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1.

The scope of this paper is to generalise some results obtained by Szdsz (1938) and
others (1925) on the determination of the jump f(z+0)—f(x—0) of a function by its
Fourier coefficients. We use the notations and formule of a paper by L. S. Bosanquet
and J. M. Hyslop (1937).

Let f() be integrable L in (—71 ) and periodic with period 27. We write for t > 0

#(0) =5 {fz+)+a—n}
) =3 (Je+)—flo—1}

t
(1) = (IG)J (=" pwydu a0

 (t) =)
$, () = Ta+1)t="d (1

t
P, (1) = J | 6, (w) | du

0
t

¢, (6) = J¢(u
0

and employ ¥_(t), ¢, (t), ¥ (1), and ¢ (£), with similar meaning. Without loss of gener-
ality we may assume the Fourier series of f{f) to be

(a, cos nt+b, sin nf),
=1
and then the Fourier series of ¢(f) will be

€L

Z ¢, cos nt

1

where ¢, = a, cos nx+b, sin nz. The allied series is
o
z (b, cos nx—a, sin nx)

1

oD
Z %, sin
1

where &, = b, cos nx—a, sin nz.

k4
and the Fourier series of (f) is

VOL. X—No. 2, [Published 27th June, 1944.



206 S. MINAKSHISUNDARAM: A NOTE ON THE THEORY OF FOURIER SERIES.

We shall also write, for ¢ > ~1, w >0
n -4
O (w) = w*“A“(w) = z <1— ;—)) Cy

n<Lw

B (w) =Y (w—n)"ne,
n<<w
and define éa(w), A-a(w) and Ea(cu) in a similar way.
The following theorems were proved by Zygmund (1925) and Sz4sz (1938) respectively.

THEOREM A.—ng, converges (¢, 1 4-8) to 2 #(+0) whenever ¢(+40) exists.
”
‘ ¢
TuEoREM B.—If % f [f(u) | du = O(1) as t—>0 and % f Y(u)du—>d(x), as ¢—0, then
0 0

2
Gyn—0,— = log 2. d(x), as n— w0,
v

where &, is the sequence of the arithmetic means of the partial sums of the allied series.
This latter theorem has been generalised by H. C. Chow (1941) in the form of
TueoreEm C.—With the same hypotheses as in theorem B

. L 2

nllzl;!::O {a';n—a:} =- log 2. d(x)

for every o >0, where 6-: is the cesaro mean of order « of the allied series.
Generalising theorems A and C we may state

TurorEM D.—né, converges (¢, a+1+8) to §¢a(+0) provided the limit ¢ (+40)

exists, for every 8 >0 ar__ld o =0.
TaeorEM E.—If W, (t) = O(), as t—0, and y(+0) exists, then
. B __B 2 *
lim {5, —5%} = = log 2.y (+0)
n=w ™
where 8 = a+8, 3 >0 and arbitrary.
A converse of theorem D that suggests itself is,
TueoreM F.—If ne, converges (ca), «>>0 to §(z) then

lim y(t) = gsm for B> a.

In what follows we shall prove these theorems using Rieszian means together with
other results.
2.

We quote here a number of theorems as lemmas, some of which are classical while
the others are either proved or referred by Bosanguet and Hyslop (1937).

LeEMmA 1.—Let s(w) be a function defined in (0co) and finite in every finite interval.
Let the kernel k{, w) be such that

(i) im £ (¢, w) =0
t—>0
uniformly

(i) f | k(t, )| do< 0o
0

uniformly in ¢

®x
(iii) Jim J k(t, w)dw = k exists.
t=0
0
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Then

lim J k(t, w) s(w) dw = k. im s(w)
t=0 w=qp
whenever the limit on the right exists.

This is simply Toeplitz theorem and we can state an analogous lemma when
w—>0 and t—>w .

LevMMa 2.—
Cw) =00 " 1B _ (o) =aw! {C’a_l(w)—Ca(w)} for « > —1.

