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§0. INTRODUCTION.

(1) Singer (1938) proved the theorem that given an integer m>2 of the form p* (p being
a prime) we can find (m-1) integers
do, dy,...dy (0.10)

such that among the m(m—1) differences d;—d; (¢, j =0, 1, 2...m; i % j) reduced modulo
m2+m+1, the integers 1, 2,...m2+m occur exactly once. Bose (1942) gave the following
theorem which he called ‘the affine analogue of Singer’s theorem’. Given an integer m>2
of the form p" (p being a prime) we can find m integers

dy, d,...d, (0.11)

such that among the m(m—1) differences d;—d; (5, j =1, 2...m; ¢ # j) reduced modulo
m2—1, all the positive integers less than m2—1 and not divisible by ¢ = m+1 occur exactly
once.
(2) In this paper, I have derived a chain of theorems of the form, given an integer v, it is
possible to find ‘s’ sets of ‘%’ integers each—
diy, doy, . . . diy

dys, dog, .. . dig

dls, d2s: - dks

such that among the sk(k—1) differences diy—dj (4, j=1,2...k; i#Zjand r=1,2...59)
reduced modulo v, all integers less than » and not divisible by 8 occur A; times and those
divisible by 6, Ag times. The value of v is either (m**1—1)/(m—1) or (m*—1) where m = p"
(p being prime) and 6, either (m*+1—1)/(m2—1) or (mt—1)/(m-+1).

(3) These theorems are derived from a compaet representation of d (<(¢) dimensional flats
in a ‘t’ dimensional finite space. If the points in a Projective or an Euclidean finite space of
‘¢’ dimensions are denoted by 1, 2. .. v, then the compact representation consists in finding s
(<<b, the total number of d-dimensional flats in a t-space) d-dimensional flats, with points on it
represented by integers, which generate the totality of the ‘b’ flats by the successive addition of

(0.20)
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integers 1, 2 ..., and reduction to modulo ». The addition of the integers is carried on till
the points of the flat are repeated in our process. The ‘s’ flats which generate the totality
are called the initial flats.

(4) The theorems of Singer and Bose come out from the compact representation of the
lines in ¢-dimensional Projective geometry PG(¢, m) and the Euclidean geometry EG(Z, m).

(5) Incidentally, we arrive at cyclical solutions to combinatorial problems such as the
Kirkman’s school girl problem and Incomplete balanced designs derivable from finite geometries.

(6) It is, also, well known that the (mf—1) degrees of freedom involved in the contrasts
of m® objects can be split into (m*—1)/(m—1) independent sets of (m—1) degrees of freedom
each; each set representing the comparisons arising out of m groups of mf-1 objects in each
group. It has been shown that the existence of a difference set, possessing the properties
mentioned in the present paper, is a sufficient condition for the splitting of the degrees of
freedom.

(7) Various other theorems which are of interest in the theory of numbers and in the
solution of combinatorial problems have been discussed at length and a variety of other problems,
which have been partly solved, are reserved for a subsequent communication.

(8) Lastly, I wish to offer my thanks to Mr. R. C. Bose, Lecturer in the Department
of Statistics in the Calcutta University, for his helpful guidance and criticism during the
preparation of this paper.

§l. FINITE GEOMETRIES.

(A) Projective Space.

(1) Veblen and Bussey have defined a finite projective geometry in the following way.
It consists of a set of elements called points, for suggestiveness, which are subject to the following
five conditions or postulates:—

(1) The set contains a finite number of points. It contains one or more subsets called
lines, each of which contains at least three points.

(ii) If 4 and B are two distinct points, there is one and only one line that contains both
A and B. ,

(iii) If 4, B and C are non-collinear points and if a line “m’ contains a point D of the line
AB and a point £ of the line BC but does not contain A4 or B or C, then the line ‘m’ contains a
point F of the line AC.

(iv,) If‘k’ is an integer less than ¢, not all the points considered are in the same k-space.

(v,) If (iv,) is satisfied, there exists in the set of points considered no ({4 1)-space.

(2) The geometry, so defined, is said to be a geometry of the ¢-dimensional space. A
point is called 0-space or flat and a line 1-space or flat. An m-space is inductively defined as
follows. A 2-space which is called a plane consists of points which are collinear with a point
not lying on a line and any point of the line. A 3-flat can be defined starting from a plane.
In general, if Py, Py, ... P, are points not all in the same (m—1)-space, then the set of
all points each of which is collinear with P, and some point of the (m—1)-space formed by
Py, P,,...P,is the m-space formed by Py, P, ... Ppy1.

(B) Analytical Representation of the Projective Geometry.

(3) With the help of the Galois field GF(p"), we can construct a finite projective geometry
of ‘¢’ dimensions in the following manner. Any ordered set of (¢41) elements

(%0, 15+« . Ty) (1.30)
where the z’s belong to GF(p") and are not simultaneously zero, will be called a peint. Two
sets (%o, %1, - - - %) and (Yo, ¥1 - - - ¥,) Tepresent the same point when and only when there exists

an element o070 of GF(p") such that y; =ox; 1 =0, 1, 2,...t). We may call xg, 2y, .. .2,
the co-ordinates of the point (1.30). All the points which satisfy a set of (¢—d) independent
linear homogeneous equations

@iZo+aaZ1+ - . @ty =0 (1.31)

i=1,2,...,t—d.

may be said to form a ‘d’ dimensional subspace or a flat. The set of equations (1.31) may be
said to represent this flat. The geometry, thus defined, is known to satisfy the postulates of
Veblen and Bussey and is represented by PG(t, p*).



