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ABSTRAOT.

Several new solutions, which are static and isotropic, of Einstein’s field equations
are obtained. The inadequacy of the usual boundary conditions is brought to light.
Following Tolman’s treatment of the subject it is shown that certain expressions are
tacitly assumed to be continuous on the boundary. For the particular case of static
isotropic solutions of radial symmetry the new condition is the continuity of u’. The
examples given have possible astronomical interest and they bring out the efficacy of
the new condition.

INTRODUCTION.

Following some recent work by Tolman (1939) we have discussed in a
series of communications* the solutions of Einstein’s field equations for
spheres of fluid of the form,

ds? = —eMdr2 —r2(d@2+sin Bdg2)+-evdez .. .. (1)
A=A(r), v =v(r).

We have also gone into the question of boundary conditions and brought to
light & new necessary condition. In this paper we consider solutions of the
form,
ds? = —et (dr2+r2d02+1r2 sin? §d$2)+evdi? .. (2)
= p(r), v=» (7).

Obviously, (1) and (2) are transformable into each other. The physical
content of (2) cannot, therefore, be different from that of (1). The object
in choosing the other co-ordinate system is this. The form of the differential
equations in p and v suggests some new particular solutions which are not
quite obvious from the differential equations arising from (1). The results of
the next section will bear this out.

For the line-element (2) the non-zero components of the energy-momentum
tensor are

2 . ’ ’
811T}=—-81rp=—e""(%+”—;+ﬁ~7}.1>_/\’ . G

*Two letters are recently published in Current Science and a paper is in the press
with the Journal of the Bombay University.—V. V. N, (7-7-1943).
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2 8% = —8mg = —en® Y W Y
80 T5 = 8n T 8mq e (2 2+4+ "

’ 2)—m..(ﬂ

’2 ’

87 Ti =8np = —e¢ ¥ (p,”-'-%-l-z%)— A .. .. (5)
Here and in what follows a dash denotes a differentiation with regard to r
asin u'. For fluid spheres of stellar dimensions the cosmological constant A
can be safely neglected. For the pressure to be isotropic it is necessary
that p = q or

V'Z——IJ,I2 ., “I+vl

2 ke 7

u "+ = 0. .. .. (6)

Let us now consider the particular solutions arising out of the last equation.

NEw PARTICULAR SOLUTIONS.

The equation of isotropy (6) can be expressed as
” , , 1 ”n 12 14
2~z (,L+_T)+z(%—’%_%)= , (D

where z=e_2. .. .. .. .. (8)

In our search of particular solutions we may start with the simplifying

assumption,
Ay SRS
T
It leads to
® n
~3 13 =3
e = Ar +Aqr y e . .. (10.1)
v z x n ny ~1
3 s =gy 3 1*1)
e = BIT +B2’r Alr +A27' ’ .o (102)
]
where = (2n2—4) . .. . .. .. (1)

The pressure and density are given by

x
1+4< 1— 5
(Blr + Byr

4

-1
8mp — ) [(n—2)20 +(n+x)2B—2(3n2 +4)y], (10.3)

—

2 2
8mp = (1-%) A% 424, 4, (1+gn2>+A§(l—- %)r"”, 10-4)
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1+n+—i l—n—g
where w=AByr +A2Byr , .. ..(12.)
l—i—n—g 1—n4=
B=AByr + A3 By .. . (12.2)
x z
1+5 1-3
’}/=B17' +Bg7‘ . .. .. . ‘e (123)

The constants 4y, Ay, B;, By are to be determined (Tolman, 1934b) as usual
by using the conditions (i) p = 0 at » = a and that (ii) g, are continuous

at r = a. The external (Eddington, 1924) solution, valid for 7>>a is

m. 2
4 =5
m . 2r
ds? = —-(1+—2—r) dr2—r2 (d62 +sin2 0d¢2) +- m de2. .. (13)
143

Thus (i) and (ii) provide only three conditions. We are showing in the
next section that all the constants become known when we use the additional
condition that u’ is continuous at r = ¢. In all this a is taken as the radius
of the material distribution. We have considered the fourth condition in a
more detailed way elsewhere as it was never hinted at or used in such problems
before. The significance of the new condition is this: it ensures that the
total energy of the distribution (2) is the same as that of a particle of mass m
so far as the field at great distances is concerned. Using the conditions we get

