nevertheless our investigation will not only throw light on Burman’s
result but also give us some understanding about some of the implications
of a core source of energy and a general opacity law of the type assumed here.

The equations.

2. We start with the equations of stellar equilibrium

ap , M(r)
:1;- = _(I 72 P .- .. .. .. (1)
dp, _ «p L .
o= T i .. .. @
dM(r) .
= dmprt O
P = p,+ Py = T =1 alt (4)
= Pyt I)U—m.f) , ]),.—-3 ‘e ..
An opacity formula of the form
= kop"T-4 .. . . .. (5)

is assumed. We shall assume « and b to be positive, which is suggested by the
known opacity laws, As we confine ourselves to the region outside the core
source of energy, L is considered to be constant. Making the following
substitutions 1

Py = (Dyop. Pr= (pod, p=poo, T=To.7, r=rox, M =Mym. .. (6)
where p, q, o, 7, ©« and m are pure numbers, we can put the stellar equations
(1)—(3), and (4) in the form

d(p+ag) = —f .mofx? . dx (1a)

dg = —gttle=b, dx/xz o (2a)

dm = gx?dx .. .. .. . (3a)

and p=gr, ¢g=r1t (4a)

when the following six equations are satisfied:
1
(Pylo = (k[uH) poTo, (Prlo = 3 aTot, (poof/(Pglo = & GMopofr (py)o =B
(KOLpou+1)/4ncro(p,)oT3 =1, dmpory|My = 1. )

For given p and koL, equations (7) express any four of «, 8, py, To, 79, Mo
in terms of the other two, say @ and 8. These two constants are the parameters
of the set of our equations. Alternatively, we may consider pg, T, calling
them central density and temperature of the configuration, as the two inde-
pendent parameters in terms of which the remaining four constants are deter-
mined by (7). The distance r and mass M are then expressed in terms of the
new units.

1 These substitutions are first used by Rosseland. Zests. f. Astrophysik, 4, 255,
1932.
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BETHE’S LAW OF ENERGY GENERATION. 319

Eliminating ¢ from (la), (2a), and (3¢) by means of (4a)
we obtain

dp+adg = —Bpg~t.m . dxfer .. .. o (1b)
atbht1
dg = —pitl g~ 7T .defa? .. . o (20)
dm = pq-t.dafx® .. . . . R 1))
Dividing (1b) by (2b) we obtain m as follows
m = B=1. prq-(dpfdq+a) .. - o (L)
where
4d = a0 .. .. (8)
Dividing (3b) by (3a) we obtain dm/dg, and then substituting the above value
of m we obtain
4 pg=1 d—z)-{—oc = —Bp~aq!.at.. .. o (20)
dg dg
Introduce the variable
1
£=>
then (2b) gives
% = p(a+llgd+t . - .. .o (3¢)
Let us introduce a new variable ¢ defined by
dq — meg—d
A =p%q N ()
80 that
d d
aq—d__ —
P a
Then (2¢), (3¢) and (9) are equivalent to the set
d2m
et '_4 .. .. -
T J+13 .. (10)
4 _ ¢t
d—t-—g .. . .. .. . (b
dq _p°
== ., . .. .. oo (12
i (12)
where # = p+ag. (10) may be replaced according to (3b) and (1b) by
dm dm
— oz -t = , . . .
7 &4, i Bm . (10a, b)

which are sometimes useful.

We shall discuss the nature of the solutions of (10), (11), and (12) near the
boundary. As we confine ourselves strictly to the stellar problem, we note
that p, ¢, and = represent the gas pressure, radiation pressure, and total pressure
respectively, and £ is proportional to the reciprocal of the central distance.
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Moreover from (11) it is apparent that ¢ (a dash will denote differentiation
with regard to t) is proportional to p—!, the reciprocal of density. Hence
if we define the stellar boundary by the conditions p = 0, p = 0, then £ at the
boundary is infinite.

Again from
,_dg (1) d__2dg _,_ _2dp :
‘ —d‘x~(f§z)~a— vl ST 12
ety 22 4 ap
n=pitag = - — o (proagloc— —

we conclude that 7 is proportional to the total mass within the sphere passing
through the point concerned (equation (1)), and to confine ourselves strictly
to astrophysical cases we shall assume 7' to be positive. We may also
look upon p’ as representing mass in a certain sense; in fact it may be consi-
dered to be proportional to the mass which produces that part of the accelera-
tion of gravity which is necessary to balance the gradient of p at the point
concerned. At regions of inverted density gradients p’ may be negative
when this interpretation fails. A similar interpretation may be given to ¢’
which cannot be negative. We are interested in solutions such that at the
boundary, = = p’+4aq’ must tend to a positive limit, finite or infinite; and if
one of p" and ¢’ be small compared to the other, this latter must represent
practically the whole mass.

