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ABSTRACT.

The anharmonic pulsations of a model consisting of a core of uniform density surrounded by an atmosphere
of uniform density are investigated. It is found that the relation between ‘skewness’ in the velocity-time
curve and amplitude of oscillation does not depend on the disposition of mass inside the model. The effect
on the period of varying the central concentration is studied. The product of the mean density and the
square of the period for vanishing amplitude is maximum when the mass is uniformly distributed throughout
the model and is zero when it is all concentrated at the centre. The difference between this point-mass model
and the usual Roche model is discussed. ’

Recently in his George Darwin Lecture on the Pulsation Theory of Cepheid variables
Prof. Rosseland (1943) has given a critical and illuminating review of the pulsation theory and
has developed the formal theory of anharmonic pulsations. The actual application of
the theory to Cepheids is extremely involved mathematically. However, in the case of the
homogeneous model, the treatment becomes very simple. This case has been treated by
Rosseland but his discussion is based on an equation of motion which suffers from a serious
limitation and on that account the physical significance of his results is somewhat marred. In
a recent paper (1944) it has been shown that in the important case of y (ratio of specific
heats) = 5/3 the anharmonic oscillations of the homogeneous model can be worked out exactly.
In this paper a two-phase model is discussed on the same lines.

The observed velocity-time curve of the Cepheid variables shows a wide departure from
sinusoidal form: The time interval (;) between the maximum velocity of approach and the
maximum velocity of recession is about five times the interval ({;) between the maximum
velocity of recession and the maximum velocity of approach. We may call the ratio (8) of ¢,
and t, the ‘skewness’ of velocity-time curve. For time #; the star has a radius larger than
R where R denotes the radius when the (surface) velocity is maximum, and for time £, the radius
is less than R. If the radius of the star oscillates between R(1+=z,;) and RB(l1—z,), ; and =z,
will be called the ‘outside’ and ‘inside’ amplitudes of oscillation respectively.! The mean of
7y and z, is defined as the semi-amplitude K. The light-curve is almost in phase with the
velocity-curve, the light-maximum corresponding to maximum velocity of approach and light-
minimum to maximum velocity of recession—the Cepheid giving the maximum and minimum
light when its radius is B, The observed value of & is about 5, the observed semi-amplitude K
is somewhat less than 0-1, and further the theoretical value of the period corresponding to
vanishing amplitude calculated on ‘standard model’ (Eddington, 1926) and y = 5/3 is about
half the observed value. Ifp,, denotes the mean density, then, as is well known, the fundamental
result of the pulsation theory restricted to small amplitudes (harmonic pulsation) is

1 A bar on a symbol refers to undisturbed (non-pulsating) state.
The amplitude as defined in this paper is dimensionless, being the ratio of the displacement at the surface
to the radius,
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where P, is the period of the fundamental model, and E a constant depending on y and the
model chosen. The values! of E for different models are:—

‘Homogeneous model’ .o B =0137«
‘Roche model’ 2 .. E =008«
‘Standard model’ .. E = 0039,

where o = (3y—4)-%, and fory = 5/3, « = 1. The observed value of E is about 0-1.

The chief interest of the theory of anharmonic pulsation lies in the fact that it connects
the ‘skewness’ in the velocity-time curve, the semi-amplitude of pulsation and the increment
in the period over the value corresponding to vanishing amplitude. For the homogeneous
model Rosseland finds that to account for the observed value of the skewness & the semi-
amplitude K has to be abnormally large, more than three times the observed value. And this
discrepancy is considerably accentuated when instead of the approximate equation of Rosseland
we use the exact one. In the present paper we shall consider the anharmonic pulsations for the
fundamental model for, what may be called, a homogeneous two-phase model.” Tt consists of a
core of uniform density surrounded by an envelope of uniform density. The object of the
paper is twofold: (1) it serves to illustrate what seems to be a general result (Sterne, 1937)
that for an assigned ratio of specific heats and given mean density the period is largest for
the homogeneous model and decreases as the central concentration increases; and (2) by com-
paring the anharmonic pulsations for the one-phase and the two-phase homogeneous models,
to gain insight as to how far the results of the theory of anharmonic pulsations for the homo-
geneous model are applicable to actual cepheids.

