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ABSTRACT.

Assuming Duffin-Kemmer’s formulation of meson theory the charge distribution,
the electromagnetic field and the self-energy of mesons with spins one and zero are
discussed. The charge distribution is found to have a high order of singularity and is

3
extended over a finite region of the order of oyl The self-energy is calculated by an

approximate method which is equivalent to the second order perturbation theory. It is
found that the self-energy consists of four different parts which are due to the static
field, the transverse electric field, the magnetic field and the forced vibrations under the
zero-point fluctuations of the radiation field. The second and the third parts arise from
the spin, and so are zero for spinless meson. In terms of the ‘ cut off momentum * P, for
a meson with spin one these two parts diverge separately as P%, but cancel one another
to this order resulting & quadratic divergence. The first and the last parts diverge
quadratically, and so also the total self-energy for both the particles. The transverse
part of the self-energy is alse calculated by second order perturbation calculation. The
results are compared, in every stage, with the corresponding ones for an electron in the
positron theory.
INTRODUCTION.

The self-energy of the electron in Dirac’s positron theory was discussed
by Weisskopf (1934) by a second order perturbation calculation. This self-
energy, as shown by him, diverges logarithmically with infinitely small radius.
Later on by an approximate method, which is equivalent to the second order
perturbation caleulation and is open to the same objection as the perturbation
theory, he (Weisskopf, 1939) separated this total result into different parts
whose physical causes are more clear than the total one. According to his
treatment the different parts of the self-energy of an electron are—(i) the
energy due to the longitudinal electric field (Coulomb field), (ii) the energy
due to the transverse electric field arising from the oscillatory motion which
produces the spin, (iii) the energy due to the magnetic field (also from the
spin), and (iv) the energy of the forced vibrations due to the influence of the
zero point fluctuations of the radiation field. In terms of the ‘cut off momen-
tum’ P, the first part diverges logarithmically; the second, the third and the
last parts separately diverge quadratically, but compensate one another to a
logarithmic term. In the same paper Weisskopf applied a similar treatment
to the Bose particle with spin zero, as has been developed by Pauli-Weisskopf
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(1934). In this case the second and the third parts of the self-energy, men-
tioned above, do not appear at all as the particle has no spin; and the first
and last parts diverge quadratically. Following the method of Weisskopf,
Richtmyer (1940) worked out the same problem for a particle with spin one
assuming the field theory as developed by Proca, Yukawa and others (Proca,
1936; Kemmer, 1938; Frolich, Heitler and Kemmer, 1938; Bhabha, 1938;
Yukawa, Sakata and Taketani, 1938; Kobayasi and Okayama, 1939). In
this particle the first and the last parts also diverge quadratically, and the
second and the third parts separately as P¢; but the whole self-energy diverges
quadratically.

Recently Duffin (1938) and Kemmer (1939) developed the theories of
particles with spins one and zero from a single scheme. They derived the
equations of these particles in a form which is analogous to Dirac’s equation
of electron. This formulation of Duffin and Kemmer, as shown by various
authors (Booth and Wilson, 1940; Wilson, 1940; Christy and Kusaka, 1941)
whose procedure of calculations is sinilar to that as applied to Dirac’s electron,
can be used with more advantage in the problems of the interaction between
meson and the electromagnetic field than the usual field theory. It may,
therefore, be of some interest to work out the problem of the self-energy of
meson from the Duffin-Kemmer’s formalism following the method of Weisskopf.
The advantage of using this formalism is that the results for particles with
spins one and zero are obtained from a single scheme; moreover, as the method
of calculations is somewhat similar to that as applied to Dirac’s electron,
these results can be compared in every stage with the corresponding results as
obtained by Weisskopf for an electron in the positron theory.

In the first two articles all the necessary equations are given and the
method of approximation, which is applied in the Duffin-Kemmer’s formalism,
is developed. The charge distribution and the static field energy are calculated
in the third article; and the electromagnetic field produced by meson and the
contribution to the self-energy by the spin are worked out in the fourth one.
The part of the self-energy produced by the zero point fluctuations of the
radiation field is obtained in the fifth article. By way of check the transverse
self-energy is calculated in the last article directly by a second order perturba-
tion calculation.

