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As is well known, an approximate determination of the fundamental period of a vibrating
system can be achieved by what is usually called Rayleigh’s Principle, which states that ‘in
the fundamental mode of vibration the distribution of kinetic energy and gravitational
potential energy is such as to make the frequency a minimum ’.1 The success of Rayleigh’s
Principle depends upon the choice of a suitable {unction representing how the amplitude
of vibration is distributed throughout the system. The period determined is always less than
the actual period, the difference depending on the choice of the amplitude function.
Rayleigh’s Principle provides a simple method for approximate determination of the funda-
mental period as in most applications even the simplest choice of the amplitude function
satisfying the boundary conditions gives a period fairly close to the actual period. The
purpose of this note is to apply the method to a star undergoing pulsations. The discussion
also shows that the period for a given ratio of specific heats and mean density is the largest for
a homogeneous star.

1. Letr, p, p, T and ¢ denote radius vector, pressure, density, temperature and gravity
of an element in the Lagrangian sense and a, pg, pg, T and go denote these quantities at a
given initial time . In the sequel we shall identify #{, with the instant when the pulsating
velocity is maximum, it being directed outward. Let us suppose that the displacement at a
point a is given by

r—qa = afq, .. . . .. )
a
R
mode £ has no zero in the range 0 to R, where R is the radius of the star in the undisturbed state.

where ¢ is a function of — only, and g of time ¢ only and as we are considering the fundamental

1 Temple, G. and Bickley, W. G.— Rayleigh’s Principle.” Oxford University Press (1933).
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The kinetic energy W;(¢) of the radial oscillation is given by
M

QZJ £2a2dM, .. .. .. .. (©®
0
where dot denotes the differentiation with respect to time and M and dM, are the mass of the

star and the mass of a shell of radius @ and thickness da, the equation of continuity of mass
being

W1=

DO

dM, =dM,. .. . .. .. .. (3)
The potential energy Wq(t) of gravitation is given by
M
M(a)dM
Wy= —G| —/——2. .. . . .. 4
: J e+ @

Further the thermal energy Ws(t) is given by

M
Wy = J' c,TdM,,
0

where C, is the constant volume specific heat per unit mass. Substituting the perfect gas
equation

) ) p=Cy(y-1) pT
and the adiabatic relation

2 _(2Y_ “Z_d“)y
o \Po/ \72dr
1

- [{1+§q}2{1+(§+%§')q}] ’

where y is the ratio of specific heats and dash denotes differentiation with respect to the

. . . a
dimensionless variable B Hence we have

M
1 aM,
Wy — | 2o i e (B
r—1 Po 2y—2 a,\ T
o [1+&4] I+ §+R§ q
Hence the total energy W is given by

M
¢ M§2a2 iM,—G "M i, LLCHRSE 2 L
° a(l+ég) "y—1 | po 92 a,,
0 0 0 [1+£q1 [1+(£+1—2§ q]

M M M
-1 | §2a2dM,,+l;—/~i—i [ | M]
0 0 0
M M
_.ql: J Z{Q<3§+g£')dM,,—GJ‘ §M]
0Po E a

0

u 2 M M(@)dM,
+qﬂ[ Lg{g (3y—2)§2+(3y—2)%§§'+§%2§'2}dM,—GJ g——1 .. 6

0

W=

b —

y—1

retaining terms only up to ¢2.
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The coefficient of ¢ is zero as will be seen below. Integrating the equation of hydro-
static equilibrium

d a
3}:70 = —gopo = —G (az)Po
we get
‘ M(a
PO——GJ a(z)POda= —Gx(a):
R
where
‘u
X(a) = j a(ga) poda
R
and
) M(a)
x(a‘) ag Po -
Now
M R
J 2o (3¢ +z¢)dd, = —4ij X(a) d(a%)
Po
0 0
R

M
= 4-rrGJ a3¢ X'(a) da = G[ fwj'

0 0

As W remains constant during pulsation, we have from (6) the equation of motion
retaining terms up to ¢ only