LemMa 3.—The series Z'c, is summable (Ca) to s, if and only if, lim Oy (w) = <, and the
W = o
sequence nc, converges (Ca) to y, if and only if

lim ou.u_“B (w) =1y.

w=o ow—1

We require the properties of some auxiliary functions which have heen ohtained
by Bosanquet and Hyslop.
We write

1
v, (@) +iy (%) = J A=0""1e™d%t  £>0,a>0

0
dh

yh(@) = =7 V(@)
where 4 is an integer, with a similar meaning for ;7: ().
LEMMa 4.—
P40 (8 =7, (2) = ¥/, (2).

Lemma 5.—If h is a positive integer and y = min («, A+2), A = min («, h+1), then

lva@) | < AQ+2)7*
7 ()| < AQ+2)
where 4 is a positive constant.l
Lemma 6.—If 0<h = [a] <a<B—1<Ah+1 and

(__1)7L+1wh+l o1

U
Ta+)I(h+1—a)

J(w, u) = J (t—u)”"“yZ” (wt)dt

where 5 >0, then for w >0, 0<<u<y
[J(w, )| < Adw®u*T 11 +wu)—8.

1 Here and elsewhere A denotes some positive number independent of the variables involved,
which may be different at different places.
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LevMA 7—If >0, h = [a]<a<f<h+1

(——l)hH th © a
P, t) = F(oc+1)F(h-f1—ot) (w—2)" -,7;'“ (ut)du

v
v

Q, t) = J 2%~ Pz, t) dx
0

and
R(v,t) = | % 2 Pz, t) dx
b az 2
0
then
R{v, t) = v*P(», t) —aQ(v, 1)
and

[ R, t)| < At*~W*(1 4ot) B,

3.
TrrorEM 1.—If for « >0 ¢, (40) exists then

. 2
e Y, (+0) (CB) for B> a1,
Proor.—By lemmas 2 and 3 we have to show that

lim wb_;g () = 7-2-1 Uy (+0).

W=

Now

= 2w w__
Oﬁ(w) = J y1+B(wt) P(t) dt
0

and by lemmas 2 and 4

— 587 Oglw) = J vilwthh(t)dt
0

7 ©
= [ +J = Ij{w)+1g{w) say.

o 7
If p = min (B, 3)

L ) (284 1)m —p
ifz(w)l<A§J +ZJ %M |(0) | di
1

7 (2s—1)m

< Aw“’{n“’+z (2s_—hr)"’);J [$(t) | dt

< Aw™?P,
so that
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v}
I{w) =J glaot) s (1) dt
0

g 1 vil,» !
= [Z (=)' W,(t)y,”,(wt)]

v=1 0

U]
k-2
+(—1)’*+lwh+1J v ()¥, (0)d
0
=11, 1(0)+11, 2 (o) say.
Now by lemma 5,
I, 1(w) =0(w"B) = o(}u) since 8 > h+1,
and

t

RV N Y N —
11'2(M)=(_1%%)_J 'yg+2(wt)dtj (t=" " () du
0

0

) 7

_(_1)h+lwk+l heo PF2 N dt

= Tl | TaWdu | =0ty (whd
0

U

y
- J L) ey du.
u

0
We have only to evaluate

w == W= u

. . T ()
lim wly,{w)= lim w J(w, u) du.
0
This limit is equal to

i
¥, (+0) . Iim«nJ’ ﬂ%_@ du
W= 0

provided ¢a {+0) exists and the kernel?—“: J (o, u) satisfies Toeplitz conditions. Now hy
lemma 6,
,% J(w, u) ' < Aw°‘+1u°‘(l +wu)_B
= o(l) a8 w - w since B > a+1,