1. Equationg oF MEsoN THEORY.

Kemmer’s wave equation for meson in the presence of the electromagnetic
field is

0 ie
(5:;:;—7% (ﬁp) Bﬂl/l-l-mﬁ:o . . oo (1)
where x= Znﬁ—c , ®g = tct, and the operators B, are hermitian matrices obeying
the Duffin’s commutation rules

BuBvBp+BoBvBu = Budvo+Bodvu. .. - o (2)
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For meson with spin one 8’s are ten-row square matrices and for spinless meson
they are five-row ones. The current and charge densities are given by

ik = ezﬁfﬁkz,[; = 7:85[’*774/313'#’}

o (3)
p = —ief' Byh = e Byib,

where ) i
B = iy, me = 28;—1. L @
The equation of supplementary condition is given by
0 1e 9
(5?,4 e ¢’k)ﬁkﬁj pte(1—p) =0 .. .. ()

with the help of which we can eliminate those components of i for which
By is zero and which are not directly quantised. It is to be understood
that repeated suffixes mean summation; Greek suffixes run from 1 to 4, and
Latin from 1 to 3.

The Hamiltonian function (B & W, eqn. 55)1 is given by

H= f [ —ifiey'By, % — "B pp— ime2py— %7 ¢ divE

F E4H)]d. .. (6)
87
This Hamiltonian is to be considered subject to the restrictions (5) and
1o ..
o H +divA =0,

In the ten-components theory, for a given p, the equation of the free
meson has six linearly independent solutions, viz.

+ . 1 + 7 7
¢ (D) = ok ().exp { — B0+ 3 @} .. ..
for positively charged states with momentum p, and
U S i i
¢; (p) \/17“" (D) .exp { ; B0+ 5 (pr)} e (8)

for negatively charged states with momentum —p, where k = 1, 2, 3 corre-
spond to the three states of polarisation which are taken to be transverse and
longitudinal to the direction of motion; while the five.components theory
has two linearly independent solutions given by (7) and (8), and the polarisation
is longitudinal. The equations satisfied by u+(p) and »—(p) are

{ FE®)Bs+ic(pB) +mc2}u’ (p) =0 . o (9
with the equations of condition _
ut(p) = {1—1—,%(1)/3)},9@*(1)), . . .. (10)

1 Henceforth B & W refers to the paper of Booth and Wilson.
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and «’s satisfy the following normalising and orthogonality relations:

2 e at =
mcuyu, = K8, u; Bgu, = 8“,}

uy Byuy = "'81;1’ wy Ba; =0
where E = ¢(p2+4m2c2)t.

The wave function i of any system can be expanded in wave functions
of free meson as

b= om0, @F . (2
»

where a’s sand b’s are g-numbers and w’s are column matrices with c-
number components. As in the most of the problems we shall have to take
either the sum or the average over different polarisations of meson, we shall
for convenience drop the suffix k and the summation over it. By the method
of second quantisation it is well known that the operators a’s and b’s satisfy
the relations

a*(P)a(d) = N*+(p), a(®)a’(p) = N*+(®)+1, }
b (D)D) = N-(p), bD?DH (D) = N-(D)+1,

where N+ (p) and N-(p) give the number of positive and negative mesons in
the state p.

(13)

2. TaE METHOD OF APPROXIMATION.

The method, used here, is somewhat similar to that as used by Weisskopf.
If the components of i for which By is zero are eliminated from (8) by
(5), then after partial integration the Hamiltonian can be written in the
form
H = Hy+eH' +e2H", .. .. .o (14)
where

n2o 0 i
HO = J.[ 21/’ /34‘/1 +7n ai B4Bkﬁlﬁi a;[ll - 4’_‘177 ¢ div E+—8l;r (E2+H2)] dr,

i = — o ([ pippmei—v Bpmp g |t [y g . (5)

%2 f WEABABNdr. .. .. .. (16)

The terms eH’ and ¢2H” give the interaction energy between the matter and
the field. The operator H depends explicitly on e as shown in (14), where
Hy, H' and H" are explicitly independent of e. If e is increased by de, the
Hamiltonian acquires the additional term H'de+-2H"ede, and according to
the perturbation theory the energy of the stationary state s of the Hamiltonian
is increased by

dW' = (H'(e))AVde+2(H"(e))AVede,
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where (H'(e))AV and (H"(e))AV are the time average of H' and H"

respectively in the state s with the initial charge e. Hence the total increase
of energy when the charge is increased from zero to e is given by

=f [(H'(e) ,,+2(H"(0)) ,, €] de . (1
0

which would, of course, give the self-energy of meson. For approximation
we expand H'(e) and H"(e) as
H'(e) = by+4-byeboe24 . .. .,
H’(€e) = cy+ciedcoe24 . . . .,
and from (17) we get
e2