1. We now proceed to investigate the adiabatic pulsations of the homogeneous two-phase
model consisting of a core of uniform density p; surrounded by an envelope of uniform density
p2. In the following where necessary we shall use the suffixes 1, 7 and 2 to refer any quantity
to the core, interface and envelope respectively. Let 7, p, 7 and § denote the pressure,
density, temperature and gravity at a distance 7 from the centre in the undisturbed (statical)
state and let p, p, T’ and g denote the quantities at time ¢ for the element (in the Lagrangian
sense) which in the undisturbed state was originally at a distance # and due to pulsation is at a
distance 7. At the interface the density is discontinuous but pressure must be continuous.?
We obtain after a simple calculation that

4nGp R—F py = .
Py = — Pz[rf(pl—r)z) _’+’12%(R2-r2)] .. .. )

and the pressure p; at the interface is

R—%, P2/p2 =2
E?.ﬁ +2—(R —fl)] »

where R is the radius of the star in the undisturbed state referred to later as the equilibrium
radius, We write for the displacement at any point in the fundamental mode of oscillation,

=fn1q, ?_<?_.- e } - - L@
= "."’119+("'—"i)7)2% r>f,
where ¢ depends only on time and 5, and 7, are constants.
The equation of continuity of mass is
4nF2p df = dar2pdr .. . . .. o (3)

_ 4rGps | .3, _
D= ‘3—P2 [Tf (p1—P2)

r

—7
r—7

1 The period is in days and the density in gm./cmn.?
2 In Roche model the star is assumed to be a central point-mass surrounded by & massless atmosphere.
3 The temperature is also discontinuous, but this is not objectionable as we are interested only in the

period of pulsation.
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=(Y O )
1

=P, ——
Y (L4gn,)%

Using the adiabatic relation

)k
o)

we have from (2) and (3)
Py
. 1
P =Py F. |2
[1 Fnq+q(n,—1,) ;] (147,91

The condition that during pulsation the pressure on the two sides of the interface must remain
equal gives

(3)

N, =Ny =0 .. .o . .. - (6)
Substituting this we have the expressions holding throughout the model
r—§ = ¥nq .. .. . .. .. (M
and
P
p=— .. .. .. . (8
(L+gm)>

We introduce two dimensionless quantities u and » which remain constant during pulsation.
They are-defined by !

7. ¥,
=00 9
F=R=5% 9)
and
u—_-fl=_—1 - . .. .. N [6)]
2 Po .
If p,, represents the mean density we have
B —1)u3
Pr_ P _1+(=Dp? (11)

Py Py v

We shall now determine the kinetic energy W, (i), the gravitational potential energy Wy(¢)
and the thermal energy W;(¢) at any time ¢ during the pulsation. We have

7'1 R
W1(t) =% f 4772p, dF r%ﬂqu% f . 4772P, dF 729242
0 s
31+(p—1)us
or mm=mﬁ%j%mea{... . .. .. . - .. (12)
and
nTi4 R4 3
Wot) = —G J 3 mopy - dmrlpy dr J 3#{’5 pl+<r3—rf) p2}4m2p2 dr:l
2.5 — —p2)3 b 20y
or  Wat) = — 3 2T =D U —ppd2(1—p) M 13)

10 T+ o= Eltn)
The thermal energy Wjy(¢) is given by

7 ’ R
WWhﬁ‘aﬂm%w+fCJ%Mﬂm
r.

0 D

1 4 can vary from 0 to 1, and (as the envelope-density is assumed not to exceed the core-density) v can
vary from 1 to co.
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where C, is the constant volume specific heat per unit mass. Using the adiabatic relation

T_ (P)V'l

T p

_ W

(L+7g)*7 >

where W, is the thermal energy in the undisturbed state. W is given by

it reduces to Wi(t) = (14)

R Fo_
Wy = J' O, T 4n#2By di 4 f O, Tdn?2p, 07,
0 7.

and using the perfect gas equation
p = Culy—1)pT

we have Wy = —— I:J. PFedi+ f P2 dr]

Substituting for 7; and 7, from (1) we finally obtain
W = 1 22054+ 5(v—1)(1 —p2)ud+2(1 — ub) M2G
*T 101 L+ —1)pd R
Adding (12), (13) and (14) we have for the total energy W which does not vary with time

3 1+(=1)pb =, ,.
10 THp—1)s L&
3 2254 5(v—1 )(1—#2),;3+2(1_”5)Jﬁ;{ 11 1
10 [I+(r—1)u3® R 1+7¢ 3(7—1)(1+nq)37"'3}

It is corlvenient to introduce a new variable x(t), where Rz represents the displacement at the
surface of the star at time t. We have from (7)

(15)

