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ABSTRACT.

Stellar models for the energy generation law 5 ocp®T studied by Chendraselhar have
been examined as regards their dimensions and convective stability. It is found only
the standard solutions represent finite configurations. Further, Chandrasekhar’s y-
models are all radiatively unstable for y>%. The stability condition for («, 3)-model
has also been studied.

1. INTRODUCTION.

Stellar models in which the average energy generation per unit mass of
enclosed matter denoted by 4 is given by

7 = nop“TS .. - .. (D

p and T being density and temperature respectively at the point concerned,
have been considered by Chandrasekhar (1936, 1937). Taking the opacity
to be given by a formula analogous to that of Kramers, Chandrasekhar has
studied the relation between p and T within such stellar bodies, and also the
conditions for the inversion of density gradient. The case a = 0, called by
him y-model, has been considered in detail, and as regards the general character
of density-temperature relationship proves to be typical of the more general
case o >0. Denoting temperature and density measured in suitable units
by 7 and o respectively, three types of +—o solution curves have been shown
to exist. Of these there are two which may correspond to stellar conditions
even up to the boundary. The first type of solution, called standard solution
by Chandrasekhar (denoted here by §), can be represented by a curve starting
from the origin (7 == 0, o = 0) at a definite slope rising gradually, in some
cases going to infinity, and in others turning back at a certain stage and
asymptotically approaching the r-axis. A second type of solution curves
starts from the -axis with a steep gradient, rises upwards to a maximum, and
then bends back and quickly assumes an asymptotic form approaching the -
axis. These may correspond to stellar bodies with finite surface temperatures
{called in this paper I solutions). A third type of solution curves in which o —
const. or o0, as r — 0 will not be considered here.

Beyond isolating these solutions and studying their density gradients
which bring to light the density temperature relationship within the models,
further characteristics of these solutions have not been studied by Chandra-
sekhar. In the present paper we shall consider two other aspects of these
solutions. Firstly, we shall study if § and I solutions give finite configurations
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and masses. Such solutions are of interest in the way that they may directly
represent stellar body configurations. Secondly, there is the more important
question of radiative stability. The above solutions have all been obtained
on the assumption that the energy transfer within the models is mainly by
radiation. But there are certain conditions which must be satisfied in order
that this may be true. We shall test the § and I solutions of Chandrasekhar
from this point of view. _

Our examination of these solutions shows that whereas the 8 solutions
give finite configurations,* I solutions, as one can easily understand, ultimately
correspond to isothermal gas spheres with infinite radii and masses. Further,
many of the § solutions are radiatively unstable, those for fairly high values
of 8 all along the solution curve, while others for lower values of & for tempera-
tures (v values) higher than certain limiting ones. Values of a higher than
2 are inconsistent with stability except under some rather unimportant special
conditions. The I solutions have portions starting somewhat below their
maxima and extendnig up to the r-axis (which they meet for finite values
of +) which are radiatively stable.

ParT 1.
2. Tur EQUATIONS.

For the energy generation defined by (1) and for a law of opacity given by
b

K=K0T—’3’+—8, Y )
we have from the equations
dpP GM(r
dT=— rz()p .. .o .o .e (3)
dp, _ _kp L(f)
= o hmE .. . .. @4
by following a well-known analysis of Chandrasekhar (1936)
bd b
yo =y Py . . @
where y = p,/p, = (gas pressure)/(radiation pressure), z = K T—%,
5 B 3\a+bd
4‘y = +3a+3b—s—3, K= 47TGGM/K01)°L . }L—H . E . e (6)

Using Chandrasekhar’s variables

y=zq, xz=q¥, v=oa+b
we can write equation (5) as follows:

d: 1 y—r
£=ﬁ(1_%7>‘ e .. ...

* Chandrasekhar has indeed numerically worked out the § solutions for certain
values of y. They give finite configurations.
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We want an equation to determine r. For this purpose we rewrite
the equation

1dl»2d
e [P—a—r (p,+pq):| = —4al .p . .. (8}

in terms of z and ¢, and replacing r by the variable ¢, where

1 (kN3 —p]
r=[aa () 2] e
and using (7) to replace the derivative dz/dg, we have after some calculation

the following equation between z and ¢
1d £ dz

Sulady N G N .. .. 9
E2dE| zgt(1—2g?—7) dE “ ®
Further from (3) we obtain
2 2
Meyo—"L & g

pdr ag(1—zrq ) dE°
Equations (7) and (9) will enable us to find the dimensions of the stellar models.
Chandrasekhar transforms equation (5) in r—¢ plane by putting
p=poo, T =Ty .. .. .. (11)
the constants pg, Ty being defined by

—4 k3
KTg y=7-a(p0T0/K) .. .. (11a)
We have then the following connections between the variables
z=gr, g=171"%, z=7"=¢¥ y= z|tt = g/r8. .. (11b)

We may note o oc density, = oc temperature, g-!cc (radiation pressure),
z oC gas pressure, and ¢ oc radial distance.