W= e(bO)Ar7+5(bl)AV+3(b2) yho

908
+ez(co) +—§—(01)AV+ e

AV

Since the self-energy cannot depend on the sign of e, the coefficients of all
the odd powers of e must be zero, and we have approximately

2
W =S by), He(0) p~ 5 {eH/OF22H°@) . .. (18)

Again if the unwanted components of i for which Bg) = 0 are eliminated
by (5) from the expression of current as given by (3), we get

1=1i;+i, . .. .. .. (19)
where
. %
W= el e
. €2 .p2 2
i = — - WBHBBA+BABLEY. .. .. .. @)
Hence considering (15) and (16), (18) reduces to
1 .
- §f ((pd) =) gy }dr. .. .. .. @29

In this expression we write
A=A+A', ¢=4¢ .. .- .. (23)

where A’ and ¢’ is the field generated by the meson, and A, is the potential
for e = 0, that is of the zero point field. Using Maxwell’s field equations
through which i and p are connected with A’ and ¢’, we partially eliminate
iand p from (22). Then on partial integrations with respect to space co-
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ordinates as well as with respect to time (which is justified since the diagonal
elements are the time average) we obtain

W = §17—T f{(E'z)AV __(th)AV}dr— % f(iAo)AV dr. .24

We split the electric field E’ into longitudinal part E; = and transverse part
B

- Lhe former gives the static field energy

1 2 (T1)p(Ts)
- P 1 P 2
Wo=gr | B avdr=2 f [t o dtdry .. (25)
Then
W, = Wst+ Wtr
where W, is the transverse self-energy and is given by
1 2 1 2 |
W= gTJ.(EﬁJAV dr— 3 J.(H ) gy T~ 5 f (iAo) 4y dr - (26)
= U Umag+ Wﬂuct

in the notation of Weisskopf. W, . is the energy due to the zero point
fluctuations of the radiation field.

3. Tor CHARGE DISTRIBUTION AND ELECTROSTATIC F1ELD ENERGY
or MEsox.

The commutation rule (B & W, eqn. 32) for components of 4 for which
B4 18 not zero is given by

(B)} ($ @B} — (¥ @B} {BIE)} =By08—T). .. (27)

Then following Heisenberg’s rule (1934), we replace the charge density ed*B,4
by

1 * %
=3e (¢BY+BY 65 - .. .. (28
with this the total charge in a volume V is given by
f pmdr =e X [N*(D)—N"(p)]. ce (29
p

Thus the choice of (28) avoids the total zero point charge in the vacuum of
the meson theory, and this result is consistent with that given by Pauli (1941).
(28) may then be considered as the effective charge density of a system of
particles.

We now construct a function

G = [prdpndr .. .. .. (30)
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where p(r) is given by (28), and ry =r—¢/2, r2—r+§/2 This function
gives us information about the charge distribution in the neighbourhood of
meson. In the language of the electron theory, the probability ! of finding
the charge simultaneously at two points in a distance £ is given by G(£). We
substitute (12) in (30) and retain those terms which have the time average,

that is, those terms which contribute to the expectation value G(¢). Then
by (11) and (13) we obtain

@) z}:[\”“ VD) =28 @NT @)+ 5 @N 0]
+e2 > > ¥ @ 5)41) (4% T Bad (0, 10) " (@', 1) B (0,10 )
» P

+ (V@) + DN @) {67 (0,12 B~ (0, 12) H ™ (0, 1) *Bugb™ (R, 1) }
+N N @) (0, 1) Bud ™ (0", 1)} {6~ (0, 1) BT (D, 1) }
+ V@D @)+ 1){47 0. 1) B (0, 22 H{ 7 (0, 11)°Bup™ (0, 7) } e
.. (31)
where ¢*(p) and $~(p) are given by (7) and (8) respectively. This expres-

sion does not vanish for the vacuum where N+(p) = N-(p) =0 for all
values of p, and we have

€= 23 > f [{g7(p, 2.)*Bud™ @ r) H (0, 1)*Besb™ (0 1)} dir
Py

which is infinite. As we are interested in the behaviour of a single meson
only, we shall not make further discussion on the nature of this function in
the present paper. For definiteness we shall consider the case of positive
meson in our subsequent discussion, but our final results will also be valid for
negative meson. We consider the single positive meson at rest in the state
p=0. If we now put N+(0)=1 and all other N*(p3£0)= N-(p) =0
in (31), the value of G(£)yacs1 for a single positive meson at rest in the
vacuum is obtained, and by subtracting from it the contribution of the vacuum

G(€)vae We get for a single positive meson only

é(f) = G{(g)vac+1"@(§)vﬂc

——+82 S‘J‘[ (0, 12)*B44 ™" (0, o) H {7 (B, x)*Bsp T (0, 11) }
+{47(0, 12)*B49 (D, 1) 147 (D, 11)*B19 (0, 1) }] dr.