138 C. R. RAO: FINITE GEOMETRIES AND CERTAIN

(4) We shall now take up another analytical representation which is fruitful for further
work. In this case, a point of PG(¢, m = p*) is represented by (v) where v is a non-zero
element of GF(m!+1). Two elements v and bv, where b is an element of GF(m), represent the
same point which may be written as (v) or (bv). A d-flat is defined by the set of points

(agvotawi+ . ..awva) (1.40)
where a’s run independently over the elements of GF(m) and are not simultaneously zero and
(vo)s (¥1)s-.-(va) do not lie on a (d—1)-flat. Thus (agvg+a,v;) represents a line passing

through the points (vy) and (v;) and (agvg+av;+asvs), a plane through three non-collinear
points (wp), (v1) and (vg). It is easy to verify that the geometry defined above satisfy the
postulates of a finite projective geometry.

(5) The following considerations show the correspondence between the two types of repre-
sentations given in paras (3) and (4) above. If x is a primitive element of GF(m!+1), it satisfies
an irreducible equation of the (¢4 1)th degree.

2t —(aut4-apq2t=14 ... Fay) =0 (1.50)
in GF(m). The left-hand side expression is known as the minimum function. Since all the
elements of GF(m't1) are residue classes mod (#!t1—aat— . .. aq), it follows that any element

of GF(m!+1) can be represented either as a power of the primitive element x or a polynomial of
degree less than (t+1). If

xk = bat+b,_1xt=14- ... +by (1.51)
then the correspondence (z*} as a point represented by an element of GF(m!+1) and (b, by, . . .by)
as a point represented by an ordered set of the elements of GF(m) is unique and connects up the
two types of representations mentioned above.

(C) The Euclidean Space.

(6) The Euclidean geometry of ‘¢’ dimensions, denoted by EG(t, m), is derivable from
P@(t, m) by cutting out one (t—1)-flat and all the points lying on it. The points of EG(t, m)
can be represented by ordered sets

(b1, bg, ... by) (1.60)

where the b’s are elements of GF(m). Two sets (by, by, . . . b,) and (cy, ¢g, . . . ¢;) Tepresent the
same point when and only when b; =¢; (¢ = 1, 2,...%). All points which satisfy a set of
(t—d) consistent and independent linear equations
ap+anbi+ ... Fagh, =0 (1.61)
i=1,2,...t—d
may be said to form a d-flat.

(7) As in the case of the projective geometry, a similar representation is available in the
case of EG(t, m). A point is represented by (v) where v is an element of GF(m!), each element
representing a unique point. A d-flat is defined by the totality of the points

(agvo+arv1+ - . . +aava) (1.70)
where the a’s run through the elements of GF(m) subject to the restriction Za = 1.
(8) If x is a primitive element of GF(m!) then the elements can be represented by the
powers of  or their residue classes with respect to a minimum function of the t-th degree. If
¢ = b,x"1+b¢_1z"2+ PR +b1Z0 (1'80)
then the correspondence
(%) —> (by, bg, ... by) (1.81)
brings out the identity of the representations of EG(t, m) mentioned in paras. (6) and (7) above.

(9) Tt is easily derivable, from above, that the number of ‘d’ flats in PG(t, m) and EG(t, m)

are ¢(t, d, m) and ¢(¢, d, m)—p(t—1, d, m) respectively where
(=t1=1)...(z2—¥+1-1)

bz, y,2) = =Ty .. =] (1.90)

§2. THE CoMPACT REPRESENTATION OF THE d-FLATS.

(1) In this section it is proposed to enumerate the d-flats in PG(¢, m) and EG(t, m) and
consider the possibilities of representing them compactly.
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(A) General Considerations.
(2) The d-flat in PG(¢, m), through the points (a), («2), ... («) is given by

(Zaab) (2.20)
where a’s are the elements of GF(m), not all simultaneously zero. Let us consider the totality
of the flats

(Zawbit6) (2.21)

for =0,1,2,...v—1, where v = (mi+1—1)/(m—1). The flat corresponding to § = 6; may be
represented by (6;). We have the following results:

(1) The flat () 1s d-dimensional for all‘i’, for, if not, there exist elements ¢y, ¢y, . . . €4—y of
GF(m) such that

xb‘i+0i = coxb0+0i+ - +Cd-12?bd"1+ai (2.22)

or 2P = coxb0+ R L0
which shows that (2.20) is not d-dimensional contrary to our supposition.

(i1) If @ is the least value for which (8) is identical with (0) or the initial flat, then 6 may
be called the cycle of the initial flat. In this case (0), (8), (26), . . . (v) are all identical. Hence,
it follows that 8, the cycle of the initial flat is a divisor of v defined above.

(ui) If (xc‘) is a point on an initial flat with cycle 8, then (xci+k9), where £ is any integer,

is also a point on the initial flat, for (x“+k0) is a point on (40) which is identical with (0).
Hence we get the result that the poinis on an initial flat of cycle 8 are given by (recording only
powers of x’8) L

cos Co+0,...co+r—10

1, €140, ...c4r—163 (2.23)

Cpy Cpt0, ... Cptr—180
where c;—c;j 5= 0 mod 8 and v = r6.

(iv) The number of points in (2.23) is evidently a multiple of 7 which gives the result that a
necessary condition for a cycle §<<v for a d-flat is that ¢, 0, m), the number of points in a
t-space and $(d, 0, m), the number of points in a d-space are not relatively prime.