Equations (10)-(12) do not contain ¢ on the right hand side. Hence
for integration, given the initial values of ¢, ¢, = and #’, the initial value of ¢
is immaterial. We shall always take ¢ = 0 to correspond to the boundary
surface.

The Solutions.

3. We now proceed to discuss the nature of those solutions of (10)-(12)
which may be of astrophysical interest, in the neighbourhood of t = 0. We
are interested only in the region where

(m.p.9,€) >0,
and in solutions for which
0<gp<<o, py =0, &’ = o0, and my’ >0.
Equation (11) shows ¢ increases with £, and as by (12) immediately below the
boundary surface ¢ will be positive and increasing, we shall be interested in small
positive values of ¢ only. Physical considerations indeed require that all the
above quantities should be continuous in this region.
We note the following properties of the solutions we are seeking.

1. ¢ and q both tend to finite limits £ >0, and gy >0, as t—>0; and 7'—>ny’,
0<m’ <o, This follows from (11) and (12) which show £ and ¢ are monotone
increasing functions of ¢; hence as ¢ decreases to zero, § and ¢ must decrease
monotonically, and each has as limit either zero, or a positive quantity,
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The second part is equivalent to the assumption already made that #’ must
be positive coupled with the property that =’ increases monotone as t—>0 which
follows from (10).

II. When £,7£0, my’ is finite, and so also is mg.

This follows from (10) since the right hand side is bounded. Hence if
£070, as t—0, =’ increases to the finite value 7y, and so « tends to the finite
value .

IIN. As my' is positive, finite or infinite, n’ is positive as t—->0, hence w
decreases to the finite limit =y as t—0.
We now consider four possible cases as follows:

Case 1. Let £ =0, q55%0; then my = agy # 0.
By (12) o' = 0; we first prove that my’ = py” must not be finite,
For if py’ be finite and #£ 0.

p~po't (t—=>0) e e (19
Then by (11)
qt
g ~= (t—>0) T )
Po't
and integrating
tH
§~i°—,logt (t—>0) .. .. .. (14b)
Po

which contradicts the assumption £, = 0; hence p,’ cannot have a finite
non-zero value.
Let us take the other alternative py’ = 0 (in addition to £, = 0, gy £ 0).
We note by differentiating (12)

. _ap*t ,  dp?

=g P-Fq’ .. (l4¢)

that since p,’ and ¢y’ vanish g," must be zero. Hence by (10), py” must be
negative (infinite). Now as also py = 0, py" = 0, p must be negative as £—0.
Hence the possibility po’ = 0 is also excluded.

With p,’ infinite we find by trial the solution has the following structure

E~Atm, 0<m<l (t—0) .. .. .. (18)

g~qo+Bi", n>1 (t—0) . .. .. {16)
Firstly, this satisfies £’ == o0, and ¢;" = 0. Further we have

7r”~—§—z.t'4m (t—>0) .. .. .. (17
integrating 8

o — —4m+1

T A4(]—4m)t t—->0) .. .. (17a)

and
7~y A SmEmtZ o (10) L .. (17b)

T AY1—4m)(2—4m)
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. . . , 1 1 ,
where @y is constant. Since mg is finite and 7y’ = o0, a<m< g5 m=m I8

thus of the order of a power of ¢ which lies between 0 and 1, and hence less
than ».
Hence also

pN_A4(1—4mﬂ)(2_4m)““4’”+2<t—>0) L (170

Equation (11) gives
gd A4(1—4m)(2—4m)
Amtm-IN — t4m—2.

B

Thus

m—1=4m—2 ,ie. m= % R

38 >%
A= (— - )"
2 9%
Equation (12) gives '

(08N L,
Buntr 1~(ézz> ;Igtz 13

and

which gives

n = 1+§a, B = (§>3q0§—d.

