ACOUSTICS OF THE HARMONIUM,
By R. N. Gross, D.8c., F.N.I., Allahabad University.
(Received September 5, 1944.)

Introduction.—Though the harmonjum is one of the most commonly used musical instru-
ments, no adequate theory of its acoustics is available. The late Mr. Das (1932) worked out a
general theory which, however, involves constants which are not easily evaluated in terms of
known observable quantities. Following a remark by Barton* that ‘when in motion the reed
oscillates so as alternately to open and close the hole and the mode of production of sound
resembles that in the siren’, the present author has developed a simple theory which enables us to
evaluate the amplitude of the fundamental and the harmonics in terms of known constants. The
present paper gives a preliminary account of the work,

Mathematical theory.—As is well known, the harmonium consists of the wind chest and
bellows, which are connected through a valve, and by working the bellows air is forced into the
wind chest so that the pressure in the wind chest is maintained a few centimetres of water
above the normal. The wind chest is a rectangular wooden box also capable of vibration.
At the upper surface of wind chest is placed the reed board consisting of a set of reeds extending
over three or four octaves which are manipulated by a corresponding set of keys. The reed is
seated on a rectangular slot so that it can vibrate in and out of the slot. The reed is rigidly
fixed at one end and at the rest position there is hardly any chink round the periphery of the
reed. When the key is pressed, the reed is released for vibration ; and the chink width fluctuates
accordingly and sound is produced. It is obvious that under these circumstances air can issue
out from the wind chest in puffs, practically in the same manner as in the siren. These puffs
of air come out periodically when the reed moves outwards and the chink widens, and cause
periodic changes of pressure in the region near the reed in the outside atmosphere. Roughly,
we can regard the sound waves that are generated by the puffs to have started from the reed as
a point source, and the waves have spherical forms.

It is apparent that the puffs of air will cause changes of pressure in the wind chest also;
this has been confirmed experimentally. The efflux of air through the chink will, therefore, be
under a fluctuating pressure. If we assume an average pressure P within the wind chest, then
as the air issues out of the chink the pressure in the neighbourhood of the chink inside the wind
chest falls to

P—p,
while the pressure in the outside medium rises to p;, hence the efflux of air takes place under
a difference of pressure

P—2p,
and the velocity of efflux ¢ is given by

= 22 ()
R

where p the density of air does not vary appreciably.
go = 39X 103 cm/sec.

The effective area of the chink will evidently be proportional to the displacement & where
the displacement is upwards positive. Thus we write for the effective opening in terms of ¢
b¢

and this will be zero when £=0.
The efflux of air during the outward motion of the reed will, therefore, be given by
Q= gbt .. . . . .. (@2

whereas when the reed is moving inward the flow vanishes. Thus the efflux of air is one-sided.
In this respect also there is similarity with the flow of air through the siren holes. In the space
where a hole is entirely covered by the upper disc, the flow of air from the wind chamber of the
siren ceases,

* Text-book, p. 437.
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If we consider the air in the neighbourhood of the reed to behave like an incompressible
fluid as it would do since the wave length of the sound waves is large, the eflux of air at a
distance & hemispherical surface 27.R2 will be equal to that issuing out of the chink; hence

27T.R2ul = qbf
where u represents the particle velocity in the outside medium. Similarly if usy represents
the particle velocity in the wind chest at the same distance, we must have
—2nR%uy = gb¢.

Therefore,

2nR2uy = —27R%u, = gbé. .. .. e . (3)
Let p; and p; represent the pressure variations due to sound waves generated in the outside
and inside the wind chest,
then 1 =frlct—R)/R
and . .. .. .. o4

Pz = —fi(ct—R)/R
We have also the equation for pressure

where ¢ is given by (2). Hence

[ei=R) | filei—R) _ p dQ

R Rz T 2xR2 di
. dpy dp; cp dQ
Le, dt { 1+Cp1/R dt } = -2712—2-% . . . . (6)
writing pq/r for % in the term inside the bracket, where p, represents the pressure reached
in time 7 which is small in comparison with the period of vibration of the reed,

dpy erYy _ ep dQ
we get dt{l"'ﬁ T~ 1T

In the case under consideration the second term within bracket is small, the pressure rising
impulsively in a small fraction of a period; and we find at once

Z
p1=§;0R‘2Q, 2y = Cp. o .o ve . (8)

Thus we obtain that the pressure variation in the outside medium is proportional to the flow of
air through the chink width. Hence at the source of sound near the reed vibrator the pressure
variations of the outgoing disturbances will depend upon the reed vibration: this holds good
s0 long as the chink is open and air is flowing through it. When the reed comes back to the
normal position after performing half a vibration, the chink is closed, let us assume, then the
flow ceases and p, becomes zero. This state continues so long as the chink remains closed till
at the end of one complete vibration the reed comes back to its normal position and fresh cycle
begins. The pressure in the outside medium remains normal at the source over the latter
half of the complete cycle. There may be other cases where the closing interval may be shorter
than half a vibration. In that case there is a finite chink even at the normal position of the
reed, Thus we have at the source discontinuous changes of pressure during one complete
cycle. 'We have here a series of damped impulsive waves with intervals of lull, similar to the
rectified waves in a thermionic valve.