1 The charge distribution is essentially & positive quantity in the non-relativistic
Schrddinger theory as well as in the Dirac’s relativistic electron theory and it can be
defined as the probability distribution. In the relativistic theory of Bose particles the
charge densities are not positive definite; and serious difficulties arise in this interpretation
for theon the concept of negative probability comes in. Recently Dirac (Bakerian Lecture,
1942) has suggested some ways of modifying this interpretation.
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The first term in this expression is to be omitted, because this term becomes
zero for V-« . Hence by (7) and (8)

— 2
Ge) =5 D, a0 ) Hu* @Bt (0))
P

(D§)
{08 @ Hu 0Bt (0 }] (32)
For a meson with spin one (10X 10 matrices) there are three directions of
polarisation over which the summation is to be taken in the state p. This
summation is performed by using the relations

3
Zﬁi{uz () @ — () (0)*} B2 = B,
) (33)

Zﬁ {u +"k )";(p)*}ﬁi - B4 [ +m2(,2 pﬁ)2_| ﬁ‘i
Again we shall have to average over the directions of polarisation in the state
= 0. For this purpose we sum over the three directions of polarisation and

divide by 3. This summation is to be performed by introducing the annihila-
tion operator (B & W, eqn. 107), which is obtained from (9) and (10),

.‘Z_E’l(_p) [ B)Bs-+me+ ;12 (08)2 ] g2 u* () = B (0),

(34)
1 1 -
5mig) L E®Batme -+ (08)2] £ u”(9) = 0.
On performing the above operations, (32) assumes the form
5 e2mc? 1 (pp
06 =G > g P B [1+ 5 (08)2 ] (B24+80. .. (39)
p

For meson with spin zero (5 x5 matrices) calculations are the same; the only

difference from the particle with spin one is that the factor ;—) must be omitted.

The factor % arises because of the averaging over the three polarisations; for

spinless particles averaging is unnecessary since there is only one polarisation.
Spur calculations, the detail method of which is given by Booth and Wilson,
are also somewhat different.

On evaluating the spurs we obtain for both the particles (mesons with
spins one and zero) at rest after replacing the sum over the states by an integral
over the momenta of the states

e2mc? dp £ (pt) .
a6 = I f“ETpT)“ (2 W) o e (36)
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which gives

Gy oame. L1 0 B @

O = 5 & o (2 ) B (7€) -+ (37)
where H})(z) is the Hankel function of the first kind which has a logarithmic
singularity for [z]| =0 and decreases exponentially for |z|>1. The ex-

1
pression (37) varies as 2y for f< U and falls off exponentially for §> —

and so shows a spread of charge over a finite region of the order of n% In

the case of the electron in the positron theory, as shown by Weisskopf, G(£)

varies as 5—2 for ¢ < o Hence in the meson theory the charge distribution
has a higher order smgularity than that in the positron theory. This result
is quite consistent with what is to be expected for in the case of particles
obeying Bose statistics the probability of two like particles being closer than
their wave-lengths is larger than that at longer distances. This higher order
singularity in the charge distribution is much reflected on the electrostatic
self-energy which will be shown presently.

The electrostatic energy Wy is given by (25) and can be written as

Lf Cp(x+£/2) p(r—§/2) 1 F}(g)
5| [HEHE it =5) 7 “

where G(£) is given by (36). On evaluating the integration over £ first, we
obtain, in terms of the ‘cut off momentum’ P which is the greatest value we
allow for p,
_ e Pp2+2m2c2
= Sathme) P PP pr L mec P2 +m2e2

mce

24 mece
,:P\/P2+m202+‘3m2c2 log M] .. (38)

47Thm (4 P.) 0

Putting Z a, where a is the ‘cut off radius’, we have

W, = K im [3(%)2+9 log (%Iic)] +finite terms

127 P>

€2k Bo\? f .
= —— li 3(— 9 log {— y terms. o (0
= 13, al—r>n0 [‘3 (mca) +9 log (mca)] <+ finite terms (39)

Thus the singularity of the order of & in G(£) causes the quadratic divergence

of W, whereas for an electron in the positron theory this divergence is
logarithmic produced by the quadratic singularity of G(£).
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4. TuE ELECTROMAGNETIC FIELD oF MESON.