§ = —n2q, . . . .. .. (7)
where ! !
M M
M(a)dM
“3{3( y—2) 8 42(3y—2) §§+y§§§'2}dM —%‘f g 12T
nt=_0 0
M
fgmzma
Y M@dM r
—4)G @aM, | ¥ | Poyepn
(3y—4) J L mJ Poge™ i,
0 0
= — . S €
fgzasz,,
0

2. In the absence of knowledge of the function ¢ which represents how the amplitude
depends on a, we can determine the period approximately by choosing ¢ arbitrarily, the
acouracy of approximation will depend upon how far the arbitrarily chosen representation
corresponds to the actual amplitude distribution. We shall make for £ the simplest assumption
of £ == constant, this assumption satisfying the condition that at centre the displacement is zero.

Py=— =t N/Wo . . .. 9
4

=3,
4

Hence we have

where
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M
I= f adM,
0

M
and W0=Gf M(a)dH,
0 a

I represents the central moment of the equilibrium configuration and — W, denotes the
gravitational potential energy for it. Any displacement of mass towards the centre decreases /
and increases Wy and hence the period P; is the longest for the homogeneous model
the period Pj is, of course, to be distinguished from the actual period P which will be some-
what greater than the estimated period P;.

3. We shall now calculateP; for the following models: (i) density constant (homo-
geneous model), (ii) density varies inversely as the square of the distance from the centre,
(iii) polytrope of index = = 3, and (iv) polytrope of index n = .

In cases (i) and (ii) the integrals / and W, are immediately evaluated whereas for the
other cases they are numerically evaluated using the tables for polytropic solutions. The
results are tabulated below :

Model Period P;
N6 » R? \%
(i) ‘p = Constant’ model | 2= ( G M)
oy 1’ R3 $
(ii) ‘poc e model 2m ( 3y GOl )
e B \}
(111) n = 3’ mode} 27 (m)
, R? 3
ty — 3
(iv) ‘n = 2’ model 211( 2-8yaGM)
We observe that in every case
P; o (ya)~t.

The cases (i) and (ii) have been treated by Sterne (1937) following the usual method of
constructing and solving the differential equation for ¢. His treatment, therefore, evaluates
the period exactly and also the periods for the higher modes of vibration. For the model
(1) the value obtained here coincides with that of Sterne, for in this case £ = constant represents
the actual amplitude distribution throughout the star. For the model (ii) Sterne’s value is

{ 6o 4
2a—1+(1+8a)*}

times the value obtained here. For different values of « we have

« 01 0-2 04 0.6
Pifp, | o095 | 092 | 088 | 086
Py . . < 1, .o .
The table shows that = is nearly equal to unity and thus Rayleigh’s Principle provides a

P
simple method for obtaining the period with fair accuracy. We can obtain a better approxi-

!
mation by taking £ = (ﬁ) , where I for the moment is arbitrary. We find, using

R
=128 (1-2)
Po=3R PO\ "R’
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(1} 0
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J}_ﬂgazga iy, = MPGRE

L P RI+1)@2I+3)
and hence
%
l2
+__
| MGy« o
n = T3 1+2l+1 R .. .. .. .. (10)

which is minimum for

giving

2 pd
N b
a value which coincides with the actual period for this model.!

Eddington’s (1926) well-known results for the case n = 3 are compared with the estimated
results in the following table :

P1=27T{

01 0-2 0-4 0-6

1-00 0-98 0-94 091

Pifp

For the model n = 3 using the mass-radius relation

2’
R )(M )* 5 ~1-397
— W37} e =10
(Re o)

©
M 3

and taking u, = 2, we have
Pl = 8‘5 (12)

where © is the solar mass.
I am thankful to Dr. D. S. Kothari for his interest in this work.

SuMMARY.

Rayleigh’s Principle is applied to determine fundamental period of pulsation for s hormogeneous model,
for & model in which density varies inversely as the square of the distance from the centre and for poly-
tropic models of index 3 and §.
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1
1 The choice ¢ = (1—%) when applied for the homogeneous model gives

= {5 (i)}

which is minimum for { = 0 and hence £ = constant.