W=

(16)

rT=ng. .. . .. . . o1
Introducing this variable we have
3 l_j'_(l’.ﬂ 2,52
V=1 T¥o—1)u MR
_32112[1.5-*-5(]/—1)(1—[.Lz)[.l.3+2(1-—,LL5) M2G) I 1
10 [14(v—1)us]? R 142 3(y—1)1+42z)3-3)
3 14 (v—=1)us o 2)202  2A%2 1
or W =16 ito—n),s M2 I: Ty (1+x)3y-3] e 19

2,5 - —p2) 3 —
where A2=2VP'+5(V D =) +2(1 #5);02__:]@:‘_11@5” .. .. (19)

2+ (— L)1+ (v — ) pF] 3
Fory=gwe rewrite (18) as
i2 = o?A2| _4 %_1] e e
£ I: +f & | . (20)
§=1+4z
W
d ==
an A W7o

= 3 202u54-5(p —1) (1 — p2)pu34-2(1 —ud) M2G
W=
where 20 [l+(V—-1),LL3]Z 1—2 3
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W represents the total energy of the statical configuration of radius B. The parameter A4
determines the amplitude of oscillation. It z; = (¢, —1) and %, = (1—¢,) denote the ‘outside’

and the ‘inside’ amplitudes of oscillation, then putting £ = 0 in (20) we have

£1=;}|:1+(1—A)*],§2=%[1—(1—A)*],x2=1f;x1 @

and solving for 4 in terms of z; or z,

1 +2CE1 1—2x,
A= = = - .. . oo(22
T2 = U=y )
The period of oscillation P, and ¢; and £, (the parts of the period for which the radius of the

star is greater and less than R respectively) are immediately obtained from (20). We have

P=2 f1f(f)df h=2 flf(f)df w=2( fod, fo=—00°F
—AO‘ f ’ I—Acr s 2~A0’ f ) _(—A§2+2E—l)p

and after integrating we get
(I4z)% P (1—=p)3

0 3 —+0 8
(1+422y)2 (1—225)"

t = Pool+2)) | (14x:)% (7

T 1422, (1422,)% (2

_P ,:xz(l—xz) (1—25)°

kia
5 4 5+sin~!
T 1-2x, * (1-2z,)3 {2

_Po[—ol+ta) | A+2)® (7 . | 2
t2 - T [ l+2x1 +(l +2x1)% {2 s ].+x1

PO —-xg(l ——xz) (].-—.'172)3 K s oq Zo
= — = —SInT 4 ——— s
7T 1—2372 +(1_2z2)% 2 1-—1}2

~+-sin—1

(23)

e} ]
]

1—=z,

2m
Ao

It is to be noted that in the limit of vanishing amplitude #; = %, —+ 0, t; = t; and P — P,.
As the ‘outside’ amplitude x, increases the ‘inside’ amplitude also increases and attains the

where Py = — and z; and =z, are related according to (21).

limiting value % when z; approaches infinity. With increasing =z, t, increases continuously and

. 2
tends to infinity while t, decreases continuously from the value Pyf2 when 2y = 0 to %’ when & = 0.

. . . t . . ,
Because of increasing t; and decreasing ty, the skewness 8 (= t~1> rapidly increases with
2

Increasing Ty. -

It is to be observed that the skewness 8 is independent of A and depends only on z,. It
means that for any assigned z; (and because of the relation between x; and z,, fixing z, is
equivalent to fixing x, and the semi-amplitude K) the value of § is independent of the ratio of
the core and envelope densities and also of the ratio of the interfacial radius to the radius of

the star. The ratio 2 may vary from unity (this corresponds to one-phase homogeneous

maodel) to infinity (this gorresponds to a point-mass at the centre surrounded by massless atmos-
phere) but the skewness & remains unaffected provided the amplitude of oscillation remains
fixed. It, therefore, appears unlikely as already remarked by Rosseland (1943) that the
relationship between skewness and amplitude of oscillation obtained from the homogeneous
model, and which is in disagreement with observation, will be sensibly modified by altering the
" model—the skewness-amplitude relationship appears to be a property independent of the model
chosen. We conclude, therefore, that to obtain agreement between the velocity curve and the
2
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observed amplitude it is necessary to make some fundamental physical modification in the
theory of the one-phase homogeneous model: the agreement cannot be secured by merely

extending that theory to more complicated models. It may be noted that 1§ also is independent
0
of A and depends only on the amplitude.

