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ABSTRACT.

A rigorous solution of the equations of the Cascade theory, taking the radiation
and pair creation cross-sections to be those for complete sereening and neglecting collision
loss entirely is given. The solution ig expressed in the form of an integral, from which
the nature of the energy spectra of the shower particles as well as the total number of
particles at any depth produced in a particle excited shower and also in & quantum excited
shower for various energies of the primary have been obtained. The differences occurring
between a particle excited shower and a quantum excited shower has been interpreted
physically. The results of the present paper have been compared with similar results of
the previous authors.

Following the physical ideas put forward by Bhabha and Heitler (1937)
and Carlson and Oppenheimer (1937), the theory of the cascade process in
cosmic rays has been worked out by several authors with a view to making a
more rigorous treatment of the problem both from the standpoint of physical
assumptions and mathematical treatments. Landau and Rumer (1938)
tried to work out the problem, neglecting ionisation or collision loss. Starting
in a rigorous way, they ultimately made such approximations that instead
of giving more accurate figures than those of the preceding authors, their
results are often in error by as much as a factor thirty. Later on Serber (1938)
tried to work out the same problem and extended the calculations of Snyder
(1938). But their analysis is defective for various reasons *.

In a paper by Bhabha and the present author { a complete theory of the
cascade production of cosmic ray showers together with the effect of the collision
loss on it has been given. In the present paper we give the results obtained

* The function k(y, ¢), used by Serber, is easily seen to be given by
i 5 v,
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With these values of %(y, 8), the expression for Z, as given by eq. (6) is an infinite series
which obviously diverges for all values of E. Consequently, Z cannot be a proper solution
of the problem. Their series does not satisfy the correct boundary conditions at ¢ = 0,
and due to the divergence of the series it is impossible to say that the boundary conditions
are satisfied even approximately. The expression given for N without the term Ic"(y, —y)
will, however, give the total number of particles baving energies greater than g, if collision
loss is neglected, as will be evident from the present paper. .
1 In course of publication, referred to in this paper as (A).
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when one neglects the collision loss completely. A comparison with similar
results obtained by the previous authors has also been made at the end.

In making such calculations the exact cross-sections for radiation loss
and pair creation, for the case of complete screening as given by Bethe and
Heitler (1934) have been taken. The variation of these cross-sections
due to incompleteness of screening and also the effect of collision loss
have been neglected. Denoting by ¢ all lengths measured in terms of a
characteristic length such that a length of 1 c.m. in a material corresponds to

4NZ2 e \2 _
= 137 (,,Tc‘z) log (18327%), .. .. Q)

let P(E, t)dE fnd Q(E, )dE be the number of particles and quanta respec-
tively at any depth £ and having energies lying between ¥ and E-+dE. Also
let N(E, t) bo the total number of particles at the depth ¢ and having energies
greater than E. Following the work of Landau and Rumer, Bhabha and the
present author have shown that neglecting collision loss, the total number

of particles of energy greater than E, produced by a primary particle of
energy Ky, is given exactly by,

o100 s
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a-—400
and also the energy spectrum for particles and quanta are given by
o100 s
1 E, iD—/\ —Xx D —pt
o—100
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'h ds=(3 2 log I'(S)+ —1+ I J— . (4a)
where s=\3%t*)las "8 4 2788+
1 4 1
Bs-2[;§-—- (——+a>m s .. .. .. (4b)
1
= [S+1 ( )S(—_S:‘i_)]’ e .o .. .o (46)
D“§ 6 .. . .. .. .. .. .. (4d)
and a=1/9log (1832 ), 5 the Euler-Mascheroni constant.
A, p are the roots of the equation
22— (4s+ D) x+(4sD—BsCs) = R ()]

o is some real number greater than I.
B
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We, therefore, have

NEO=NEO+NEH .. .. .. (6
o 1 D-)
where N,(B.t)= —-—f exp {y(8—1)—At} . o— . == d&. (7a)
oim S—1" p—2A
o100 -D
N(Et—-—f exp {y(S—1)—put} . S T /\dS .. (7h)
o—100
where = loge< E> .