3. THE y-MODEL. y =L

The class of stellar models discussed in detail by Chandrasekhar corre-
sponds to & = 0, b = 1, 4y = (8 —s), and has been called by him y-model. The
nature of the integral curves of (5) on (7, o)-plane has been described. The
case y = 1 is specially interesting in consideration of the fact that the (, o)
differential equation can then be integrated in closed form, and as regards
the behaviour of the solution curves is typical of the cases $ <y < 2. We
shall first discuss the case y = 1, .and later proceed to deal with the more
general case rather briefly. Rigorous proofs will be given in the Appendix.

Case y =1, b = 1. We sghall seek solutions of the equations

g; qlz(l %) . .. .. .. (Ta)
1d

?223 mdg] Zq* .o . .s (9a)
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such that as ¢ -0, 7—>0; these solutions are known to exist (8 solutions).
We shall be interested in the region where r is small, and hence also z. The
solution of (7a) in question is

= —z—log (1—2). .. . .. (12)

LS R

For small z we have
agt ~ 2i2h (1 — %z) .
Substituting in (9a) and putting

d=u, 2E=¢
we obtain for small u

§2d§ I:gl 1+ u+0(u)}gg:| {l—éu2+0(u4)}u. (13)

This has solution such that as 4« — 0, & — £, < . In fact it has solution of
the type
U~ (Eg—£1)*[A +B(¢o—£) +C(¢o—£)2+ -+ ] (£1—>£o)

with « > 0. Substituting and keeping only relevant initial terms we have
7
[1 +5 (§o—fl)2a4‘12] [Aa(a—1)(&—£)* 2 +Ba(a+1)(§o—£)* !
7
+0(x+1) (@ +2)(¢o—£1)*] +5 4 —£)"- A2a2(gy—£y) 2% 2

+§ <1 +h—h ;f’) [—Aa(to—£)* ~1=Bla+1)(fo—£)%] = —A(£o—£1)*

From this the initial coefficients can be calculated
a=1
4B 24
2B——A =0, 6045483~ ——S=—-4
& A=
whence the asymptotic form (14) is found except for an arbitrary constant 4.
A determines the slope of the u curve at its zero &. .
The form of (13) also shows that for every small u the solution of (13)
will behave as the solution of )
1 d du
e 62 ) = —u .. .. .. (13
SEAGES (13
which represents & polytrope of index 1. The solution of (13a) is of the form
A (sin £4/¢,) +B(cos £1/£;), which is osci]la.tory in character. The amplitude
of the oscillation is of the order of , while the difference in the solutions of

&
(13) and (13q) in & sufficiently small interval round the zero of the solution

(13a) can be shown to be at least of the order of f’li‘ So the solution in ques-
tion of (13) will vanish just like that of (13a).
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As regards I solutions we can show that (7a) and (9a¢) admit of solutions
such that as ¢ - 0, 7 > vy > 0, while &, — co.
Let, as v —> 7y, ¢ > go- Now since

@_M._—Tf(';‘:w).. e (1)

and as in I solutions do/dr — oo asT ~ 79, we note that dz/dg — — o0 asg — g,
and z—>0. By trial we get the following asymptotic solution

el 450, >0
& (15)
B
q~q°—§a+c’ G>O(§_>w)

The condition ¢ >0 makes dz/dg— — co as § » 0. Substituting in (7a)
we obtain

A a 1
T Batet ~ T dget
whence
2 42
c=oc,B=%—.'

Further substitution in (9a) gives

A (q *§)~A£‘y“qo* (& > 0)

whence

=2 and 4 = ;—
ot
Hence there is a solution of the type:

z~§~§i§-1—2,q~qo—%. (£ — o0) .. .. (15a)
Substitution in (10) gives
e
Tt e=1) dq

(15a) represents the asymptotic behaviour of I solutions for large £, and
corresponds to configurations of infinite radii and masses.

On the other hand, it is not possible to construct a regular solution such
that z— 0, ¢ > gp, while £ » £ < 0. For instance, let us suppose

oC §—>00 asT — 7.

z"‘A(fo—f)a, a>1 o
wnd ‘1~flo—B(£o—£)ﬁ,ﬂ>o}' €& .. .. .. (9
Then
dz

_~___ -8,

Hence B > 0 (4 being positive), and 8 > « . .- (17a)
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Substituting in (7a) and comparing both sides of equality we obtain
A%age® _ AZge?