The vector potential A’ of the electromagnetic ﬁeld produced by meson is

given by
’ i(r,’ t,)
1) = dr’
A'(r, 1) f‘r_r,l r
where t'=t— 11‘—61‘ | , and the current density i is given by (3). In the

order of approximation we are interested we consider ¢ to be the solutions of
the equations of free meson. Then expanding ¢ according to (12) and
considering (7) and (8) we obtain after some calculations

A'(r, ¢) 277@@75 ¢ ZZ [{E’ JE(D') —m2ct—c2(pp’) } !

X {a*(Da(pyu (0,0 (1) exp.— * (B(D')~E(o)1

b(RIEH (D)0 (0)*ngBu=(B) oxp. - (B(B)— B(D))t} —{ B®)B()+mocs
+c2(pp’)} ~* {a*(p)b*(p’)m(p)*mﬁu‘(p’) exp. %(E(p') +E(p))t

+b(D)a(p’)u~(p)*n But(p’) exp. — %( (p’)+E(p))t}] exp. %(p’-—p, I .. (40)

Hence the magnetic field H' is given by

H =10t A' = — 2mehe? Z Z [{E p’)—mZct—c2(pp’) } 71

X {a*(Bla(p)ut () n ot () exp. = 3 (BE)~B@)

+b(@)H )= () B () exp. + (B(0)— E())t} — { B E®)+mies

-~

+e3(B0) } X (2B (0')u (B) 0B~ () exp. 5 (B(D) 4+ E())t

D)o B) oxp.— 4 (B@)+E@)] |
x]p—p’]exp%(p'——p,r) .. .. .. {4])

where B,|p~0’ | = [B, p—1'], that is, B, is the projection of 8 perpendicular
top—p’. Again the transverse part of the electric field is given by

_ 1oAYy
c ot

E,tr =
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where A’ is the transverse part of A’. Then by (40)

2nehic
Ey=— D )—E(p)
¢ Z Z [ ') —m2ct —c2(pp’)

X {a*(wa(p Jut (p)¥n Bt () exp. — = (E(®)—E(@D)t

E(d)+E(p)
E(p)E(p')+mZct+c2(pp’)

—b(D)b*(0")u~(p)*n4B,u~(0') exp. (E(p )— E(p))}
X {“*(P)b*(i")w‘ D)*n4Bu(D’) exp. ﬁ( E(W)+E(D)

—b(P)a(p’)u”(p)*neBsu* (1) exp. — %(E(p’)+E(p>)‘}] eXp- ;; (¥'=p,1).  (42)

It is evident that div By, = 0 is satisied, since (Bs, '—p) = 0.
Magnetic field energy.—In order to evaluate the time average of the
magnetic field energy
]
— f [H’ 2dr
8 )

we shall have to substitute (41), and retain only the diagonal elements. In
consequence of the relations (13) we have then

Uneg = ezkzc ZZ[D -1’ | [{E p')—m2ct—c2(pp’) } =2

{N+<n>(N+<p +1>{u+ *naBiut () }-{ut (0')Bangut (D) }

+(N=@)+ 1)V -(0) {u= (0 *nafyu=(®) }-{u=(8")*Binar(0)} } + { E(D) (D)
+-m2ct4-c2(pp’) } = { N¥(pN “(p’){u+(p)*n4ﬂsu-(p’) p{u=(0)*Bapeut (p) }

+ (N (0)+ 1)+ (0)+ 1) {w (0) nafu ()} {wt () B} ] | . 43)

If we now calculate Uy, for vacuum by putting N*(p) = N~(p) = 0 for
all p, we get an expression which is highly divergent. This highly divergent
magnetic field energy Up,g (vac) is produced by the current fluctuations of
the vacuum. As we are interested only in the magnetic field energy of a
single meson at rest (p = 0), we first calculate Uyg, (vac+1) by putting
N+(0) =1, and all other N*(p# 0) = N~-(p) = 0, and subtract the con-
tribution of the vacuum U, (vac). Then for a single positive meson at rest

Uma.g = Umag (vac+ 1)-U mag (vac) .
we2h2 , 2 {u (0) ’74ﬁsu }'{?L+(P)*ﬂsﬂ4“+(0)}
2Vn2 ,: {E(p)—mc2}?
{u(0)n4Bsu=(D) }-{w (D) Fenant(0)}
{B(p)+mc?}? ’
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Eliminating by (10) the components of % for which 8,u* = 0, we as before
sum over the directions of polarisation in the state p and average over that
of the state p = 0, and obtain for a meson with spin one