The integral (7a) can be evaluated by the saddle point method, with an
error which is less than 2 per cent, and is given by

$(:So)
E.t _exp ¥(Oo) 8
M= V2 (S) ®
where P(8)= y(S—1)—At+ log (S 1 T 1:__:) .. (9

and 8, is the saddle point, such that ¢’(Sg) = 0. A dash represents differen-
tiation with respect to S.

dA dp d2A d2u .
75’ 3%’ 352 & and —= 7B can be calculated from equations

{4) and (5) for all real values of 8. A complete table of such values has been
given in (A). TFrom this table the values of (S), ¢'(8) and ¥"(S) can be
obtained for all real values of § at intervals of 0-1. For any other value of
S lying between any two tabulated values, the values of (8) and ¢"(S) are
to be obtained by using Newton’s formula for forward interpolation, viz.

The values of A, pu,

8(8) = ¢80+ 275 n gy 4 BB BB po sy g o)
where § lies between Sl and S, which are the.a tabulated points and Sp—8; = %
and A ¢(85), A2 ¢(8;), ete. are the successive differences. Put‘omgS 51 =z,
we have

$(S3-+ah) = () + 2 S+ 25T Az gy + o

Equation (11) has been used for the determinations of y(Sp) and ¢"(S8y).
To get the value of S, we use (11) taking '(S) instead of ¢(S) and
putting 8p = S; 42k, we make ¢'(S;+2h) = 0, so that we have

0 = y(S)+za S+ 22D Ary(sy 4 .

So that,
e ¥'(S1) a2 A2¢(8y)
APS)—1A2Y(S) 2T (A (S)—1a%Y (81}’
and consequently to a second approximation,

- ¥'(8y) _1 AP (8y)  {¢ (8D}
v= AP (S)—1A24(S1) 27 {A¢(S)—4AZY(S)}3 o

(12)
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The value of §; for given values of y and ¢ can be easily obtained by noting
the change in sign of the tabulated values of §'(S). Since the values of Sy
and 8, are known to the first place of decimal and to the order of accuracy we
require, one more place in the value of Sy is sufficient, it is enough to consider
up to a second approximation. The value of x given by (12) can thus be
considered as sufficiently accurate. Thus knowing z we get S, immediately.
The values of Ny thus obtained from (8) are given in Table I. It can also

be shown as in (A) that
2y \*'t/a S
N, (B,t) =exp [{}—o'(y—1)}1]. (:;’;y’-t) Y e (Vﬁa'ty) .. (13)

where o = ($+a).
The values of N, are also given in Table I, from which it will be clear

that fort >3, N u is negligible.

Tasrz 1.
Values of N, and N“ as functions of y and ¢ for a particle excited shower.

1-0 20 3-0 4-0 6-0 8-0 10-0 150 25-0

N/\ 1-14} 0-723 0-445 0-247
N 012 0-02

N)« 1-59] 2.05 1-73 1-19 0-453 0-168| 0-0548
N —0:30] —0-22

4
N/\ 2-32| 4-07 4-58 4-06 2-13 0-889; 0328 0-0223
N {—054 —o-
u 0-54| —0-34
NA 3-19| 7-20 991 10-6 7-81 4-07 1-77 0-148 |5-48x10-3
N.u —0-53( —0-22

NA 4-20| 11-64 19-26 24:56 23-52 15-45 7-99 0-909 [4:-84x10-8

N“ —0-38] 0-18 0-20
NA 570 17-96 34-05 50-70 63-21 50-45 | 31-34 4.870 {3-39x10~2
N“ —0-10| 0-56 0-30

NA 6-81] 25-82 57-51 98-14 [157-0 149-6 | 108-4 22-82 10-230
N'1 0-28{ 0-72 0-22

NA 7-65( 36-83 93-64 |[174-4 349-8 401-9 }339-2 98-09 |1-43
N 066 030 | —0-17

NA 9-40] 48-37 | 1429 305-4 720-2 1000 981-5 371-1 8-24
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If the primary be a quantum of energy E, instead of a particle, we have
for the boundary conditions,

P(E,0)=0and Q(&, 0) =8(By—E). .. .. (14)
In this case wo have
a--$00 s
=1 Eg\" B {,—%_ —m
P(E,t)_zﬂ_woj (E) .M_A{e e ,}ds .. .. (15a)
a—400
o-+400 s
_ 1 F_ﬂ p—D —-x DX —u
Q(E’, t)_“2ﬂiE0J (E) .{m‘e +—;—;—X6 }dS .o (15b)
0400

Consequently, the total number of particles N Q(E, t) produced in a quantum

excited shower is given by

LR s

1 BN B 1 -n

NQ(E’t)_QTTTLJ‘ (—E—) mm(e € )d}g,
0—100
o100 51
1 ENS' B 1 —x

N2—’”£J. (f) .;L_—-__X'S—l‘e dS, - . (16)

a—1w

except for very small ¢.
The values of P(E,t), Q(E,t) and N Q(E, t) can similarly be calculated by

the saddle-point method. The values of N o, 1) for different values of y and ¢

are given in Table II.
TasLe I

Values of N Q(E, t) as functions of ¢ for a quantum excited shower.