B 2
If now we substitute in (9a), then among the leading terms we have the equi-
valence

B=2a, B= . (17)

%(Eo—£)‘2~A(§o—f)°‘qO* N 4 )

which is impossible as a > 1.

An idea of the behaviour of the 7 solution as z - 0 can be formed thus.
We know that as z— 0

1

2~go— 5902
z—0) .. .. (18)

2qt ~qqtz (1“ g8“22>

and equatlon (9a ) has the form

fz dE [zq I (1 +2+0(z2))g§] = —zqot [1— %Ozz_}.o(zz)] C.. (19)

Putting log z = —y, ¢t =&
we find as y = o0 the behaviour of the solution of (19) is the same as that of
1 d o %Y |: (dy) ]
= - 1 .. .. (19a
it (0 a) =1+ (% (1)

We can convince ourselves that for y — oo this again has solution behaving
as that corresponding to an isothermal gas sphere given by the equation

1 d .
@E(Eld&,‘l):ey' e (199)

It is known that every solution of (19b) as y — oo approaches its singular
solution e~¥ = 2/£,2, so that on every such solution as y — co and §¢; — o,
(dy/dé1)% — 4/¢:2, which will ultimately be negligible compared to 1 on the
right-hand side of (19¢). Thus as y — o0 (19a) has solutions behaving as those
of (19b). These are I solutions which ultimately correspond to isothermal
gas spheres. :

The asymptotic behaviour of the solution e~¥ =2/§2 also throws
light on our previous result (15a) where we found z cc 1/£2. We know in equa-
tion (190) for isothermal spheres the term e~¢ represents demsity, and in the
present case where = is ultimately constant (and do/dr — ), 2z = or ultimately
will represent density and be expected to behave as e~7.

4. THE GENERAL CASE (y#1).

We have discussed the case y = 1 in detail. The conclusions for this
case apply to the more general cases also, but many of the simple arguments
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of the above section are not applicable in the more general cases. An ana-
lytical proof of the property of the § solution, constructed by a method followed
by the author in a previous paper (Sen, 1942), has been given in the Appendix.
As regards the I solutions we now consider the typical cases treated by Chandra-
sekhar, suppressing full arguments and details on every occasion.

Take the general y-model. We put «a =0, b=1, »=1 in (9) and (7),
and have to satisfy the equations

1 d[ &2 1 dz’]
gd_g[z?,(____l_qu_”.@ =t .. .. (%)
and g—-;::gi(l—qy—;-l). .. . .. (7b)

For I solutions we seek the asymptotic forms of those solutions for which
as T —>7g, ..e. ¢ = ¢qq, 2— 0, and dz/dg - — 0.

We try the following solution

Z~§E, O(.>O
(€ — o0) .. .. (20
QNQO—@, c>0
A and B being positive. This gives
dz A a £ (€ > )

i~ "B ate
Substituting in (76) and using expansions valid for small 2, we obtain by
comparing the terms of highest order
A2
2773
Again, the substitution of the asymptotic values (20) in (9b) shows that this
latter equation can be satisfied by putting

c=a,

. (21a)

o=2, Aqo*/a: =1. .. .. .. (21b)

(2la) and (21b6) determine the four constants in (20) which can be written as

2 1 ., 1
2~ B q ~ do—2g0° 7&;
0 >0 .. .. (22)
go that g~zqi~_g-l.
ot €2
The more general case ((a, §)-model) may be treated similarly. In fact making
the substitution (20) in the original equation (7) we obtain the relations

Av+l

24+v—y
v+1 do

c=va, B=
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and further substitution in (9) gives the same relation as (215). The asymp-
totic form of the I solution in this general case is
2 1 © gt 1 34v—2y

z~q—o_*'§§’ T“%‘m-% 2 z

(E—>o) .. (23)

The I solutions thus all correspond to infinite configurations which ultimately
behave as isothermal gas spheres.

The case of the 8 solutions is treated rigorously in the Appendix. We
can, however, get a physical insight into the nature of the solution near the
boundary by an analysis similar to that followed for y = 1. It has been shown
by Chandrasekhar (1937) that for y > 2, the behaviour of the S solution is given

by

z~,4-2y<A_42 727> (r—0) L (24)

-Y

whence we calculate

-3 .. .. (25)
(r—0)
™7 L .. (26)

zqi = g~A7-3_2')’_ 2
4—y

2
1—y 4.2
29 A~ iy
Substituting these in (95), and using expansions valid near r = 0 it can be
shown that as 7 —> 0, the standard solution (at least for 1 <y <C £) behaves
as the solution of the polytrope equation of index 3—2y.