252 1
et 2, ) (PP 2mee) spur B4B.(0B)B}OBIRL(EI+ B,

Unnag = 12 V'm3c2
»

and for spinless meson the factor 1 will be absent. On evaluating the spurs

3
in both the cases, we get for a meson with spin zero
Upee =0, . . .. o (44)
and for a meson with spin one
_ me?h2 Z p2+2m2:2  ge?h2 - 1 dp % +2m3c?
mag = 3V m3c2 T 3m8¢8 " (2ah)8 \/ p2+mec?
[

2 3 2 202 2 202 2 1202
L [P \V P2 +m2c +§P\/P +m2c _§IOgP+\/P +mc]

127 Porx 2mict 4 m2c2 4 me
. (45a)
%k L/P\* 3/P\% 5 P . '
=15 - plgl:c [Q (Wc) +§ (7%) - ‘Ilog (ﬁc):l +finite terms .. .. (45b)

which diverges as Pt.

Transverse electric field energy.—On performing the calculations as in the
provious cases, the time average of the transverse electric field energy is
given by (42) as

1 '
Uel=§rf(lE€l‘I2)AVdr

776275202 Z z I: —E(p)}*? {N“L(p) (¥ (') +1)

{E(p E(p —m204—62(pp }2

X {ut (9) "Bt (0)}-{t (o' Bomgnt (1)}
+ (N7 (0)+1) N~ (0') {u™ (0) 48,0 (0') }-{ 0™ (0) Bymaw (B) }}

{E(p")+ E(p) }
{(B(D)E®)+m?t+c2(pp) )

X {N N () {u (D) nBu” (D) }-{u (D) Baant (D) }

+(N-(p)+1)(N+<p')+1){u'm)*mﬂsu*(p')}-{u+(p’>*ﬁm4u-(p>}}]- (46)

+
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When applied to a single positive meson at rest this gives
U,=U, (vac+1)=U (vac)

me2h2 .
2Vemzcz Z [{“+(0) “naByut (D)} {w" (p)" Bnaut (0)}

+ {uF(0)"nyB,u™ () }-{ v (D) Bngu(0) }:I ,
and we then get for a spinless meson
U, =0, .. . . .. (47)
and for a meson with spin one

_ me2h2 Pt me2h2

=T _r R e
ol 3Vm2ce E( ) 3m3c3 (21775)3f dp \ p2Hm2c?
=25 i [Ps‘/P2+m2"2 _3PyY/PrgmiE 3, P+ \/P2+m2€2]

127 2mict 4 m2c? 4 me
. (48a)
= 52—'( - ki 1(-‘P—>4 1 (P : 3l <£> +finite terms (48b)
127 Pﬂli 2 \mec. 9 nTo) +4 8 me o
which diverges also as P4,
Thus for a meson with spin onc
Wsp = Uel—Umag
ek, P\/P2 +m2c? P4+ \/P2+m202
= _ ! .. (49
6 ;ﬂnm [ m2c2 e me (49)
_ e lim P .
= P—)x [ +10g C>:| +finite terms,

but for a spinless meson this quantity is zero. Hence W, which diverges
quadratically, may be considered as a contribution to the self-energy of meson
at rest due to spin only. In the case of an electron in the positron theory
both Ug and Uy,ey diverge quadratically, and so also Wy,

5. ENERGY DUE TO THE FLUCTUATIONS OF THE Raviation FieLp.
It has already been shown that
i=iy+i,
where iy and i, are given by (20) and (21) respectively. Then by (26)

Wﬁuct. = ﬂuot+ Wﬂuct

=_%f(i1Ao dr——f(leoAV . (50)
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where A, is the vector potential of the zero- -point radiation field. In (21)
iy is proportional to e2, so in order to get a result to the desired degree of
approximation, ¢ in i, can be replaced by unperturbed wave functions. Hence
introducing (12) and retaining only the diagonal elements, we get

2 1 . @2 2 o
Wiseo= = 3 | ks = f A (BAP B

€2

= oz O, (V0 (0)*8}(BR 262
r
(N7 (0)+1)u” (1) 85(BA0)262u"(0) }.