:‘x 10 20 3:0 4-0 6-0 80 10-0 150 25-0
2 1 0-784] 0-854 0-662 0-430
3 1-07 170 1.75 1-47 0-735 0-293
4| 1-39 2-94 3-90 4-02 2-76 1-38 0-575
5| 1-81 4-78 7-73 9-36 867 5-41 2-68 0-287
6| 220 7-12 13-7 19-6 21-9 18-0 10-7 1.65
71 266 | 10-0 23-2 37-9 58-2 54-1 38-3 7-68 0-0687
8| 295 | 143 37:1 68-6 131 149 123 326 0-441
9 | 3-564 | 184 57-9 119 279 374 362 130 22-4
10 | 438 | 259 86-5 201 563 901 993 473 13-8

It will be evident from Tables I and II that the curves giving N as a
function of ¢ are almost the same for a shower produced by a particle or a
quantum of the same initial energy, with the difference that the latter curve
is shifted to a greater thickness by nearly one unit of length over the whole
of its range. 1t has been shown in (A) that for a given y the maximum of N
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and P will occur at such a value of ¢ that the corresponding value of Sy is 2.
From this it can be deduced that for a given y the maximum of N for a particle
excited shower will occur at a thickness, 0-82 in characteristic units less than
that for a quantum excited shower. The value of Nyax, for the former, however,
will be greater than that of the latter, although the relative difference decreases
as y increases, This will be clear from Fig. 1 where the N—f curve for two
different values of y, viz. 4 and 10, have been given both for the particle excited
shower (P) and quantum excited shower (€). This is exactly what is to be
expected from the physical nature of the problem. A high energy quanta, on
entering the material, creates a pair within a very short distance in which one
particle either has an energy nearly equal to that of the quanta, which then
produces the cascade, or two particles, each with about half the energy, both
of which produce smaller cascades.

N
Scale for
Y4110
40800 -
20} 400k
P \Q P \Q
0 w0 80 120 0 %0
Fia. 1.

A comparison of the values of N obtained from (7) with similar figures
obtained from the work of the previous authors has been made in Table ITT.
It is clear from Table ITI that the results obtained by Bhabha and Heitler
are correct to within thirty per cent at the position of the maximum and also
to the left of it in the transition curve. For a particular value of y, the values
of N as obtained by Bhabha and Heitler are less than that of the present paper
before the maximum of the transition curve is attained, after which the values
of Bhabha and Heitler are higher than those of the present paper. The values
of Carlson and Oppenheimer are very much higher than those of the present
paper. This is due to the approximate forms of the expressions assumed for
the cross-sections of the different processes.
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Tasre III.

Comparison of the values of N for a particle excited shower.
B. & H. = Bhabha and Heitler.
C. & 0. = Carlson and Oppenheimer.
C. = Present author.

¢
2 4
y\\ 6 8 10 12
B. & H. 1-50 1-64 0-60 0-22 0-06
3 C. &O. 3-30 3-00 1-30 0-60 0-20
C. 1-83 1-13 0-45 017 0-055
5 B.& H 6-40 12-00 10-60 6-80 3-20 1-40
C. 6-98 10-61 7-81 407 1-77 0-689
10 B. & H. 40-0 250 640 1130 1360 1040
c. 48-37 3054 720-2 1000 981-5 752-0

In conclusion, I wish to express my thanks to Dr. H. J. Bhabha, for his
various suggestions during the preparation of this paper and also wish to thank
Professors N. R. Sen, M. N. Saha, and D. M. Bose, for their kind interest and
encouragement.

A portion of this work was carried out at the Indian Institute of Science,
Bangalore. I am much indebted to the Director Dr. J. C. Ghosh for giving
me every facility while working at the Institute.
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