Part II.
CONVECTIVE STABILITY OF THE MODELS,
5. THE STABILITY CONDITIONS.

We shall now examine how far the 8 and I solutions of Chandrasekhar
conform to the stability conditions of the radiative gradient. Genperally it
will be useful to confine ourselves to those cases for which (r, o) curves have
been obtained by Chandrasekhar. It will be necessary to introduce a new
variable and connect it with the old ones.

(i) For y-models defined by

L) M .

M(Z;)).—E=n=qo’l’8 ee .. ..o@n
let us put

4ﬂcGo=‘$(‘r’)). 3
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Then for Kramers’ law
(2a)

— P
k=Ko 73+s
we obtain from the three above equations
=(2E g\ 3
8= (3 5 K ) pT

where y is defined by 4y = (§ —s), and K has the same value as in (6), except
that we now put & = 0, b = 1 in that formula. Further as
= =3 kp
y—ﬁ/(l—ﬁ) =2 mq-yg

we may write (32) as (introducing our previous variable x)

1 4y _Yy '
G—KyT =7 - . .. .. (33)
Transforming to (7, o) variables we may also write
_Yy_ -3 0 .
0_5-—01- Y=3 .. .. .. (33)

(i1) For the more general (a, 8)-model of Chandrasekhar defined by (1)
and (2), using variables

p=pgo, T =Tyt .. .. .. (34)
where
__
0 3"k TmcGM
1
, b A "a—b)+s—b

_[ (2 sE\**" [ xomoL
T°_[(3' k) <4ncGM e - 39

we obtain after some calculation
0 = o,cz+b 7_8—8-—3 .

In our subsequent calculations we shall put b =1 (corresponding to cases in-
tegrated by Chandrasekhar). We then obtain (for & = 1)

at1 8—s—3_Y =2 =%
0= o 08 = , Y= s,x_q- .. . (36)
where now

a+l=v, 4y=8—s+3a.
It has been shown elsewhere (Sen, 1941) that the radiative gradient is stable,
or unstable and is to be replaced by an adiabatic gradient according as the
expression

1
B G D e
1_(1+£y)0 3" yB+y)
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i3 negative or positive. Or simplifying, we conclude the gradient is radiative
or adiabatic, according as

< _ 84+y)

= by2+40y+3°
We shall make use of the conditions (33), (36) and (37) to examine if the density
temperature curves of Chandrasekhar’s stellar models conform to the above
condition of stable radiative gradient. Chandrasekhar’s curves, it should

be noted, have all been drawn on the assumption that the temperature gradient
is radiative. '

37

6 (y-MODEL, a = 0).

From (37) and (33') it is evident that for all members of the y-model if we
put
y 8(4+y)

=;;--5——-———-——3/2+40y+32 . .. - (38)

the gradient is radiative when F <0 and adiabatic if F>0. We shall henceforth
always consider the curve F = 0 both in (z, y) and (7, o)-planes. We are
interested only in the first quadrants of these planes. F(x, y) = 0 passes
through the origin, and has y = x as its tangent there. We further note
that as x — o0, F(z, y) =0 asymptotically approaches the parabola

y‘“’=§x. ( - o0) .. (39)

Again on F(z, y) = 0 we have from (38)

1_ (1 5y°+40y+128\dy
“\y | 5y2440y+32 Jdx’

x

so that y is monotone increasing. For points in the area lying between F(z, y)
= 0 and z-axis, F<<0, and the stable gradient there must be radiative, whereas
at every point above the curve F = 0 the stable gradient should be adiabatic.
These results in (z, y)-plane are true for all members of the y-model, but as
soon as we go to the (7, o)-plane it becomes necessary to differentiate between
cases for different values of y. Let us first take the special case y = 1. For
this value of y

(40)

dy 3y 11ldo

de 4z 4da2tdr’

For x 7% 0 and at the point where do/dr =0,
dy _ 3y
dr 4z’
Hence, if there be an extremum value of ¢ on F = 0 in (r, ¢)-plane (we shall
presently show it is a maximum), the slope at the corresponding point of

F(z, y) = 0 in the (z, y)-plane is given by (41).
2B

(41)
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Substituting (41) in (40), we note that (3 0) goes out of the equation
altogether, and hence at the extremum on F(r, o) = 0 the value of the ratio
of the pressures is given by the equation

53 +30y +-96y—64 =0 . .. .. .. (42)

This equation has only one positive root, namely y, = 0-599. There
is thus only one extremum value of ¢ on F(r, 6) =0. Now 2 =0, y =0
corresponds to o = 0, T = o0, and the tangent y = x to or = 1. Thus in the
(7, o)-plane F = 0 is asymptotic t0 or = 1 for + — oo (which is also true of
all solution curves in the (r, ¢)-plane).