If we now sum over the directions of polarisation and take the average, we
find for a meson with spin one

Wi et = 62[3A2 2§ A% (Agp)? }]AVN*(D)+Ef\;)‘(p)+1,

and for a spinless meson

W2

fluct =

N*D)+N~ 1
P

Thus for a positive meson at rest (p = 0), we have in both the cases

2

Wy Wﬂuch (vact1) — Wiziuct (vac) = 2;;—02 (A(ZJ)AV < .. (8L

fluet —

We write i; = ig +i'1, where i(l) is calculated for free meson and i; is the
correction obtained by first order perturba,tion theory. Now if

Z{a P)+b*(D)é (D)} .. .. .. (52)

is the wave function unpertlirbed by the field and i; is the correction in the
first order perturbation theory:

= %‘ {a(p)$* (p) +b%(D)p~ (D)} , ce .. (53)
then
ig ,:z;ci aio B4ﬁ’fﬁﬁ4¢’0 +LOH] 3]
i = %{ 134/3kﬁﬁ4¢1 S H LA 81/11} +oonj. .. .. (54)

to a first approximation. It is evident that the term (i?AO) has no diagonal

elements because there is no phase relation between ifl’ and A,. Again if we
substitute (52) and (53) in (54), and retain only the diagonal elements we get
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i 1) 0
-k w2 [ {2120 i, e o =0 0 6308, ML
b4
+(2V_( ) ){ ¢ ﬁkﬂﬁ4¢ _¢ (m ﬁ4ﬁﬁkﬁz a¢ \%] +0011j.
Hence for a single positive meson at rest (b = 0)
R . ieh 2 8</>+
i, =1 (vac+1)—i(vac) = — e —¢™( B4Bﬁkﬁ +(ou] .. (55)

#*(p)" can be caleulated by the usual first order perturbation theory
expanding the vector potential Ag in a Fourier series

A, = Zek [A,j exp% {(kr) k| £} +4; exp.-—% { (kr) +c ;k]t}] .

If we take solutions for free meson in the form (7) and (8), we obtain
for ¢ (p)

(D) = ie > [uﬂp’)* P {1- 0B }Beyut )

exp. 3 {E(D")—E(p)+c| ki }t exp% {E(0)—E® —c|kilt
x%Ak ; 4+,
E(@)—E(D)+c k| h

TR —Bm)—c K] }"’”"')

; <>XP~-——{E ) +E® —c|k|}t
(0B (1= o (08} Bt 0] A — G e T

exp-——{E )+E® +c |k},
4
T E(0)+E(p)+c|k]

§'¢‘ (D'):| .. (56)

where K = 4 (p’'—D), + sign for the terms with A;:’ and — sign for the terms
with 4. . Replacing $(0) in (55) by the corresponding expression as
obtained from (56) we sum over the polarisations in the intermediate states
and average over those of the state p = 0, and obtain after some calculations

i'1 = 0 both for spins one and zero. Hence W~

Auet CONtributes nothing to the

self-energy.
Finally from (50) and (51) we get for a meson at rest with spin one or
zero
e2 2

Wﬂuet = 2'7”_65 (AO)A %

13
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which is the same as the corresponding expression for the Dirac electron as
given by Weisskopf and so we can take his result

2 P 2
W, =25 4m (£
fluct o Pl.l_znac (mc) . .. .. .. (57)

Thus we have from (26), for spinless meson [Eqns. (44), (47) and (57)]

2
w= 5 tim. (mc) 1))

U, and U mag being zero as the particle has no spin; and for meson with spin

one [Eqns. (45), (48) and (57) which agree with the corresponding results as
given by Richtmyer]

2k . T ( P\ P/ Prfmee P/ Pigmic®

= g Plgxi [6 (mc) e +log — ] .. {(59)
ek P2 P )

= —6_: PIEI; 5 (;2;) +log <77z;)] +finite terms .. .. .. {60)

where it should bs noticed that portions of U and Umag, which diverge as

P%, cancel one another. Hence in both the cases the transverse part as well
as the statical part of the self-energy diverge quadratically; so also the total
salf-energy. It will be shown in the next section that these transverse self-
ensrgies can bo obtained directly by a second order perturbation calculation.