—1=5 @=n)—(2+4n) 5

Ay = —a =, (14.1)
m 3
—145 (24— (2—n) o
Ay =ua —5— - .. .. (14.2)
) —
.dn(l-{—za)
4m me
e (D e ) e —
PRRRCR R Ch I PN
By = N a L .. (14.3)
2ar(l+*>
2a
4m 2
= 24— (2=2) [ 2
By = — — a 2 (14.4)
2 1 . .. .
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For p to be non-negative » must not exceed 2 and for x to be real n cannot
be less than \/2. Thus the above solution is possible only if

~ 2>n>42 .. .. . .. (1)
and for n = 1/2 we have
_# 1+i 1_i
L _ _
e Ty YVipay VI e
2 B+ B, log r
o = _11_+ 2 208 T (16.2)
A17J2+A27 2
1 1
1 1\2 —_ I
NN L2 E
8mp=A _;<r —br \“) —46—\/2327&_:;’2—71@7 ,  (16.3)
A L\
E
8mp = 4° [5 ™ L +6b], L 64
A,
where b==>= .. .. .. .. (m

There is no change in the forms of 4; and 4, but the values of B; and B,

now become
m m m\2?
l—= ——{1-=
2a a ( 2a>

By = om 3 , —loga, .. .. (18.1)
( +27») o +2‘>
72—(1—-@>2
a 7
a(l+%

It can easily be verified that n = x =2 corresponds to Schwarzschild’s

solution in the isotropic form. For n<<4/2 the forms of u and p are unchanged
But we have

v n n
e_2=<A172+A2r 2)72[Blcos (glogr)+Bgsin (;—;logr>] ..o (19.1)
and .
2 3 nx x 3
8rp = A 1" *Zn2—l+—é—tan<§ logr—-qS)} _2A1A2(1+41n2>

+A2r"‘ {2 n2—1-— %:ftan (glog r-qS)} Y .. (19.2)
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where @ = (4—2n2)8, . .. . .. (20)
and tan¢ = B2/B1‘ . .o .. . e (21)

Another solution, which is new and important and which brings out the
inadequacy of the usual boundary vonditions follows from the assumption

L _k
n = 7" s . .o .- . (22)
where kis a constant. From the assumption and the usual boundary conditions
one gets
m\% /r\Fk
K — - .. .. .. .. .. .
. =(1+2a) (a> , (23.1)
o1 )ﬂ 1 1—~n+~§ 2
3 2a r = ryan .
e? = 5 (&> [(c—}-d}—(c—-d) (&) ] .. (23.2)
1+
2a
where c= 9+3Ic+§ k2, .. .. ..o (24.1)
d=n{k+2), .. .. .. o (24.2)
1 3
n = 1+2k+§ P . o (243)
The density and pressure are given by the expressions
k,—k—2 2
Bmp = — <k+%), S .. .. (233)
m
(1+5)
k
a”(c2—d2) a2n —y2n
8mp = . .. (234
2a
It is worthy of notice that
p i2—72
‘ o+
, k4-2)r-k-38gk 4 .
877]7 = - ( +m) E l:y+ C+”~d] s .. (20)
= —y)2
(1+5) a-v
c—d [/r\2"
=—— -] . . .. .. 26
where Y P (a) (26)
p and p will be non-negative and » real provided
0> k> —244/2. .. .. <o (27