Further, the asymptotic parabola (39) corresponds to

oz=§.,.2, ie. ,=J§T .. .. (3%)

on (r, ¢)-plane (in the first quadrant). Hence the slope of F{r, o) =0 at
origin is given by (39a). It is thus evident that F(r, o) = 0 has only one
maximum in (7, o)-plane.

Substituting y, in F = 0 in (38) we find the corresponding value of z,
namely zp = 0-858. Then by substituting in z =7-4, and y = o/s3, we
find opnax = 0-628, and the corresponding 7(omax) = 1-039.

The curve F(r, o) =0 divides the (r, o)-plane (first quadrant) into
two parts such that at all (7, ¢) points lying between the curve F = 0 and the
7-axis, the radiative gradient is stable, and at all points lying above this curve
the radiative gradient is unstable and under suitable conditions can be re-
placed by a stable adiabatic gradient. Hence, our above analysis shows that
for the y-model with y = 1, any configuration with a density value making
o > 0-628 will be radiatively unstable. If we take the integral curves (for
y = 1) of Chandrasekhar in (r, o)-plane, and plot also the curve F(r,a) =0
in the same plane, then only those integral curves or parts of curves which
lie below F' = 0 will represent radiatively stable configurations, For instance
we find the standard solution of Chandrasekhar (for y = 1) as entirely radia-
tively unstable. Of the I solutions only the lower parts of the steep branch
are radiatively stable. The case of the standard solution for y =1 can be
roughly. seen as follows. The standard solution o ~ 4/2r(r — 0) leaves the
origin at a slope A/2, while F(r, ¢) = 0 has the slope 1/ gf at the origin.
As /2 > 4/§, near the origin the standard solution lies above F = 0. The
maximum of the standard solution occurs at ¢ = 0-843 which is greater than
Omax = 0628 calculated above. We shall show presently that for all >0
the standard solution curves lie above F = 0 as r— 0. This suggests that
the standard solution for y = 1, is probably wholly radiatively unstable. In
fact the result of actual plotting is shown in fig. 2. The standard solution
Sor y =1 is thus entirely radiatively unstable. We can now consider the general
case of the y-model. We first recapitulate the following results obtained
from Chandrasekhar’s integration of the (r, ¢) differential equation:—
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(i) For y < 2, as r — 0, the solution curve has the form (Chandrasekhar,
1936)

e

o~ %73-27. ve oo .. (430)

Hence as z =+~%, and Y= 0/73 for 0<y< 3}, (2, y) = 0 corresponds to

(7, 0) - 0, and further for § < y < 2, (z, y) > o corresponds to r -0, o — .
(ii) For every value of y, as * = o0 the solution curve has the form

r3— 47[1+ Yo ] .. (43b)
8o that for O<y<i o->00, as T—> 00
¥y >4, o—>0, as T—> 00
vy=14%, o—>1, as T 0.

We can now calculate the position of the curve F(r, o) =0 in (r, o)-
plane. Wae first note that at the maximum ¢ we must have

dy _3 ¥

i Iy'x . . .. .. (41a)
whence, by substituting in (40) and after subsequent simplification, we obtain
the following equation for the value of the pressure ratio at the maximum
o of F(r, o)-curve in (7, o)-plane

6(2y—3)y®+30(4y—5)y2+96(4y—5)y +64(4y—3) = 0. .. (44)

e 02 (X3 o6 ¢3 10 L S ) i3 ) 0 r2 24 &6 5% 0 3 4 e EX ] £
B T .
14
Fig. 1(a). ~—(2) is the standard solution curve for y = {, and (1) is the curve F = 0
separating the regions of stable and unstable radiative gradients. The lower part haa
been magnified in fig. 1(b).
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T

0-05 o1 aots 2

T—
. Y=Y
Fia. 1(b).—(2) is the standard solution curve for y = §, and (1) is the ocurve
F =0 separating the region of unstable from that of stable radiative gradient
which latter lies between this eurve and r-axis. The standard solution for y = §
is radiatively stable only for = values lying between 0 and 0-11 and ¢ values
between 0 and 0-0137.

From s discussion of the roots of this cubic equation we obtain the following
results:

For y > 3, or y < }, there are no positive roots; for § < y < § there is
only one positive root.
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"Hence for every value of y satisfying § < y < § there exists a maximum
value of o, 88y onax(y), such that a gas configuration in equilibrium with
a density-value which makes the corresponding o > omax(y) cannot have a
stable radiative gradient there.

We can now roughly locate the curve F(r, ¢) = 0 among the integral
curves thus.