(v) If 8<w is the cycle of an initial flat such as (2.23), then we can choose the flat with
the points obtained by subtracting any c; from all the powers of s representing the points in
{2.23), as an initial flat from which 8 different flats can be generated.

(B) Lines in PG(t, m).

(3) There are v = (mft1—1)/(m—1) points, b = ¢(¢, 1, m) lines with £ = m+1 points on
each line. Through a point and a pair of points there pass ¢(t—1, 0, m) lines and one line
respectively. ]

(4) Since the points on an initial flat of cycle 8 are of the form (2.23) with ¢y= 0, we can
take its equation as

(@924 a,2%) (2.40)
If (2¢) is a point on it, then (x°*%) is also a point and the line can be represented by
(@o2"*0+as2f*°) (2.41)

which shows that ¢ must be a multiple of 8, the cycle of the initial flat, in which case all the
points are of the form, recording only powers of z,
0,8,20,...(r—1)0 (2.42)

where r = (m+41). So, we get the necessary condition for a partial cycle 8 is that § = v/(m—+1) is
integral. This is also sufficient, for the line (ag+a,2°) where § = v/(m-1) has the cycle 6.

(5) Hence we get the following theorems:

(i) If 6 = (mt+1—1)/(m2—1) is not integral, then every line has the cycle v and the totality of
the lines can be generated from n = (m?—1)/(m2~1) initial lines.
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Since the necessary and sufficient condition for a partial cycle to exist is not satisfied,
every line has the cycle v. Since the total number of lines is (mf+1—1)(m?*—1)/(m2—1)(m—1)
the number of initial lines which generate the totality is (mf—1)/(m2—1) which is necessarily
integral if 8 is not integral. Any pair of points occur in one and only one line.

(ii) If 6 = (m*+1=1)/(m2~1) is integral, the totality of the lines are gemerated from n =
m(mt=1—1)/(m2—1) imitial lines of cycle v and the line (ao-i-alxe) of cycle 6.

As shown above only lines generated from (ag+a,2?) have the cycle 8 and others v. There-
fore, the other lines form into 5 = (b—8)/v = m(m!~1—1)/(m2—1) groups which is necessarily
integral if (m*+1—1)/(m2—1) is integral. The pair of points (2%) and (x%) occur once in the
lines generated from (ay+a,2%) when and only when ¢;—¢; = 0 (mod #). Hence it follows
that the pair (=) and (%) occur in one and only one of the lines generated from 7 initial lines
of cycle v when and only when ¢;—c; 5 0 (mod 6).

(C) Planes in PG(t, m).

(6) There are v = (mt+1—1)/(m—1) points and b= ¢(t, 2, m) planes with & = (m8-—1)/
(m—1) points on each plane. Through every point there pass r = ¢(t—1, 1, m) planes and
through a pair of points, A = ¢(t—2, 0, m) planes.

(7) Let us consider a plane with cycle §<<v. If the point (22f) lies on the line joining (x0)
and («f) then the points (2¥) for all ¢ lie on it ; hence the integer s = v/ must divide (m+1).
But the necessary condition demands that (m3—1)/(m—1) is divisible by s which is not possible
since (m+1) and (m3—1)/(m—1) do not have a common factor. Therefore (), (2¢) and (x%9)
are not collinear, and so constitute a plane. 1f (z¢) is any point on this, then (20+¢), (%) and
(226%°) are also points on this which shows that the planes (@920 +a,2%+asx?%) and
(@gz0te+a,x?t +amx?0tc) areidentical. Thisleads to the result that ¢ is a multiple of 8, hence
all points are of the form (%) where 6 = v/k. Hence we get the necessary condition for the
existence of a partial cycle 8 is that 6 = (mt+t1—1)/(m8—1) is integral. This is also sufficient,
for the plane (2920 +a,2? +a42??) has the cycle 6.

(8) Hence we get the following theorems:

(i) If 0 = (m*+1—1)/(m3—1) is not integral, then all the planes have the cycle v and the totality
of the planes can be generated from n = (m!—1)(m?-1—1)/(m3—1)(m2—1) nitial planes.

The total number of planes is ¢(¢, 2, m) which form into bjv = (mf—1)(mi-1—1)/
(mB8—1)(m2—1) groups which is necessarily integral if 6 is not integral. Any given pair of
points occur in A = (mf-1—1)/(m—1) planes in the totality of the generated planes.

(ii) If 6 = (mt+1—=1)/(m3—1) is an integer, then the totality of the planes can be generated
from 5 = (m—1)[(m*—1)(m*-1—1)/(m2—1)(m—1)—1]/(m3—1) initial planes of cycle v and the
plane (ag+a,2? +ag2?0) of cycle 6.

The proof is similar to that given in theorem (ii) of para. (5).

(9) As a corollary to this theorem we get since 5 is necessarily integral

(m!=1)(m*~1—1) m3—1
mA—1)m2—1) - l(mOd m—1

(10) The pair of points (x%) and (z%) occur once in the planes generated from
(g +a12? +asz?) if and only if ¢i—¢; = 0 (mod §). Hence the pair (z%), (¥) occurs in A or
A—1 times in the planes generated from 7 initial planes of theorem (ii) according as ¢;,~—c¢; 5%
or = () (mod 8).

)if (t+1) = 0 (mod 3).

(D) 3-flats in PQ(t, m).