2. We now revert to the case of acoustic pulsations (x; = x,—0) and consider how the
period is affected by varying the disposition of mass inside the model. Equation (18) on
differentiation gives the equation of motion retaining terms only in the first power of =

i = ——/\zaf z,
where ) is defined by (19) and ¢ = %g (3y—4).
Hence we have for the period Py of pulsation

-
or Py\/?,=E,

where

E:l{( 3#)61}*:{ 6 {l+=1) 3} {14—1) x5} )}é'

A (3By—4 (3y—4)G 2025+ 5(v —1)(1 — p2) 8 4+-2(1 — b

Consider first the two extreme cases, viz. (1) uniform distribution of mass, and (2) mass,
all concentrated at the centre. In the former case which represents the one-phase homogeneous
model, v =1 and g =1 or 0, we have

3=
A—l&ndE——{m} .
In the second case the mass M is all concentrated at the centre (the envelope being massless).
We have

v—>00, p—>0 and vp3— fm _, o,
Py
and hence
A—o0 and E—0.

It is interesting to observe that F is maximum when the mass is uniformly distributed
throughout the configuration and it decreases as the central concentration increases. This is
clearly shown in figures 1 and 2 which exhibit the relation between £, p and C. The parameter
C denotes the ratio of core-density to mean density and is connected with x and v according
to (11). In figure 1 the ordinates represent

{(3y—4>G}*

R o el and

37

and abscissae p, the curves being for constant values of C (the relevant value of ' is marked
on each curve). For a given value of C as u increases (i.e. the relative size of the core increases)
the core contains more and more of the mass till finally with increasing p a stage is reached
when the core contains the entire mass and the envelope becomes massle?,s, that is, v—c0.
The limiting value of g is from (11)

) p= C —*,

and for such configurations which are represented in the figure by the dotted curve & is given by

3 3
p=flr ot
G (3y—4)
Figure 2 represents £ against O for constant values of 4. For a given yx as C increases more and
more of the mass from the envelope is transferred into the core. The dotted curve in the figure
which represents
2B
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f 38x nt
F=\e@—9 5}

shows the relation between E and C for configurations with massless envelopes. For such
configurations the value of E rapidly decreases with decreasing size of the core and in the limit
of vanishing core-radius £ = 0.

N
10

08

0001=2

04—

Fia. 1. The curves are for constant values of €' and show the effect on & of increasing the size of the core
keeping constant the ratio of the core-density to mean density.

I'Oﬂ‘
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Fia. 2. The curves are for constant values of y and show the effect on E of varying the ratio of the core-
density to mean density when the ratio of the core-radius to the total radius is kept fixed.

3. At this stage it may be remarked that the limiting configuration consisting of a central
point mass surrounded by a massless atmosphere can be realised in two ways. In the two-phase
model we have considered the core and the envelope are both compressible. This should be
distinguished from a two-phase model in which the core is considered fo be incompressible (core-
radius not varying with pulsation) and the envelope alone compressible. In the latter model
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the gravitational and the thermal energies of the core will not vary with time during pulsation
and are, therefore, irrelevant in deriving the equation of motion for pulsation.

The limiting case of the incompressible-core model when the entire mass is concentrated
within a core of vanishing radius is the usual Rocke model. The equation of motion for it is
easily derived. The kinetic energy W), the gravitational potential energy W, and the thermal
energy Wy are given by

_3 R212
WI—IOMgRZ' s

35 MG
Wo=—2-| :M1+M :| =
2 5[2 1+M, R+2)

and

. MG 1
W3‘5(y—1)[2M‘+M2] R (14z)m-3’

where M, is the mass at the centre and M, is the mass in the envelope which ultimately tends
to zero. Adding we have for the total energy W
w3 g [e 26M MG 1 20+ MG 1 ] ,
10 R E® I+x " 3(y—~1)R® (14x)%-3

which for y = g reduces to

3 e[ .o 26M i+ MG 1 (Q'M1+M2)Gj|
W = — _R2 2. 2 — "= M
10 M Lx R3 I+2 " R31+4x)2
After putting 14z = ¢, we rewrite it as
2 2 2 1
= oi| —a+i-5]

sMG .. [5.
This equation is of the same form as (20) withA = 1 and oy, = J 3 78 which is J 3 times o as

defined in (19). . . .
The relation between skewness and amplitude in this case (Roche model) is identical with
that for the model already discussed. The period-density relation in the limit of acoustic

pulsation is
Por/? =B = [i_]*
n 7 T | 5G(3y—4)

whereas for the ‘compressible point-mass model’ discussed before E = 0. )
I wish to express my best thanks to Dr. D. 8. Kothari for his interest and help during the
preparation of this paper.
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