For all y-models, such that 0 < y < %, the behaviour of the § solution
curves as r — 0, 0 — 0 is given by (43a); whereas (39) shows as r— 0, o — 0
the F curve in (7, o)-plane has the form

0~J213”27. (r—>0)

Hence as ¢ ~> 0, 7 = 0 (close to the boundary), the S solution curve is steeper
than the F curve if 2/(2—y) > §, i.e. if y >}, so that F = 0 lies below the §
solution. Hence for y > % the radiative gradient is unstable near the boundary ;
for y < } it is stable.

10

09

0 [Z3 o4 06 08 10 12 4 6 18 20
T—>

. Y=

Fia. 2.—(2) is the standard solution curve for y = 1, and (1) is the curve F =0
dividing the region of unstable radiative gradient from that of stable radiative gradient
which latter lies between this curve and r.axis. The figure shows the standard
solution for y = 1 is radiatively unstable all throughout.
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9 o1 02 03 04 05 06 01 ©F 09 1o 4y

1-
%
Fie. 3.—(2) is the standard solution curve for y = £, and (1) is the curve ¥ = 0,
The standard solution for y = $ is radiatively unstable all throughout.

2 I'3 4 s 16 17 I8

For § <y <4 we find that as r - o0, both the § solution curve and the F
curve (which approaches y = x) are asymptotic to

a'='r(3_4'7).

To find the relative positions of the § and F curves as = — o0 we proceed to
the next higher approximation. We find

for F curve o ~ 73— 4(1—7r—%) }
(r = o0)

for 8 curve o ~73"4[1—(y—1)r—¥].

Hence so long as y >0, F(r, o) = 0 lies below the S solution curve as r - oo,
so that ultimately the 8 solutions all lie inthe region of unstable radiative gradient.
Summing up, for } < y < § the 8 solutions, as + — 0, ¢ = 0, all run in the
region of unstable radiative gradient and also lie in the same region as r— 00.
For 0 < y < #, the § solutions start at » = 0, o0 = 0 with stable radiative gra-
dients, but ultimately as + — o0 run into the region of unstable radiative gra-
dient. As the figures 1{a) and 1(b) show then, the § and F curves in the
(v, o)-plane cross only once, so that only a part of the solution starting from
the boundary r = 0 to a maximum r is radiatively stable. Hence,if 0 < y<4%,
there is for a given y, & 7max(y), Such that at all temperatures for which the
corresponding 7 > Tyax(y), the standard solution is radiatively unmstable.
Similarly, there is a minimum ynin(y), such that whenever the ratio of the

(46)
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pressures ¥ < Ymia(y), the standard solution is radiatively unstable. In the
case of y = } equation (44) reduces to (leaving out the root y = 0)
15424120y +384 =0
which has no real positive root. Hence F(r, o} =0 in (r, o) plane has no
maximum.
On the standard solution § for y = , we find o behaves as

cb.~r%[~/§—%'r{| (r=0) .. .. (47a)

while on F(r, ¢) = 0 we find after some calculation the behaviour of ¢ to

be given by
(,FM,%[\/g-m]. (r—>0) . .. (47b)

aS~1—iT—3. e .. @T0).

Further, as + -> ¢
op~1—r73,

Thus at both ends ag > o,. The S solution curve for y =  (as is found by
actual plotting of curves) lies indeed entirely above F(r, ) = 0, and so the
radiative gradient must be unstable all throughout for y = %.

The F and 8 curves have been actually plotted and three cases are shown
in figs. 1{a), 2 and 3 for y = %, y =1 and y = § respectively. The crossing
of the two curves for 9 = } is shown in fig. 1(6) drawn in a magnified scale.
1{a) and 2 are typical of the cases 0 <y < § and § < y <C § respectively.

Our result for the y-model can be summarised thus. For 0 < y <<  only
a part of the standard solution from the boundary wp to a definite minimum value
of the ratio of gas to radiation pressure (to a maximum value of 7) depending on
y ts radiatively stable ; hence such a configuration is wholly radiatively stable
only if this pressure ratio at the centre does not fall below a minimum critical
value (and the central  value does not exceed a critical maximum value) ; in the
contrary case the configuration is radiatively unstable, the unstable region being
an internal one tnvolving the centre. For 3 <y < 3, the standard solution is
entirely radiatively unstable.

By examining the position of the ¥ curve among I solutions it becomes
apparent that the lower portions of I solutions which fall steeply must be all
radiatively stable. There exists a critical minimum pressure ratio in this case
also.

This result clearly points to the necessity of sometimes including a central
convection zone (with adiabatic gradient) in the construction of stellar models.

7. («, 8)-MODELS.