(11) There are v = (mt+t1—1)/(m—1) points, b = ¢(t, 3, m), 3-flats, with (m¢—1)/(m—1)
points on each. Through a point and a pair of points there pass r = ¢(t—1, 2, m) and
A =¢(t—2, 1, m), 3-flats respectively.

(12) Let us consider the 3-flats with cycle <<v. If (xzo) is collinear with (z°) and (xo),
then (x”a) for all i lies on the line formed by (x°) and (%), Also, if (2°) is & point on it, because
of the relation

agt0+o a2 = o (2.12,0)
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obtained by multiplying agz0+a;2? = 2¢ by 2, it follows that (%) and bence (z*) for all ¢
are points on the line. If (2*) is any point on the initial 3-flat with cycle 8, then (2%+5) for all
j are points on it, for multiplying

ag2®+ayal = xie (2.12,1)
by ab

we get g0+t a2l +hxy = btic (2.12,2)
Hence we get that the 3-flats (agz0+4a,zf+as2?) and (aga0+c+4a,29+c4azat+e) are identical
which leads to the result that ¢ is a multiple # and 6 = v/(m~1) is an integer. Thus we get
that a 3-space with cycle 6 consists of the following (m2+1) lines defined by the points on
them as (recording only powers of x)

0, 86, ...mb

¢, €140, ...ci+mb (2.12,3)
Cr2y Cme 0, ... Cpot-mb
From the representation of lines in PG(t, m) we find that the lines of the form (2.12,3) are 8 in
number generated from the initial line (recording only powers of x)

0,0,...mf (2.12,4)

All the 3-flats of cycle 8 are built up by taking any two lines from the 8 lines generated from
(2.12,4).

(13) Let us consider the initial flats of cycle 8,< v where 8; is such that the points (x?),
( 91) («%%1) are not collinear. Evidently (2%01) cannot lie on the plane formed by (x9), (xel
and ( 291) for in this case (m3—1)/(m—1) and (m4—1)/(m—1) have a common factor which is
not possible. Hence the 3-flat with cycle 6, is determined by the four points (x9), (af1), (£261)
and (2*%1) and only points of the form (x ) for any ¢ lie on it. Hence it follows that
0, = v(m—1)/(mt—1) = (m!t1—1)/(m*—1) is integral and also 6/6, = (m2+1) which is an
integer. These 3-flats are also built out of the lines (2.12,3).

(14) Hence we get the following theorems:

i) If 8 = (m**+1—1)/(m2—1) is not integral, the totality of the 3-spaces can be generated from
n = ¢(t, 3, m)/$(t, 0, m) imitial 3-spaces of cycle v.

Any pair of points occur in A of the total 3-spaces.

(ii) If 0 = (mt+1—1)/(m2—1) is integral and 0; = (m**1—1)/(mt—1) is not integral, the
totality of the 3-spaces can be gemerated from y = (mt=1—1)/(mt—1) initial 3-spaces of cycle
0 and v = (b—0y)/v initial 3-spaces of cycle v.

The point pair (z%) and (z7) appear (A\—1) times and once in the totality of 3-spaces of
cycles v and 8 respectively when and only when ¢;—c; % 0 (mod 8) and A—(mf~1—1)/(mt—1)
and (mt—l—l)/(m2—l) times when ¢;—¢; = 0 (mod 6).

(iii) If 8, = (mt+1—1)/(mt—1) is integral in which case 0= (mi+1—1)/(m2—~1) is necessarily
integral, the totalzty of the 3-spaces can be generated from the same number of initial 3-spaces of
cycle v as in theorem (ii), and y = m2(mt-3—1)/(mé—1) initial 3-spaces of cycle 8 and the initial
3-spaces (aga? +a, 201 + agr®01 4 agx®01) of cycle ;.

The point pair (2%), (2%) occur in A—1, 1, 0, 3-spaces or A—1, 0, 1, 3-spaces of cycles v,
6 and 8, respectively accordmg as ¢;—¢; $ 0 (mod 6y) or is = O(mod 01) and % 0 (mod 6).
They occur in A—(mt=1—1)/(m2—1), (m" 1z 1)/(m2—1)—1 and 1, 3-spaces of cycles v, 6 and 6,
respectively when ¢;—c¢; = 0 (mod 6).

(E) d-spaces in PG(t, m).

(15) We can now generahse the theorems mentloned to the case of d-flats in PG(t m)
There are v = (mt+1—1){(m—1) points, and b = $(t, d, m), d-flats with k= (md+1— /(m—
points on each d-flat. Through a point and a pair of pomts there pass r = ¢(t—1, d—1, m)
and A = ¢(t—2, d—2, m) d-flats respectively.

(16) We have the following theorems:

6
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(i) If (mtt1—=1)/(m—1) and (mé+1—1)/(m—1) do not have a common factor of the form
(ms+1—1)/(m—1), then all the d-spaces have the cycle v and can be generated from n = ¢(t, d, m)/
é(t, 0, m) initial d-flats.

As a consequence of this we get that (—1)-spaces in a ¢-space are of cycle v for ¢(¢, 0, m)
and ¢(t—1, 0, m) do not have a common factor of the form ¢(s, 0, m).

(i) If ry, re, ,... rp are integers such that

@) O<ri<re<...... Tyt

() (m‘“’l-—l)/(m"'ﬂ—l) = g, integral for all ¢
(©) (d+1)/(r:+1) =14 ”

@) (i +D)/(r4+1) =1 »

() (m+1=1)/(m =1) =0,

then there are
Y = (ni—n;41)[8; where n; = g0, /.01,
tnitial spaces of cycle 6; (¢t = 1, 2, ...p)and
7= (b—mi)fv
initial spaces of cycle v from which the totality of the d-spaces can be generated.