6. DirecT CALCULATIONS OF TRANSVERSE SELF-ENERGY BY
SECOND ORDER PERTURBATION.

The interaction terms in the Hamiltonian due to the transverse electro-
magnetic field are given by (15) and (16) which can be written in the forms

me

m= = © [ VE (onan+Bp0p)Bvar . . 6D

which is linear in A, and where the first p operates backward on $* and the
sacond p operates forward on ¢, and

H? =.7_;% f PRHAREYdr .. .. .. (62)

which is quadratic in A. We expand A as a Fourier series

Lk

A=z\/-2—~;7-ﬁ.ek{0keﬁ
k

r) - 3 (kx)
+Cie ® | EERPR (¢

138
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where @, is a real unit vector in the direction of polarisation of the Fourier
fiv
component k (lc = —c—> , and ¢ as

! (o)
b= Z{ a@,0ut @+ @t L (64)

Now inserting these values of ¢ and A in (61) and (62), we obtain

a ZZZ\/Z—"—C{ Y by (0)')

x B2 {(D'B)(e,8) +(e,8(D8) } 52 { C,3(D—D' +K) +C}3(p—1' —k) }

x{a@u @+ @@}, - . .. .. .. (65)
and
_ 2meth < .
me ;;Z%kar{a ) b (0}
x Bi(e,B)(e, ﬁ)ﬁf{ckckﬁ(p—p +k+K)+C, Cra(p—p' +k—k')
+OL0A 0= —kAK) + OO0 ~E—K) Ha(pyu® (o) + 01" (0)
. (66)

It is well known that the operators a* and b* respectively increase the number
of positive and negative mesons by one, whereas a, b without asterisk decrease
the corresponding number of mesons by one. The operator C* increases the
number of photons by.one, whereas C' decreases it by one. The interaction
H! gives rise to various transitions involving one light quantum, but H2 gives
rise to transitions in which two light quanta are concerned.
The second approximation to the interaction energy is given by
1
2

H' H: ‘
W=W1+W2=Zﬁ+ﬂ:m T )

where the summation is to be taken over all intermediate states. We consider
the case of free positive meson at rest (p = 0). We assume that in the state
n for which we compute the average energy no light quanta are present. We
have the following set of transitions to consider from (65) and (66).

1. The meson u"(0) is absorbed, and a light quantum k and the meson

ut(—k) are emitted.

H = ;_?5 N/z—zfu*(—k)*ﬁi(kﬂ)(eﬁ) 20). .. .. (68)
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The light quantum k and the meson u*(—k) are then absorbed and the
meson % (0) is emitted.
1 e7i 2170 +
H, =~ ) B(eB)(kB)B: .. .. (69)
2. The light quantum —k is emitted and a pair of mesons «*(0) and
u~ (—k) are created.

2mc _
iy, =2 ==t (0B (eB) (kB)Bu .. (70

me
The light quantum —k is then absorbed and a pair of mesons u*(0) and
u~ (—k) are annihilated.
1 ek 2me  _
Hop = oo 7 o (FWB BB (0. .. .. (T
3. The meson u*(0) and the light quantum k are emitted, and simul-
taneously the meson «*(0) and the light quantum k are absorbed.

R i
an T e

*(0)"Bi(eB)2BT (0). .. .. .. (72)
The energy differences E,— E; are given by

E, —E, = E(0)—ck—E(—Kk) = mc2~ck—E(—k),

E,—E; = E(0)—{2E(0) +ck+E(—k)} = —mc2—ck—E(—k).
From equations (68-71), we then get

Wﬁz 1 [{u (0)"B%(eB) <kﬁ>ﬁiu+ —k) } {u" (—k) Bi(kB)(eB)B5u" (0)}

Wy =
2—ck—E(—k)

*(0)"B2(eB) (kB)BIu ™ (~K) } {u™(—Kk) B (kB)(eB) iu*‘(m}] 3
me2 +ck+E({—K) Co

and from (72)
4776 h 1 +
me

Wy =

(0)'Bi(eB)2B5u" ce L (T9)

We now sum over the polarisations of meson in the intermediate state
—k and average over that of the initial state; then summing over both
directions of polarisation of photon, we obtain from (73) for a spinless meson

Wl = 0;
and for a meson with spin one
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Again for W, given by (74) if we average over the polarisations in the state
p = 0, and sum over that of the photon, we get in both the cases
_ 4dmeth? 1
Wy = me

We shall now have to sum over all light quanta and this summation can be
replaced by an integration. Hence for a spinless meson

4me2h? 1 dk ek P2
W= e i f T (e) - {75)
and for a meson with spin one
g oot 1 [dk Zmez 1 dk
T me " (20h)3) &k 3mec  (2ah)8 A/ k2 Fmze?
e P\?  Py/PZimic2 P4/ P2¥m2c2
=G lim 6(17;0) - W+1ogT] .. (76)

Thus (75) is in agreement with (58) and (76) with (59). Tt should be noticed
that for a meson at rest the interacting term H2 contributes only to that part
of the self-energy which is produced by the zero-point fluctuations of the
radiation field, while H1 is responsible for the part which depends on the spin.
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