Amplitudes of Harmonics.—The flow is represented by
@ = ¢b¢
and ¢ is given by (1), hence with the help of (8), the pressure p, is giveg by

¥
p1=oc( —%)f
¥
or m=at(1455) - 48,

where o = 2bgo/27R2, o = \/2P]p.
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Let us consider a case in which the reed remains at rest while the chink is completely closed.
The chink opens as soon as the reed moves outward, and remains as such till it comes back to
the mean pogition after completing half a vibration. At the extreme outward position the
opening has the maximnm width. Let us measure time from this instant, then the chink begins
to open at i = —T/4 and it closes at ¢ = T/4. TUnder these circumstances we shall show
later that

E=¢e7 " cosgt

where ¢, = P[4/3. If we neglect the damping coefficient, then

1 1
*pr=a 112 cos gt— —= — =
The pressure responsible for the production of sound waves in the outside medium can,
therefore, be represented in a graphical form over the interval —T/4 to T/4 during which
interval, viz. 7'/2, the pressure is given by (9) while over the rest of the interval the pressure
is zero. These events repeat every cycle. If we denote the pressure over a complete cycle by
a function f(t), then the function can be expanded in a series by Fourier’s Theorem (Milne, 1920).

f@) = € a[do+4, cos g+ Ay cos 2gt+4 Ar cos rgt+ . .]. . .. (10)

Assuming f(t) to be given by (9) over the interval —7'/4 to T/4 and that it is zero over
the rest of the period we get

cos 2gt+51é cos 3gt+ ; . 9)

i in (r— . sl sin (r—2)g¢
4,=1 [1.12 i DL g S \1/ - sin rg1— ;é Tt 2;‘3 (r_"; )]
where gt = g .

Hence
fit) = £nt ['67+4101 cos gt+31 cos 2gt—'14 cos 3gt—"15 cos 4gt
i +°027 cos 5gt+°064 cos 6gt—"01 cos Tgt]. .o (1D

It will be noticed that all the harmonics are present, but the odd ones except the fundamental
tone of frequency g/2n are weak in comparison to the even harmonics. With increasing values
of 7, the amplitude becomes very small. In contrast to the above case let us consider another
where the mean position of the reed is displaced in the outward direction through the angle
/4. As before if we measure time from the instant when the displacement of the reed has
maximum value in the outward direction, then the chink begins to open at time ¢t = —37/8,
and it remains open up to time ¢ = 378, that is, the chink is open over an interval 37/4 and
it is closed over the rest of the period, viz. over 7'/4 as shown in Fig. 1. The {raction of a
period during which the chink remains open, and also the width of the opening both have
larger values than the former case. Our object is to find the effect of this on the harmonies.

C
-3T 3T 57T
8 ) 8
—37, 3T . .
Fie. 1. Flow takes place from 8 to T while over the interval BC the flow ceases.

In this case £ will be given by

¢= f,,f(—\}—é+ cos gt)

* Vide Appendix.
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when the effect of damping is neglected, and f is a fraction f = 4/2/(14+4/2). Hence p; will
be given by

R o2 PP
P = é,,,ocf; V3 <f2+ §> + <f2+-274—>cos gt—cos 2gt <2\/5 — 4\/§> +5; €08 3gt} .. (12)
ie. p1 = Epof {40459 cos gt —"11 cos 2g¢+014 cos 3¢t } .. .. (13)

over the interval —37'/8 to 37'/8, and it is zero over the rest of the period, viz. over 7'/4.
As before if we represent the pressure over the complete cycle by a function f(f)é,« then

1
f) = - [814--91 cos gt—"064 cos 2gt—'098 cos 3gt-+049 cos 4gt— 019 cos bgt+-0023 cos 6gf

4017 cos Tgt+1. .. .. .. .. ..o (14)

It will be noticed that the even harmonics are weak. In fact beyond the fundamental the
amplitudes of all the harmonics are very small.