The proof can be built up on lines suggested in particular cases. The pair of points (%)
and (2%) oceur in (A—2;) and A,, d-spaces of cycles v and less than v respectively when C;—Cj =
0 (mod 6,) and (A —A;) and Az , d-spaces of cycle » and less than v when (¢;—¢;) £ 0 (mod 4;).
The values of A; and A, are respectively

8,Ct1-1/s,~16t;-1 80 g € _gfs _Ce 2.

(F) d-spaces in EG(t, m).

(17) The m! points in EG(t, m) are represented by (0), (0), . . . (z™'~2) where z is a primitive
element of GF(mt). If b is the total number of d-flats in EG({,m), then there are
b—¢(t—1, d—1, m) d-flats passing through (0). Any flat not passing through the point (0) has
the cycle v = (m*—1), for, if not, it follows that (m'—1) and m? have a common factor,
which is impossible.

(18) Let us consider a d-flat passing through (0),

(ag0+a12"1+ . . . agx’?) (2.18,0)
where a,, ag, .. .a,; are elements of GF(m) and the restriction (ag+a;+ ... +a; = 1) need
not be imposed for the coefficient of ag is 0. Since

0,20, 20 ... . am-20 (2.18,1)

where § = (m'—1)/(m—1) are the elements of GF(m), it follows that if (2¢) is a point on (2.18,0)
then (2°*%) for any i lies on it. From this we, at once, get the lines through (0) as

), @), (=*9)... (2.18,2)
t=0,1,...(6-1)
and any d-space is built out of d suitably chosen lines from (2.18,2). All these d-flats, passing
through (0), have their cycle as § or some integer less than 6.

(19) It can be easily shown that a pair of points (z) and (%) ean occur together only
in flats through (0) when ¢;—c; =0 (mod #). Hence any such point pair occur together
A=¢(t—2, d—2, m) and 0 times in the d-flats passing through the (0) and not passing
through (0) respectively. Also the triplet (0), (2%), («%) where ¢;—¢; 5% 0 (mod ) lie on
A = ¢(t—3,d—3, m) d-flats. Hence we get, that the pair of points (z%) and (2%) occur
together in Ay and A—A,, d-flats passing through the origin and not passing through the origin
respectively if c;—c; 5= 0 (mod 6).

6B
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{20) Not all d-flats through (0) have the cycle 8. If 6,<0 is a cycle then 8 = r,6;, in
which case the d-flats of cycle 6, are built out of the r,-dimensional spaces defined by
0, (=), (=19) ...
(i), (28+0279) .
(#7711 ), (o277 0at0)
i=0,1,....(6,—1).
From this it follows that (m4—1) is divisible by (m*—1) and the number of d-flats that can

be built out of (2.20,0) is ¢,%,/s,%, where §; = (m"—l)/(m"—l) and #;= dfr;. Out of these
we have to search for flats of cycle ;<< 6, and so on.
(21) Hence we get the following theorems:

(i) All the d-flats by = (t, d, m)—2p(t—1, d—1, m) in number not passing through (0) have
v = (m*—1) as their cycle and hence can be generated from m = byjv initial d-flats. The point
pair (&%), (27) occur in ¢(t—2, d—2, m)—¢(t—3,d—3, m) or 0 of these flats according as c;—c; %0

(2.20,0)

t
or = 0{ mod = L
m—1
(ii) Any d-flat through (0) is built out of the 6 lines

0, (), (") .... (2.21,0)
t=0,1, ... (§=1)

and if (m?—1) and (m*—1) do not have any common factor of the form (m"—1) other than
(m—1), then all the d-flats through (0) have the cycle 6 and hence can be generated from y =
$(t—1, d—1, m)/6 initial d-flats. The pair of points (%) and (27) occur in $(t—2, m—2, m)

or ¢p(t—3, d—3, m) of these flats according as ¢;—c¢; = 0 or £ 0 (mod 6)."
(i) In general if b = pop1i1p2i2 ... (where pg = 1 and p’s are primes such that P;<<pPey1)
is the H.C.F. of d and ¢, then the d-flats through the (0) will have cycles of the form 0;s = (m*—1)/

(mis—1) where rje = pyYipg™2 ... pf° (j=0,1,...;8=0, 1,...%). The number of initial
ere 1y P17P2 VZERY] R 1
fats from whick all flats of cycle 8,5 can be generated is given by
Y i g
(s —nj41, 541)/0s (2.21,1)

where n;s s the number of d-flats that can be generated from 6;-flats of rj-dimensions having
only (0) in common which comes out as

Njs = 075Cd/r‘”./qjgCd/r?v (2.21 ,2)
where  gjs = (md—=1)/(mPis—~1).

The number of d-flats of cycle 6;; through a given point pair can be easily ascertained in
particular cases.

§3. GENERALISATION OF THE DIFFERENCE THEOREMS OF BOSE.

(1) In this section, certain theorems known as difference theorems of Bose (1939) have
been generalised to obtain a further simplification in the presentation of the geometry and to
derive the theorems of the next article.

(A) The First Theorem of Differences.