The analysis of the two previous sections discusses the stability of radia-
tive equilibrium of a typical stellar model (y-model) discussed by Chandra-
sekkhar. We shall now very briefly describe the general characteristics of the
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more general (o, 3)-model in respect of the stability of the radiative transfer
of energy.

We define in this connection a function F,
F. = g ¥ 52 +40y +32)
' 8(d+y)
where x, y and v are given by (36) (v may be taken positive}. We can show

that for given (x, ) values the stable gradient is radiative or adiabatic according
as

(48)

Fi120. .. .. .. ..o (49)
The curve Fy(z, y) = O divides the (first quadrant of) (z, y)-plane into two
regions of which the lower one between ¥, = 0 and z-axis represents the region
of stable radiative gradient, while the upper one corresponds to the region of
stable adiabatic gradient.

The gradient of Fy(z, y) = 0 is given by
dy {1_’ 5y2+40y+128 } _1
dz ly * (4+y) (52 +40y+32)| ~ «

so that (v being positive) y is monotone increasing with x. From (36) we
obtain when deg/dr = 0

(50)

dy_3 ¥

preiady el
Substituting this value of dy/dx in (50), we obtain the value of i at that point
of Fy(r, ) = 0 where o has an extreme value. Proceeding as before, we find
this value of y to be given by

5(d~3)y3 +60(d—2)y%+192(d —2)y+1284 =0 .. .. (D)

where d=4y—3v,
¥ and v being now given by (36).

A simple discussion shows that when 0'< d < 3 equation (51) has only one
positive root, and for d >3 or d <0, (51) has no positive root. Hence for
0 < 4y—3v < 3, i.e. when 34s < 8 < 6+s, the equation Fy(r, o) = 0 on (r, o)
plane has only one maximum, say opax, and for any o >> onax, the corre-
sponding radiative gradient cannot be stable. When x — 0, F; = 0 has the
asymptotic form

z=19, .. .. .. .. {62a)

and for y large, F'y = 0 has the form

_5 y+1

or

41
y=(§x) e (52
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Near the origin of (r, o)-plane, we have the following approximate forms of
Fy =0, and of the standard solution 8
1

g\ 3=
Fy: a~<3) r 7 .. .. .. (52¢)
1
— &y
vl \r+1 3-0
S: o~ <v+1—'y) T . .. .. (52d)
Hence the standard solution S lies below F,y curve if
v+1 8
vl—y < 5
ie. r< g (v+1)
which by (36) is equivalent to
8<3+s—gm. .. .. . .. (b3)

Thus, when (53) is satisfied the standard solution S runs in the region of stable
radiative gradient near + = 0; for the opposite inequality it is in the region
of unstable radiative gradient, In every case the Fy(r, o) curve has a
maximum, the standard solution has unstable radiative gradient near the
boundary.

We shall now find the position of Fy= 0 as 7> 00, i.e. >0 while (y >0).
In this region we find the following asymptotic forms for F, and 8:

3_ﬂ _Yr *
Fy: ao~7T 3{1—-;7 V} .. .. (54a)
4 1-1
8- 3\ 1 d 54b
. o~T —'; 74"/‘, . .o ) ( )

Hence for 4y = 8—s+3a¢>>0 (v being supposed positive) the standard solution
is ultimately (i.e. as * — 00) in the region of unstable radiative gradient.

For 8—s+4+ 3?“ >3, the configuration given by the standard solution is radia-

tively unstable ; for — ?32! <8—s+ ?—g—l <3, the configuration given by the standard

solution has stable radiative gradient up to a minimum value of the ratio of gas to
radiation pressure. It is evident that for a.>2 radiative stability is not possible
if only 8>s, which will be satisfied for energy genmeration law with even quite
small power of temperature.

The I solutions, as before, will be all radiatively stable along lower parts
of their vertical downward course, there being a critical minimum pressure
ratio in this case also.
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APPENDIX.

To bring the analysis in a line with our previous work (Sen, 1942) on the
behaviour of the solutions of stellar equations near the boundary of the con-
figurations, we introduce the notations used elsewhere, which are different from
those used in the present paper. The Appendix forms a section by itself, and its
equations, unless expressly stated, should not be compared with those of this
paper. '

We take a more general case, and suppose the opacity and energy genera-
tion to be given by the following laws;