Thus we find that in the case when there is a remnant chink at the rest position of the
reed the harmonics are weak and the amplitude of the fundamental tone is less than the same
for the case when the chink opens for a half period. In the latter case the harmonics have
their fullest strength, and the tone isrich. If the reed is bent upwards slightly the sound becomes
nasal on account of predominant odd harmonics and the intensity of the tone as a whole also
decreases. This is the main difference hetween the two cases. It is proposed to test these
facts experimentally.

PRESSURE VARIATIONS WITHIN THE WIND CHEST.

We have already noted that two equal but opposite kinds of waves are generated from
the sources outside and inside the wind chest near the reed vibrator. A wave of increased
pressure spreads outwards from the source in the outer atmosphere, while a wave of decreased
pressure spreads out within the wind chest. This holds good during the open period of the
chink width when air escapes through it. The pressure p’s in the wind chest is given by

P's=P—p
where p1 = Ige'” cosgt.
Hence the pressures in the wind chest
T /
at { = — Z P~ P
and att=§ p’zNP.

Thus the pressure at the end of half a vibration comes back to its average value P, and at this
instant the outside pressure also comes back to the normal value.

When the chink closes during its inward journey through the slot, air flow ceases and
this state continues for the remaining half period of vibration of the reed in the particular
case under consideration. The outside pressure remains normal. At the instant the reed
begins its inward journey the inside medium has come back to its normal condition; gecqrdl‘ng
to the theory, the inside medium should retain this condition till the latter half vibration inside
the slot is completed. Actually, however, the pressure inside the chest rises on two accounts.
Firstly, air is entering through the bellows, and secondly, the reed is moving inwards causing a
diminution of the volume of the wind chamber. Due to the first canse the pressure will rise
quickly first and then slowly afterwards, while due to the simple harmonic motion of the reed,
the pressure will rise to a maximum value when the reed reaches its extreme inward position,
and then decrease to the average value P when the reed completes one vibration and begins
the cycle fresh. These phenomena will be true all the more, because complete closing of the
chink is realised when the reed has moved inwards and escape of air is stopped. )

These conclusions have been verified by making a circular hole in the wind chest and fixing
a paper diaphragm over the same. Small tiny mirrors were fixed over the reed and the
diaphragm, one on each, and two light spots were reflected from them on a sliding photographic
plate. The vibration curves from the reed and the diaphragm were simultaneously photo-
graphed on the same plate (Fig. 2).
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Fig. 2 shows the curves. The curve with large amplitude belongs to the reed vibrator,
while the same with a small amplitude shown the pressure changes in the wind chest. Upward
ordinate in the former curve indicates outward motion of the reed, while downward ordinate
of the second curve shows increase of pressure in the wind chest. It will be observed that the
maximum outward displacement of the reed is reached when the pressure in the wind chest is
minimum and vice versa. In the present case the wind chest was a small cylindrical chamber,
and the reed vibration was also appreciable, consequently the conditions for pressure fluctuations
during the closing period of the chink are realised. ~This is shown by the curve showing the
pressure and fluctuations in the wind chamber. For large wind chambers, as in the case of the
harmonium, little pressure fluctuations are expected in this interval.

Fia. 2.
Theory of reed vibration.—We write the equation of motion of reed
. . S
ME+rétut =5 (P—2p)
where M, r and p represent the effective mass, the frictional coefficient and the elastic strength

of the reed; S represents the area of the surface of the reed. The above equation can be written
in the form

E42k Eqn2f = 5%1 {P——2oc§< — 2—?1;—1>*} .. .. .. (1)
i.c. é+2ké+n2{1+%<l—-2%>éfé=%.
Since n2 107, o = 2'6 X104, };—5“3 ~ 84x10-3, and p,/P<1,
the bracketed term may be taken unity, and then we have

E= é—%+e""t { B sin gt+C cos gt}

where g/2s represents the damped vibration frequency.
Case 1. We measure time from the instant ¢ has its maximum value and the latter is
measured from the mean position of the reed, hence

E=¢,e7 % cosgt
is a solution of (15); where £, represents the maximum value of £, and the small term
PS[2Mn2 has been neglected.
The pressure p; in the outside medium is maximum when the flow Q is maximum, i.e.

when ¢ is equal to £,. At this instant, viz. ¢ = 0, the pressures in the outside and inside
the wind chest are respectively given by

Pp and P—p,,.
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We shall presently show that

P P
Pn=73, and §m=\7§
H 2
P
and & = -—— e~* cos gt.
V3 ¢

The above solution holds good over the interval —7'/4 to 7'/4 when the chink remains open.