B
Hence for §; =0, ¢o#0, we get a solution of the type

£~ (33> 1 (t—>0) .. (15)

9

2 2.31+4%Za

9~90+(-1—E)3q03 t  (t-0) ... (16a)

990 %5‘
~\ 701 . .. . .. (166
P <4ﬁ4>t.(t—->0) . (16b)

Aspoctg, and pOC;,

The sphere corresponding to this solution has infinite radius and ultimately
behaves as an isothermal gas sphere with a limiting temperature different from
zero. Since my’ is infinite, the mass of the sphere is also infinite.

Case 2. Let £,540, g9 = 0.
Since £y 70, my’ is finite; also here wy = 0.
(i) Let go" = 0. Then by II, 7y’ = p,’ is also finite. py" = 0 is excluded
as that would make 7y’ = 0. Since py = 0, py’ 70
p~py't. (1—=0) . - .. (18)

oc tg, Poxpc T_lz (since a>0) as t—0.
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Substituting in (12) we obtain

9'q = p*~po'*.t*
and integrating .
a+l
g~ AYIFL (150) .. .. .. (19

d+1_, \7
44 — .
4 _(a+1p0 )

This substituted in (11) gives

where

_at+l -1
§’~§— DT (150) .. - .. (20
0
whence integrating
at1
fmtot d“wm t>0) .. .. (@)
p atl

(18), (19), and (21) constitute a solution in the neighbourhood of the
boundary surface. Since ¢,’ = 0, we must have from (19)
a>d, ie. 3a>b. (22)
Equation (10) is satisfied up to the highest order in . We may note that
me~my—£p~4 , and w~PBmyt  (t—0)
and the other conditions, e.g. gy =0, &’ = co (b is positive) are automatic-

1_{_a+l

ally satisfied. Further we have as t~>0, Pocp 5+3, Near the boundary
the sphere behaves (as regards compressibility) as polytrope of index n =
(b+3)/(a+1), which is less than 3.
(i) Let gy be finite and >0. Then
g~qy't (¢-—>0) .. . .. .o (23)
Again w5 = 0; also since wy’ = py’+ag,’ is finite and so also is ¢,
hence p," must also be finite. Let py’ £ 0, then
P~ po't. (t—>0)
Equation (11) on integration now gives
t
£~ §0+4_("‘,’ g (-0 .. .. .. (29
Do

By substitution in (12) we obtain

‘a
q, ~ p——old ta-d-

do
Hence as g, is finite and # 0, this type of solution exists only when
a=d ie. 3a=0b (25)
and
d+1

’

P'=q °.
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Thus for b = 3a we have the solution

q~qo't, m~ my't

1,8
£ ~ o +490’ G+ g L (28)

Equation (10) is again satisfied up to the highest order in ¢,

Thus for 3¢ = b we obtain finite spheres with p = 0, T = 0 at the boun-
dary. Also near the boundary Pocp4, so that the spheres behaves there as
Emden polytropes n = 3.

Let now p," = 0 in addition to ¢," being finite and different from zero.

Thus

q~qg’t. (t—0) . .o (23)
Equation (12) then gives
atl 4
P ” 1 ->0)
so that
d+l d
I3 d IT 71
pP~-t b (t—~0)

§~aqe't @t (t—0) . .. (24a)
whence integrating
1 d+1
A"z B8_2@
q() t a
E~&o+ ¢ t—0) . .. (24b)
5_4
4 a

Since p,’ = 0, and ¢ is finite we have

1 < dfa< 5[4,
in other words
Ja<b<da .. .. .. .. (25q)

We note that this also satisfies the condition &’ == co. In this case we easily
find near the boundary P oc p*e/(#d=a) g0 that the compressibility relation
near the boundary is that of a polytrope of index n = b/{4a—b), which may
lie between 3 and co.

Hence we find that solutions (which may be of astrophysical interest) satis-
Sfying the boundary conditions at a finite boundary may exist when b<C4a.