K=KanT-b .. .o .. .. (@)
p= AI}((:)) = nop®T". R ()
Consider equations (3), (4) of section 2, and
B i
Py =,;%p-’l’, Pr= ;—,af“

and substitute in these equations

Py = (DooPs Pr=(Prdos, T =Tor, p=poo, 7=1rox, M=Mom,
where pg, Ty are respectively the central density and temperature. Then we

can replace the above equations by the following set of equations among
dimensionless quantities,

dp+a'dq=—ﬁ%.dx O 25\
= 1. 507
=—o?teHlA0 2de . @)
dm = ox2 dx .. .. .. .. {e)
where the scale constants are connected by the equations
ato--1
48 koMo Po 5-b =
Mo 41!’7‘0 Po> 411'07'0 . (p,.)o To .M, 0 1
and
k o1 GMopo
= == po Ty, [ = zaTy4, = r. s =7 -
(pﬂ)o ’LH Polyg (p )0 3 0 o (p )0/(?0)0 B ro(Pg)o
Now put
= % , mw=p+aq, ata=d, S~b—a—ag=4f
and ' pg et = dt. . - .. o (

* g in this formula need not be confused with a in the expression for x in (a).
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Then we replace (¢), (d), (e) b

2 —pm R

Y my . e

%"=_g-4 )
to which we add (g) as

%=g. S

Equations (i)-(iv) show that as ¢ decreases £ also decreases, and if as {—0,
¢ also tends to a finite limit £, >0, then m also tends to a finite limit mg (which
in astrophysically significant solutions we take to be greater than zero), and
then = also decreases to a finite limit m,.

Since the right-hand sides of (i), (ii), (iii) and (iv) do not involve ¢, the solu-
tions of the equations will not depend on the initial value of ¢, We shall take
t = 0 to correspond to the boundary surface. Let us investigate the behaviour
of a solution for which m —mg >0, as£—0. At the boundary of the configura-
tion we take 7 = 0 and ¢ = 0, so that # = 0. Hence by (i)

7 ~Bmgt. (E—0) .. .. .. (k)

Let us try the solution

g=At". (n>0) {t—0) oo (3)
Then (ii) gives
Ant™ ™ ~ mo(Bmgt—aAt™)%. AT
This will be generally satisfied if ¢ be a small quantity of higher order than p,
and hence

n—1=d+nf, An=pm 4’

which give
1
_d+1 d+1 1 \I-f ,
- A=( n—*) v
Since n > 0, we must have
1>f. . .. .. .. (V)

Equation (iv) gives
d+1
g A () (t > 0)
mo

whence integrating

* d+1
£~ fo+ﬂm .4g+lf)a* e w

Since the right-hand side of (iv) is 0-1, d§/dt— o0 as ¢ —> 0. Hence

(d“) <1, Qe d+4f<3. .. .. (¥
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Now the assumption that ¢ is of higher order than p implies » > 1, i.e.
d+1

——f>l le. d+f>0. .. . ... (vii)
Now suppose, if possible, £ = 0. Then we’get from (iii)
d+1
‘%n~ const. ¢ -7 (t—0)
so that
m ~ mgy—const. t—(in . {t—>0) .. . .. )

But on account of (v) and (vii), (I} contradicts the assumption m— mg as t— 0.
Hence £ 2 0. We have then the solution
me~mo—E& Y (E—>0)
and
d+1 d+1
At 4 1—-
p=fmot, g AT, ¢~ ot o AP

with the value of 4 in (j). Hence

4-7)
m —_——
P~ B1-°f g a1
Ad+
so that
Bmg 41-9_,

N >0 .. .. (m)

T a-praEn T

These solutions are valid when
f<l,d4f>0,and d+4f <3
of which the second and the third relations together imply the first. The form
(m) shows that it is Chandrasekhar’s § solution. Replacing d, f by a, 8, etc.,
we conclude that the 8 solutions correspond to finite configurations provided
3a+ta)>b—5, andd-b<3. .. . (vi, vii)
In ease of y-models, we put a =0,a =1, 4y =8—b+3. The above con-
ditions show that for y-models the S configuration is finite when y lies between
0 and §. In case of y = 0, it can be easily shown that p and ¢ are both of the
first order in ¢; then an 8 solution corresponding to finite configuration can be
constructed. Hence for y-models all 8 solutions give finite configurations so
longas 0 <y < $.
It can be shown that the behaviour of I solutions as ¢—0, 7—>74 is
given by
p~AR, g~ go+Bttitd, DA, m~Ctmt  (t0) (n)
where 4, B, C, D are the constants

18g0\? 3g [16g,%*! )* (16q0> ( 38 )
A== = _290 [ Y0 __ q1qd C= , D=
(%5 )= 20+a) \3g7 0 ) 0T e 2a0?

It should be noted that ¢ now represents the reciprocal of the radial distance.



360 N. R. SEN: CONTRIBUTION TO THE THEORY OF STELLAR MODELS.

We can further show easily that there are no solutions which correspond
to finite configurations with non-zero temperature at the boundary. Further
calculations here are suppressed.
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