@ ® oet+1,.0
!EJ(w,u)ldu<A .
e 0(1+wu)ﬁ

=4 x*dx <o
0(1+ac)f3
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since o >» 0 and 8 > a+1, and

n i n

Jw,w) , _ (=Dhtight? . h—o, B2

w J ” du = Tt T+ 1—a) u¥du | (t—u) 7g (wt) dt
0 0 u

2 K i
— F(L:_ 1);‘+(;L+h;_a) J 2 () dtf W (t—u)" % du
0

k-1 h-1-2 4 S
_ (=D et th+ly’+2(wt) dt
Th+2) g

wy
_ (=DrH! Bl ht2
=TTy | " s @%

«0 that

K P

. J{ew, %) (-1) A1 h+2

1 =l s d

f,,n;‘f.’o_[ A= gy | ¥ v @
0

0

To+1) s
= J 'y;g (x) dac
0
1
= yg(0)—yp(0) = ~ B
This shows that

. 1

wh;nm - 5‘3 wC, glw) = ~ B P (40)

or
lim wC w) - l/jd(+0)’
w = ®
which proves the theorem.

CororLrarY 1.—If 4 (4-0) exists for a >0 then for f>a

lim QEL _¢, (+0).

W= 100‘

Proof —If B>«, then by theorem 1

1 = 1 [ 1 [Ca
logw'cﬁ"‘](w):logwj 5+1(t)df ¢“(+O)'10ng’ T

and by lemma 2

1 _ 1 _ wﬁ};(w) 2
fog w (P = 1og o Cpnlt gy o =5

the(+0) +o(1).



S. MINAKSHISUNDARAM: A NOTE ON THE THEORY OF FOURIER SERIES.

TaeoreM 2.—If, for « >0, ¢, (4-0) exists, then for B>a

w = B’

where

lim £ =x>1.
w

@w == ®

Proof —If >a and o' >w

53+1(w')—5,3+1(w) = J 529+1(x)dx

’

w
2 dx
~ P (+0) J — by theorem 1,
w

~

Yol +0) . log <

SR I I

$io(+0) log A

But, since by lemma 2

Cglw) = Cg, 1(w) +E%i Cylw)

we have

Cple)—COpg(w) = O 1(0) = Cpy 1()
+ [w@;}(w')—waé (w)] E%

2
-+ log A . i, (40)

which proves the theorem.

TaxroreEM 3,—If, for ¢ > 0,

1

¢
7 J | Yo () | du = O(1)
0

as ¢ — 0 and if §, , ;(+40) exists then
. = 2
lim woﬁ(w) == Py 1 (+0)

w =
where 8 > a+1.
Proof —We first note the following

Lemma 8. —If
t

% J [ $o(w) | du = O(1) then wéé(m) = 0(1),
0

for B > a+1.
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From the argument in the proof of theorem 1, it is sufficient for us to consider the

integral
- "
()UJA l/’o( wuu)d —wJ +wj
0 0 l
= J+Js, say.
1
| J1 ] € dow Jw | o () | w*u®(1 +wu) ~Pdu
0
WL
< 4o j Yol | du= O1) a5 wrco.
0
7
FAPY [ ) | =
7
< Ao t178 j | hy() | u®Bdu
1
7 n
1
1
AP ) !
- ‘(1 _ _
= —%—a%ln— —wA‘/’m<;> +Aw°‘+1‘ BJ\I O(’LLoc ﬁ)du
1 0(1)
=0 (;_BT:Z—_I +0(
= 0(1) if B> a+1.
Hence

T T,
w j Pol) =2 Y qu = 0Q)
0

which proves the theorem.
We now proceed to the proof of theorem 3. By the first hypothesis and lemma 8,

ne, =0(1)  (c,a+1+8), 8>0.
By the second hypothesis and theorem 1

w2y 1(F0) (6 at248),  5>0



S. MINAKSHISUNDARAM: A NOTE ON THE THEORY OF FOURIER SERIES. 213

Hence by a classical Tauberian theorem

-2
o=~ 1(+0)  (cB)
for every B > a.+1.
TrEOREM 4.—If ¥, (1) = O(t) and ¢, (40) exists then

né, —>7—2T Po(4+0)  (cB) for every B > a+1.