(2) Let m be a modul or an Abelian group satisfying the additive postulates of a field
containing the v elements

z(0), 2, ., g-1) (3.20)

To these we add an element oo which remains invariant for any addition of the elements of m

to it. Thus
0 42t = 2 for all 4 (3.21)
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The totality of the (v41) elements of m and co may be denoted by M. Let By, By, ... B;

represent sets of ky, kg, . . . ks distinct elements of M respectively. By the successive addition
of the elements of m to the set B; containing k; elements, m sets of k; elements are formed.
By repeating this process on By, Bg, ...B; we get mh sets in which there are m sets of

kq, kg, . . . ks elements. The sets Bj, Bz, . .. By from which the totality of the sets is generated
are called the initial sets. We get the following results:
(i) If oo occurs r,, times in all the initial sets, then it occurs mr, times in the totality

of the generated sets and wvice versa, for co remains invariant for the addition of the elements
of m.

(ii) Any element of m occurs (k;+kg+ ... ky—r,) times in the totality of the sets, for
any element of m in any initial set generates all the elements of m by successive addition of
the elements of m.

(iii) If co and 2% occur together in A . of the totality of mk sets then the total number
of elements of m that occur in the initial sets in which oo oceurs is A, for if o and z¥) any

element of m occur in any initial set then the set obtained by the addition of § = z —x))
contains oo and %) .
(iv) If 2 and 9 (¢ 7 j) occur A;; times in all the sets, then it is possible to find A; ordered
pairs (z¢), 44 in the initial sets such that for each pair
26—y i) = ) — 1) (3.22)

the above relation holds and conversely, for if a pair 2 and %) occur in a set obtained from
the addition of 6 to an initial set then the pair of elements «t) and «/) from which z() and %)
are obtained are such that

240 = 20 and 2V 40 = 20 (3.23)

and hence the result. Conversely, if a pair of elements zt7 and (/) are found in any initial
set satisfying the condition (3.22), then z®) and 20 appear in the set obtained by the addition
of 8 given by any equation in (3.23).
{3) Hence we get the following theorem:
If in the totality of the sets generated from the imitial sets By, By, ... By containing
ky, ke, . . . ky distinct elements of M,
(i) oo and 2% occur in Ay ; sets,
(ii) 2@ and @) (3 £ j) occur in Ay sets,
(iii) oo occurs mr,, times;
then in the totality of the sets
(@) Apo = A1 =Ay2 = ceApm—1 = Ag .
(b) Every element of m is repeated Zk—r,, times;
and in the initial sets the following hold good :

(o) o0 occurs ry, times.

(B) The number of elements of m that occur in the tnitial sets in which 00 occurs is Ay,

(y) From an initial set B; with k; elements, we can form k;(l;—1) ordered pairs of elements
(z, y) which supply ki(k --—1) values of differences (x—y). Under the conditions of
this theorem the Zk,(k;—1) differences arising from all the initial sets contain the
elements (x¥)—a), A times for all i and j such that © % j.

Conversely, if (o), (B) and (y) hold with the initial sets then (i), (ii), (iii) and (a) and (b) are true.
(B) The Second Theorem of Differences.

(4) Let us consider the modul of residue classes (mod m) where m is an integer, so that the
elements may be represented by 0, 1, 2. . ., (m—1). If 8 is the least value for which an initial
set is reproduced, then the initial set is said to have a cycle 8. Since the addition of m is
equivalent to addition of 0 in which casehe set remains the same, it follows that m/60 = p
is an integer. The initial set with k elements is then composed of the elements

e, ¢+0, ... e+ (p—1)0 (3.40)
i=12, ..
such that e;—e; £ 0 (mod 8). Hence k = np where » is integral.
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As a necessary condition for an initial set with % elements other than oo to have a cycle
less than m is that the H.C.F. of m and k is not unity. The following results hold for such
sets:

(i) In the @ sets generated all pairs of elements of m with differences as multiples of 8
occur n times each,

(ii) Given the set of elements (3.40) we can by a suitable adjustment write it as

gis 940, ... gi+(p—1)8 (3.41)
1=1,2, ... n
such that g;<0 for all ¢ and (g;—g;) 3 0 (mod 8). The set can be compactly represented in
this case by
(915 925 - -+ Iu)y (3.42)

If a pair of elements (z, y), such that x—y % 0 (mod 8), ocour in the totality of the sets generated
from (3.41), then there exists a pair of elenents g,+ 9,8 and ¢g;+p20 in an initial set together
with an element g;<< 6 such that

9r+P10+9: =2, gtpef+gi =y (3.43)
from which we get

r—y = g,—¢s (mod ) (3.44)

(i) Hence we get the result that if a pair of elements (x, y, x—y = 0 mod #) appear in

A, of the generated sets it is possible to find a pair of ¢’s in (3.42) such that the condition
(3.44) holds.

(5) Hence we get the following theorem:
If in the totality of the sets generated from the initial sets By, By ... By with ky, kg ... ki
elements and having a cycle 0,
(i) oo occurs Or,, times,
(ii) oo and ¢ occur in Ay ; sets,
(iil) ¢ and j such that i—j 5£ O (mod 8) occur in A sets,
then
(1) A0 =Ap1 = Az = . . A pu—1) = Ay L
(I1) k; or k;—1 in the case in which o0 occurs in the set B; is divisible by p = m[0 and the
quotient may be denoted by g;,

and in the totality of the sets

(@) every element of m is repeuted Xq; times,

(b) a pair of elements i and j such that t—j = O (mnod 8) appear in 2q; sets,
und in the initial sets

() o0 occurs ry, times,

(B) the initial blocks can be compactly represented by reducing the elements to modulo 0

and omitting the repeated elements and amonyg the differences arising from the reduced
sets Ay; differences are congruent to (1—j) (mod 6),

(¥) A = 2'q; where X' denotes summation over the initial sets in which o0 occurs.
Conversely if (a) and (B) hold in the initial sets, then (1), (ii), (iil) and (I), (11) and (@) and (b) are
true.