A solution thus obtained does not satisfy the additional eriterion, which is the
analogue of the Gauss theorem, that the field represented should be equivalent
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to that of a particle of mass m at infinity. This is true only if u’ is continuous
which means the additional restraint, viz.,

m_ 2k
P A R - .. .. (28)
In the case n = 0, the forms of » and p differ. We have
15
: T 9 /r\V32 log a~log »
fm (&) [1+—g2—\7§—g~], S 2e0)
142 :
2a
1a-2+v2,—2 log @ —
Srp =35 * = [ og a—log r _]. . (29.2)
(1+_) log a—log »+24/2
2a
This implies the particular relation,
m_4=2v/2 (30)
a  244/2

In case » is not real we put

ny =V —(1+2k+52/2). .. .. .. (31)

In this case also the forms of 4 and p are the same as before. Only v and p
become different.

ec = p sec ¢ <(;) cos [ny log (r/a)+¢], .. (32.1)

14—

2a

< ny(k+2)at r 2
Smp — ny(k+2) s {tan é—tan [n, log (r/a)+¢]} , .. (32.2)
()
2a
_ 243k+3k%/4
where tan fr’S = W)— . (33)
For p and p to be non-negative it is necessary that

—244V2>k>—2. . . .. (34)

It is worthy of notice that in all these cases p strictly diminishes from the,
centre to the surface without attaining a minimum.

We will now present the considerations that have lead us to regard u'
as continuous at r = a.

NEw ConTINnuITY CONDITIONS ON THE BOUNDARY, r = a.
If the material distribution represented by the internal solution
d82=g”,dx"dx” .. .. .. .. (35)
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is to behave like a particle of mass m at great distances it is required that the
total energy of the system be m. In the exposition of this point Tolman
(1934a) has tacitly assumed, among other things, the continuity of

O vl LR R LR
v 94, 39,9 \/—gAch
pu=1,2,3,4;y=1,2,3 e .. (36)
on the boundary of the distribution. Here
A7 =17 487 ¥ 487 rt N G
8= a0 Tpp 0 e, &7
Let us see what this condition really amounts to for several familiar systems.
Case (i):
Juw =0 tly . . o o .. (38)

This is the case of a weak gravitational field, 84 having the usual meaning
and the squares of &’s being neglected. Here the continuity to be discussed

is of
L L
2 ax4 axl-’- a'x')’

1 d
19, 55 (sl —hoa—hsg)

1 vy 0
—3iY, peh {hga—h11—hog—hgs]

_ l g4 80(0(877 (2 akay _ ah_ioc)
u ox* oxY

1 4 s a
+“ [k44—h11—h22—’133] . .. (39)

[N.B.—In the above y, u are real suffixes while a is a ‘dummy’ suffix so
far as the summation convention goes.]

From the above the twelve expressions corresponding to u = 1, 2, 3, 4 and
y = 1, 2, 3 can be easily obtained in concrete forms. If the cross terms hyy =0
(when p 7= v ) the following six expressions are required to be continuous on
the boundary of the distribution:

7} 0

(1) 571 (hog+hgs) ; (2) 374 (haa+h1y—hse—hss3) ;
0 0

(3) a 3 (h11+hss); (4) 573 (hag—hiit+hos—hgs) ;

]
®) 5‘:55 (hay+hoe); (6) 55 (has—hii—hsothgy). .. (40)
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Case (ii):
ds? = — A(dx!)2-- B(dx?)2—C(da®)2 + D{dxt)2. .. .. (4D)
The continuity of the following six expressions is demanded on the boundary:
A4 B4 D, oy Bi C1
(l) B+6Y+D’ ("‘) B+O,
A4 D ;

) G4~ P Lay D () G245,

By _Cy D4 . As | By
(5 )—+§ 0 ; 6) 4+ - (42)

In the notation adopted in the above expressions a suffix denotes a differentia-
tion with respect to the corresponding variable. Thus D, = dD/0z2.

Case (iii): For the line-element (1) which is a particular case of case (ii)
no new condition is implied if A and » are continuous. But for (2) the condi-
tion turns out to be that p' be continuous. Hence we understand how the
usual boundary conditions are enough in the former case while they fall
short of one in the latter. For (2) even ' is continuous. This has a deeper
significance which we intend to consider in another paper.
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