(iil) Let go’ = 0. Since by (12a) py’ cannot be negative as (dp/dx), is
negative or zero, mp’ is infinite. Butb as a sphere of finite radius (£, finite)
cannot have infinite mass, this case is of no physical importance.
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Case 3. Let f0=0, qO=0.
(i) Suppose g’ = 0. Then =y = 0, and =y’ = py’. First suppose py’
is finite; its value must be greater than zero since my’ > 0.
Then
P~ pot. (t—0) .. .. . (27)
From this by following exactly the steps of Case 2(i) we obtain
ﬁ
g~ A%, (t—0).
Since gy’ = 0 we must have a>d. Again integrating (11) and proceeding as

in Case 2(i) we obtain
a+1

& ~ const, $4d+1), {t—0) .. .. (28)
Substituting in (10) and integrating we have
d~a

7' ~ my +const, o1, (t—0) .. o (29)

Hence d>a, which contradicts the previous inequality a>d. Hence p,’
cannot be finite. We have then to seek a solution satisfying the following

boundary conditions

90=0, 770=O) §0=0
(30)

(Io'=0; 17’0’=®, fol=w
We shall prove such solution cannot exist if d>a, ie. b>3a.
Let a<t<t;. Then p," being infinite, and p, = 0, if ¢, be sufficiently
small,

p2ptepit. (I<ty) .. .. .. (3D
Similarly, since go = 0, and ¢4’ =0
g<q't<gr’t. (t<ty) e .. (32)
Now
] 3
= 0y
p Pt p '

whence integrating from 0 to ¢ we have

r\1
5<4(51_,Z).u§cz1 t<ty) .. .. .. (33%)
1

Substituting in (10) we obtain
—a" = BE4>c't-1 .- .. .. (34)

whence integrating
n'—my >¢ log (1ft) . (E<ty) .. .. .. (35)
15
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But we have also (mg =0, my’ = o0) just like (31)
a>a't.

Hence

n> 'ttt log (t1ft); (E<t) ..
(36) with (32) gives

p> pt+ctlog (ft). ( <ty)
From equations (12), (32) we have
p* = gy <q'dHid gy fdHigd
80 that

PG C . (E<ty)

.o (31a)
(36)

.. (36a)

(37)

Comparing (37) with (36a) we find these two relations are inconsistent as

t>0ifd>a.

We have succeeded neither in obtaining the form of the solution satis-
fying (30) as t— 0, for d < a, i.e. b < 3a, nor in proving that such a solution
does not exist. However, if this solution should exist and have astrophysical
significance we note the corresponding sphere should have infinite mass and
radius, and the temperature should vanish at infinity, in fact it should dimi-

nish to insignificance long before that.
(il) Suppose gy’ is finite and £ 0. Then since g = 0
g~gqo't. (t—>0)
Substituting in (12) we obtain

d+ld
p~gy 0. (t—>0)
Equation (11) gives
1 1 4 1_4d
fl~_—dﬁ‘t4 a501t4 a (t—»O)
,(—a__;)

V(]

whieh shows g > }1 Integration of equation (40) gives

6_d
E~cott © (t—>0)
where ¢, is a positive constant, and
1 d_5

i<z<v

(38)

(39)

(40)

(41)

Let us use this time equations (10a, b) instead of (10). Substituting (41)

in (10a) and integrating we obtain

M~ My — ——m—— (t->0)
()

(42)

—
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Let us first assume the total mass mg to be finite. This requires by (42)

g >1 O 7 )
Then integration of (10b) gives
7~ o't t—0) .. .. (44
since from (38) we have
Bmg = qp’ .. . .. .. (45)

There exists thus for ¢ = 0, ¢, = finite quantity 3 0, a solution with finite
mass and infinite radius when

1<§<§
a 4
i.e,
3a< b< 4a - .. .. .. (46)

This is really the same solution as under the condition (25a), Case 2 (ii), which
is now shown to exist continuously for all £, up to the limit £ = 0.

Next suppose the total mass m to be infinite (my" infinite).
Then

d
o1 t‘*(a'l) (t=0) .. .. (47)
/4
(=)
so that
4.1
a

Substituting in (10b) and integrating we have

B
d\ [4d
4
$(-2)E)
Since 7y = 0, we must have d>3 /4, so that

3 d

£t t=>0) .. .. (48)

T~

Z<a<1 .e . .. o {49
But since 4d/;—3<1 we have comparing (38) and (48)
s_,
B A (t-0) .. .. (50)

p o~
T
a a

This is consistent with (39) only when d/, =1 which contradicts (49). Hence
¢y’ = finite 2 0, and m infinite furnishes no solution of interest.
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(iii) We now take the third alternative g’ = oo. With this we consider
the three possibilities ' = oo, while p," = 0, or a finite quantity 3 0, or co.
Let us first take py’ = a finite quantity. Since py = 0 we have
P~ po't t=0) .. .. (61
Substituting in (12) and integrating we obtain

atl
. g~ const.t9tl, (t—0) .. .. .. (52)

Since go' = 0, we must have d > a. Substituting (51) and (52) in (11) and
integrating we have

a+1

£ ~ const. 24@+D | (1->0) .. .. .. (83)
Using (53) in (10) we obtain '
a+1
—n" ~const.t ¥, (t-0) .. .. .. (54)
whence

d-a

7’ ~ const. 4+, (> 0) . .. .. (B5)

Since my’= oo, we should have d < a, which contradicts our previous
inequality d>a. Hence there is no solution with py = @ non-zero finite
quantity.