This theorem follows from theorem 3 and the following

Levma 9.—If ¢, | 1(+0) exists then ¢ (+0) also exists and conversely and the two
limits are equal.

This lemma follows from the following two identities which are easily verified

¢ ol
1 1 o 1
F J P, (u) du —a—-H¢“+1(t)+a+l 3 J o 1(¥) du
0

]

¢ "
bas 1) = (1) g0 — “Z;‘jl” J W) d.

0
THEOREM 5.—If W, (t)=0(t) and gy (+0) exists then

0 = 12 —_ 2 =
lim [oﬂ(w )—Oﬁ(w)] =Zlog A 4y(+0)
where

I<i= lim £, and 8 > a.
w

w= 0

This theorem follows from theorem 4 even as theorem 2 follows from theorem 1,
It is clear that an analogue of cor. 1 holds good here also.

4.
We shall now prove a theorem which is a converse of theorem 1,
TaeoreM 6.—If #E,—>5(x) (¢, a) >0 then Yp(+0) exists for every 8 >a and
kg
bp(+0) = 3 8(2).

Proof.—That, if g(+0) exists, Pg(+0) =3~27 8(z) will follow from theorem 1 and

consistency theorem for cesaro summability of series. Therefore it is enough if we prove
the existence of g(+0) for 8 > «.

Now following the argument in the proof of theorem 3 of Bosanquet and Hyslop
(1937) we observe that for B > a > 0.

pglt) =1 J R(v, 1) 5’;(0) dv

0

== i J M .vﬁ;(v) dv.
v

(]



214 S. MINAKSHISUNDARAM: A NOTE ON THE THEORY OF FOURIER SERIES.

Since lim v 6’;(11) = §(x), the theorem is proved, if we show that the kernel gR(v, t)
v=20

fulfills Toeplitz conditions. By lemma 7

o,,00— 1
lfR(v,t)!<A v
v (1+vt)f
= o(1)
either as ¢t >0 orasv— © if « > 0and B > o and
« © tO( o—1
lfR(vt) dv < 4 LA
v (1+uvt)P
0 0
@ o —1
=d4| i
. (1+2)8

< ®
foa>0and B >a. Again we shall show that

t J B, 1) dv
v
1]

is independent of ¢, so that the limit of this function as £ -» 0 will exist. In fact by lemma, 7

2 h *
Pty = (S8 J (=)’ 5" (ut)du

T Da+)Ih+1—a) B

®©
I/
— (_1)}b+lﬁtkvh+l—l J‘ (w—l)h_l';_ll+l(vtz) dx

B
1
80 that
Cipey = A=V [T e
v* TP, §) = Fat )T h+t1=2) (£~1) Vg (vt x) d.
1
= J(vt)
where
—1yht1g,0 ” g ht1
J — ( 1) Bz _1 h—oL_ d .
W= rernrosi—a | CTD Fp BOE
AV
Qvt) = a >~ 1Pz, t) dx.
Yo
s H
=qa J(xt) dx.
Yo
T awt
=%‘ J(y) dy.




v
R(’;’ D o pgy, =2 j = 1P(a, 1) dx
0
v
=Jw)—2 | Jwd
= i y)dy
0
Hence
3} PO F4
tJ E(’;’—t)dv_—.j J(z)—gj Jy)dy b dz
0 0 0

?nusetting z = vt. The expression on the right is independent of ¢, and hence the theorem
ollows.

5.

The analogues of theorems 1 and 5 for absolute summability can be stated: viz.
(i) If $,(f) is of bounded variation in the neighbourhood of the origin for & > 0, then

m’:,,—>§z[;a(+0) I, B | for B>a+tl.

(ii) If ne, —>8(x) | ca | & = 0 then ¢B(t) is of bounded variation in the neighbour-
hood of the origin for 8 > «.
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