Over the rest of the period the chink is closed and py is zero. P/x4/3 is of the order of 0-2 em.
when the average pressure in the chest P is about 10 e¢m. of water column. The reed performs
practically damped free vibration; its. amplitude of vibration is proportional to the square
root of the average pressure P

¢,/ P. N ¢ 1)

The above formula can be easily tested by varying the average pressure and mcasuring
¢, by a photographic method.

Case 2. If the mean position of the reed is slightly displaced upwards and there remains
a chink even at the rest position, then the equation for ¢ will be slightly modified. Let us
consider that the angular position of the slot from the mean position of rest of the reed is defined
as ~n/4, then if we neglect damping coefficient will be given by

t= s,,,(—vlg +cos gt)
where ¢, = P/ vV 3a.

and for this case the pressure p; will be given by (14).

Mazximum value of p;.—The evaluation of p,, can be made from the following considerations.
Since the work done per second by the outgoing fluid must be equal to the energy which escapes
through the surface of the hemisphere 2#R2 plus the work spent in raising the kinetic energy
of the fluid contained within the same hemisphere per second, we must have

d1/2 g
(P—2p1)Q = p127R2uq 4 7 §<§ 7R3pnf>

. aQ

le. P'—Qpl =p1+ éf:—R a.

Now we know that when p, reaches the maximum value %—? = 0, hence
P—2p, = pn-

Thus the limiting value of p,, is P/3; in actual practice some energy may be lost in producing
cddies in the region near the vibrating reed, under these circumstances p,, will be slightly less
than P/3

H
Since P = <1 —_ g%'ﬁ) . bé,z0)2mR2

€n =P[V/30.
Maintenance of vibration of the reed.—A purely damped vibration will die down soon.
The vibration of the reed is however maintained by the fluctuating pressure difference between
the inside and outside media. The rate of work done upon the reed minus the energy lost by
friction at any time ¢ is given by

S(P—2py)é—r£?

Le. (ME+pt)é
hence its average value over the open interval of the chink, viz. —7'/4 to T'/4 will be equal to
~ T4
1 .
§[M§2+M§2:|

T4



102 R. N. GHOSH : ACOUSTICS OF THE HARMONIUM.

¢ is zero at both limits, the above will therefore be equal to
‘o 2
M{g—m'—‘fm}/T'

Since £_ 7j4 18 greater than fTI ,» the above quantity is positive and represents the excess of

work done over the frictional loss. Over the closing interval of the chink, the inside pressure
is supposed to be constant, viz. P, hence

Péz—r£2
again equals M{‘fzr"'f?‘u}/T
gince ‘fr = ‘f-T/4 ’

No balance is left over a complete period and the reed vibration is maintained against frictional
loss.*

It is proposed to test the performance of the reed vibrator, to determine the total energy
output, and its distribution among the components.

The author begs to record his thanks to Prof. K. S. Krishnan, F.R.S., for his valuable
discussion on this paper.

APPENDIX.
Writing Z = p[P, we find

cos gt; coszgt>* €Os gt}
Z=—11+ ——=
V3 ( 3 V3

— " _
ie, Z = cos gt‘\/ll8 % <1 +cos729t> - J% cos gt}-

Expanding the term within the small bracket by Binomial Theorem we get

7 2 3 4 3
7 _J178 cos gt [1 +l cos 2gt 1.1 cos Qgt+ 1.1.2% cos32gt 1.1.3.5 cos 29t+ J_ cos 9t:| .

7 24 72 246 13 2468 74 7
Now cos3 2gtT=é-2{é+g os4gt+—~cos89t%
cost 2gt T = 2. 13{ + cos4gt+ cosSgt}-
241273
Hence
7 111 1.1.3142/1\ 11351 _1 3 11
= [= Rl (i) IR Let i ol () ity B 2qt
Z Jlscosgt[l 3747 <2>+24673771<2> 3468742 2 4< >+27"°S g
15 1.1.31 {4231 % J ]
- — iAo t
cos 4gt (2 1 72> 7296}'“’0 8gt 24673%7r157 5456 cos g

ie. Z= \/18 cos gt : 99884078 cos 2g¢t—-000997 cos 4gt+00001 cos Sgt—J7 cos gt}

or

) 1:08 cos gt4--042 cos 3gt+-042 cos gt—negligible — cos 2gt$

\/3 \/”

<l 31

ot

!
1
112 cos gt— — 1 _ cos 2gt+-042 cos 3gt} .
{ g 24/3 g

1
24/3
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* Detailed discussion will follow subsequently. 1 Whittaker, Modern Analysis, page 191.