Let py’= 0. We can easily show that this is incompatible with a > d.

Since py = po’' =0, g9 =0, g’ = o0, then as t —» 0, pis a small quantity
of higher order than g. Hence as ¢t >0

3 &
=g
This relation is incompatible with @ >d. For a < d an explicit form of the
solution has not been obtained.

Let us take the case ¢’ = o0, and p," = oo . The following solution has

been found by trial. Let

E~At, 0<m<]l (t—=0) .. .. .. (56)

g~Bt*, 0<n<l. t—>0) .. .. .. (87)
Substitution in (10) gives

7"~ —BA-4-4m

whence integrating we obtain

qa-d .

n' ~ZZF4—ﬁ:-T)t1-4”. (t—)O) . .o .o (58)

Hence m > i A further integration gives

B 2-4m
T~ Ham—ne—am’ -0 - - 69
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Since 7y = 0, we have m <% , 50 that i< m <%. We write (59) as

ﬁ t2—-4m,
A*dm—1)(2—dm) :

then a solution of the desired form is obtained by taking p to be a small quan-
tity of much higher order than ¢ , so that in (60) we put

n=2—4m .. . .. .. (61)

p+aBt" ~ (60)

and

- B
B= am—ng—dmy - 6l

We note that (61) is compatible with n <1 while i<m < % The order of
p we determine by substituting in (11)

1=
Ampm-1 ~ B
whence
B} E—nul
p~:47n.t4 . (t—=0) .. . .. (62)

We note n/4—m+1 > n is satisfied. Next substituting in (12) we obtain
d  na - % a g E—m-{-l
B .0 aB "~ (i?—) )

Am
whence
nd4+n—1= a(i—z —-m+1)
giving
_ 2d+1-3e/2 _ b—2a+2 63)
T 4d4+4—2a  26—2a+48" "
and
Ad+1 __ -B;i)a 64
nB"" T = (Am .. .. .. .. (64)

(61) and (63) give m and n, and then (6la) and (64) 4 and B. The solution
we can put as

2—2m

3
E~const. t®, g~ const.t p ~ const. ti—zm, p et ", (=0).. (65)

where m is given by (63). The condition i <m< % imposes the condition d> a,

t.e. b > 3a for validity of the solution (65). This follows from (63). The per-
missible models belonging to Case 3 are all infinite with infinite masses.

Case 4. Let £,5£0, g9#0. Then =y’ is finite. But as g’ = 0 by (12),
7y’ = po’, while mg#0. We first take py’ £ 0 but finite. Then

p~pt. (t—>0).
16
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Equation (11) we can write as

’ 90* qO* 1
~ = LT t—%O.
3 bl ( )

s0 that
3
g~ T 100t (¢ >0)
Po

but this is incompatible with &, finite, The possibility p,’ = 0 is excluded
otherwise we should have =" = 0. Hence there can be no solution of interest
under Case 4.

Conclusion.

4. Our results we summarise as follows, If the energy generation is
entirely confined to a region near the centre, outside which the luminosity
is constant, and the opacity is given by « = xp®T~%{a, b > 0), then the
only case in which finite stellar configurations with density and temperature
both vanishing at the boundary may be possible occurs when b << 4a (Case 2).
Generally, for all positive values of & and @ there are solutions which corre-
spond to infinite configurations behaving ultimately as isothermal gas spheres
(Case 1). Solutions which correspond to finite stellar configurations with
non-zero temperature but zero density at the boundary do not exist under the
present scheme.

The first two cases integrated by Burman correspond to 6 >> 4a, and hence
only infinite configurations are to be expected. It is further evident (as is
also verified from Burman’s Tables) that the solutions obtained all belong to
our Case 1, and are of the type described by the equations (15a), (16a) and
(16b), which give ultimately isothermal spheres with generally non-zero
limiting temperatures.