(6) By combining the theorems (A) and (B) and also introducing sets with different cycles
we can build up a comprehensive theorem. Only the A’s which give the number of times a
pair of elements occur in the totality are to be built up by the addition of A’s from the various
groups.

§4. THEOREMS OF THE NUMBER THEORY.

(1) With the help of theorems of §3 we can translate the theorems of §2 giving the compact
representation of the finite geometries into theorems of the form mentioned in §0. We have
already seen that the points on any fiat can, as well, be represented by powers of z, the primitive
element of GF(m!+1) or GF(m!), reduced modulo » and the flat (¢) obtained by multiplication
of the equation to the initial flat by a° can be represented by the powers of x’s obtained by
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adding ¢ to the corresponding powers in the initial flat and reduction to modulo ». The point (0)
in the Buclidean geometry will then correspond to co mentioned in §3.

(A) General Theorems.

(2) Corresponding to the theorem of the form, that in the totality of the flats generated

from v initial flats of cycle v, the number of points in the geometry, the points (%) and (%)
oceur in A; or Ap flats according as ¢;—¢; 20 or = 0 (mod 6) we get the following theorem.
Given an integer m = p" (p being a prime) it is possible to find 5 sets of k integers each

dy1, dyg, ... dis

ds1, dag, ... da (4.20)

dyy, dnz, ... dy

such that the differences d;,—dis (r, s =1,2,...k, r#£s; i=1,2,...7) reduced modulo v
(which we may call the differences arising from the difference set 4.20) contain all integers
less than v and not divisible by #, A; times and those divisible by 8, A; times. The 5 sets (4.20)
are called initial sets of cycle » which, in this theorem, is of the form (mf+1—1)/(m—1) or
(m*—1) and @ is of the form (m**1—1)/(m2—1) or (m*!—1)/(m—1) and % is of the form (mé+1—1)/
(m—1) or m?. The method of obtaining the difference set (4.20) is to replace the points on
the 4 initial flats of any finite geometry by the powers of z’s, reduced modulo v. It is easily
seen that the set (4.20) can be replaced by any set obtained by the addition of an integer &
and reduction to mod v without destroying its property given above. We may say that two
sets are identical if one can be derived from the other by the addition of an integer and reduction
to (mod v). If (agr®+a;2%14-a224 . . ..) is the equation of a flat with a given cycle, then
(apx®+ayx1 +asx24 . . . )pq, where p is the prime of the above theorems, represents a flat
of the same dimensions and with same cycle for

y a 7 7
(a0z°0+a1xcl+. .. )p = aoxcop +a1x61p +. e

This leads us to the result that the difference set (4.20) is identical with the set obtained by
the transformation

d,p'+b = d',; (mod v).
(3) Corresponding to the theorem of the form that in the totality of the d-flats containing
k elements each generated from y initial flats of cycle @, the pair of points (%) and (%) occur
in yuy or pe flats according as ¢;—¢; = 0 or % 0 (mod 8) we get the following theorem:
Given an integer m = p" (p being a prime) it is possible to find y sets of u; integers
g1, 12 - -+ 1y
921, 922 - - - Y2 (4.30)
991> 9ye - - Gym

such that the differences arising from them (mod 6) contain every integer less than 6, ug
times.

(B) Some Special Theorems and Examples.

(4) Considering the lines in PG(t, m) we get the following theorems when m is an integer
of the form p” (p being a prime).

(i) If 0 = (m'*1—=1)/(m2—1) is not integral, it is possible lo find y = (m*—1)/(m2—1) sets
dojs dyjy - . dpj (4.40)
i=12, ...y
such that the differences arising (mod v) contain the integers less than v once and once only.

Ezample (i). Consider PG(4, 2) with 31 points and 155 lines. We choose the line
(a9+a;2). In the choice of the next line we need only see that the powers of the base points
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do not have a difference congruent (mod 31) to any difference arising out of the powers of the
points in the first line. Similarly a third line is chosen, etc. as the initial lines. In this case

(@+a2), (ag+ar2?)

(@9 +a,2%), (ag+a127)

(ap+a,2®)
are suitably chosen lines with the points
[(z%), (1), (@®)] [(20), (#7), (x%)]
[(z9), (x4), @0)] [(x0), (27), (22%)]
[(z9), (28), («20)]

from which we immediately write down the difference set as

(0,1,18)  (0,2,5)

0,4,10) (0,7, 22)

(0, 8, 20)
with the property that the differences arising from them (mod 31) contain all integers less than
31, 7 times each. The 155 lines of the geometry can also be compactly represented by these
5 initial lines from which the totality can be generated.
(ii) If 6 = (m**+1—1)/(m2—1) is integral, it is possible to find n = m(mt—1—1)/(m2—1) sets
dojy dij, .. A
J=12, ...y

such that the differences arising from them [mod (m**+1—1)/(m—1)] contain all integers less thun v
and not divisible by 6 once and those divisible by 0, zero times.

The lines of the geometry PG(f, m) can be generated from the above difference set with
cycle v and the set (0, 8, 26, . . . m6) with cycle 6.
Ezample (ii). Consider PG(3,2) with 15 points and 35 lines. The geometry can be
represented by the initial lines _
(@o+a178) (ap+axt?)
of cycle 15 and the line (¢g+a,2°) of cycle 5. By taking powers of x’s we get the difference
sets
’ (O: 6’ 8): N (0: ]-1: 14)
of cycle 15 and (0, 5, 10) of cycle 5.
(5) Consider the lines in EG(¢, m), we get the following theorem for a given integer m = p
(p being a prime).
1t is possible to find 7 = (mt~1—1)/(m—1) sels of integers
dil’ diz: vee dim
it=1,2, ... 9

such that the differences arising from them (mod v = (m!—1)) contain all integers less than v and
not divisible by 0 = v/(m— 1) once and those divisible by 6 zero times.
The geometry is represented by vn lines developed from the above difference set and the
0 lines generated from L
@, 0,0, ... m—28

with cycle 8. The choice of lines is as before,
Example. Consider EG(3, 3) with 117 lines and 27 points choosing the initial lines
(p+ar) i=1,2,3,7
of cycle 26, we get the difference set
' (0, 1, 22); (0, 2, 8); (0, 3, 14); (0, 7, 17)
where the differences arising from them (mod 26) contain all integers except 13 once. The
lines of the geometry are generated from the four sets above of cycle 26 and the set (w0, 0, 13)
of cycle 13,
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(6) We give here two general theorems for m = p" (p being prime):
(i) Considering d-flats in PG(t, m) we get
(@) If v = (m**1=1)/(m—1) and k = (m?*!'—1)/(m—1) do not have a common Sactor of
the form (ms+1—1)/(m—1), then it is possible to find y = $(t, d, m)/p(t, 0, m) sets
of integers
dﬂ, d'.'Z""dik; 7:=1, 2,...y
such that the differences arising from them (mod v) contain all integers less than v,
A =¢(t—2, d—2, m) times.
(6) If 7y is the integer for which (m'1*'—1)/(m—1) divides both (m+1—1)/{(m—1) and
(md+1—1)/(m—1), it is possible to find
n= [¢(t! d: m) _Olctl/slctl]/”

sels of integers such that the differences arising from them (mod v) contain all
integers less than v and not divisible by 6y, A=Ay times and those divisible by
81, A=A, tvmes where

0, = (m+1=1)/(m"1* 1 =1); s; = (m#1—1)/(m—1); t; = (@+1)/(r1+1)
A = §:%,-1/s; =101, -1

Ag = 9,0, ~2/5, ~201, -2
which are the constants discussed in §2, para. (16).
(ii) Considering the d-flats in EG(t,;m) we get that it is possible to find
y = [$(t, d,m)—2¢(t—1, d—1, m)}/(m'—1)
sets of m? integers such that the differences arising from them mod v = (m!—1) contain all integers less
than v and not divisible by 8 = (mt—1)/(m—1), $(t—2, d—2, m)—$(t—3, d—3, m) tumes and rest
zero times.
’ (C) Splitting into Orthogonal Groups.
(7) Considering the (t—1)-flats in EG(t, m) we get the set of k = m* integers
dy, dg,...dy (4.70)
such that the differences arising from them mod v = (m{—1) contain all integers less than »
and not divisible by 6, m!~2 times each and those divisible by 6, zero times. A method of
constructing such difference sets was discussed in (Rao: 1944a).

If we represent the sets obtained by the addition of an integer ¢ to (4.70) and reduction to
mod v, by (c), we get the result that the elements common to (¢;) and (c3) is mt-2 or 0 according
as c;—cg % 0 or = 0 (mod ). For if z is an element common to (¢;) and (cz) then there exist
integers y; and y, in (4.70) such that

yito = =yotcy (4.71)
or
N—Y2 =20y (4.72)
and conversely, there exists a common element to (c;) and (cg) if there exist a pair of numbers
y1 and yg such that (4.72) is satisfied. Hence the result stated above.
(8) We consider the 6 groups of sets
@), (i+96),... ([ +m—20), (r) (4.80)
1=0,1,2,...(6-1)
where (7;) is the set of integers less than v other than those contained in the sets (i), (¢+9), . ..
(i+m—2#6). They possess the following properties:—
(@) No two sets in a group can have an integer in common by the above result.
(b) The groups (i+4#0) and (j+s6) have m/~2 integers in common if ¢ % j.
(¢} (i+s0) and (r;) (¢ 7 j) have m*~2 integers in common.
(d) (ry) and (r5), (¢ 7 j) also have m!~2 integers in common.
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The 6 groups have, then, the property that any set of a group is built out of m*-2 integers
chosen from each set of any other group. Such groups may be called orthogonal groups.
Thus we get the result that (mf—1)/(m—1) orthogonal groups consisting of m sets of m’~! objects
each can be formed with mf objects when m is prime or a prime power. This result is
very important in splitting of degrees of freedom in the design of experiments in statistics and
also in reduction of quadratic forms. A fuller treatment of these topics is reserved for a
subsequent communication. :

§6. FUurTHER PROBLEMS.

(1) By the use of the theorems developed in this paper some cyclic solutions have been
obtained for combinatorial problems involved in the classical example of Kirkman’s school
girl problem and in the construction of incomplete block designs (Rao: 1944b).

(2) It has been shown that the existence of a difference set need not, always, imply the
existence of a finite geometry.

(3) The problem as to the existence of these difference sets when m is not a prime or a
prime power is under consideration.

(4) New methods for the quick derivation of the difference sets have been investigated.

(5) Some of the results already arrived at will form the topic of another communication.
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