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SYMBOLS USED IN THE PAPER.

T  Dry bulb temperature (°A).

T,; Dew-point temperature (°A).

T’ Wet bulb temperature (°A).

Ty Condensation temperature (°A).

Ts Saturation temperature (°A).

8  Potential temperature (°A).

8’  Wet bulb potential temperature (°A).

8:  Saturation potential temperature (°A).

R Constant of the gas equation for dry air.

€ Specific gravity of water-vapour = 0-622.

Cp  Specific heat of dry air at constant pressure = 0:24.
Cp  Specific heat of dry air at constant volume = 0-1743.

Yy = g—e Ratio of the specific heats of dry air = 1-40.
v

7
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K =YY= _ o.986.
y

*p  Specific heat of water-vapour = (-47.

c Specific heat of water = 1.
C; Specific heat of ice = 0-5.
Ly Latent heat of evaporation of water at temperature T'.
597-3—0-565 (T —273).
751-545-—0-565 T'.
L—AT.
L, Latent heat of fusion ofice = 79-7.
L, p Latent heat of sublimation of ice

’ = 677—0-565 (T'—2173).

= L+ Le.

p  Total pressure of air.
P  Standard pressure = 1000 mb.
€ Partial pressure of water-vapour.
e; Saturation vapour pressure over water or ice, expressed in mb. according as T>>» or <273°A.
x

Humidity mixing ratio or weight in grammes of water-vapour associated with 1 gramme of dry air

= 0622 ——.
p-—e

2z’ Humidity mixing ratio of air saturated at temperature 7'/ = 0-622

(it

e’

7

p—e

1. GENERAL INTRODUCTION.

A knowledge of the moisture content at different levels in the atmosphere is of great im-
portance in meteorological problems. Moisture content is usually expressed in one of the
following forms:—

(@) Relative humidity (R.H.).

(b) Vapour pressure (e).

(¢) Humidity mixing ratio, or the number of grammes of water-vapour associated
with 1 gm. of dry air ().

(d) Dew-point temperature (7;) or the temperature at which the vapour pressure (e)
is the saturation vapour pressure.

{(¢) Wet bulb temperature (7).

Most of the available information about moisture content in the free atmosphere is obtained
from soundings of the atmosphere with self-recording instruments known as meteorographs
{Aeroplane ascents, kite ascents, sounding balloon ascents with Dines or other type of meteoro-
graphs, radiosondes, etc.). The data from such ascents are available as pressure (p), tem-
perature (T) and relative humidity (R.H.) or p, 7 and wet bulb temperature (7°). As the
W.B. temperature plays an important part in all aerological problems, it is useful to state here
briefly the theory of the W.B, thermometer.

1.1. Wet Bulb Temperature.—The temperature recorded by a well-ventilated W.B. thermo-
meter is called the wet bulb temperature of the air. When the W.B. thermometer has attained
a steady state there is neither gain nor loss of heat, i.e. the process is adiabatic. It is further
assumed that the air in actual contact with the W.B. becomes saturated at the temperature of
the W.B. These lead to the following equation for the wet bulb temperature:

CptaeC' )T =T) =L (@—2) .. .. .. .. 1Q)

This equation is the mathematical statement of the following known as Normand’s pro-
position I: ¢ The heat content of any air is equal to the heat-content of the same air saturated at its
W.B. temperature minus the heat content of the additional amount of liquid water required so to
saturate it.’

H =H'—(z'—x)CT" .. .. .. . K2

Here H is the heat content of (14=z) gm. of moist, air and H’ the heat content of (14-2") gm.
of saturated air at the W.B. temperature 7",

Equation 1(1) is the same as the one originally deduced by August-Apjohn except that C,
in the latter is replaced in 1(1) by Cp+C’,. As (",/C,<2 and z seldom exceeds 0-025, xC",,
is negligible in comparison with ¢;;,, With this approximation, 1(1) becomes,

7B
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L'z L'z

Cp—T+Cp . .. . .. o 13)
Using this equation, it is possible from p, T and 7" to obtain any of the other forms in which
moisture content is usually expressed.

Ready tables for computing humidity for any p, 7 and 7’ and for computing 7" from p, T
and R.H. based on this equation for different pressures do not seem to be available. The
tables in common use are those prepared by Assmann and known as Assmann’s Psychrometer
tables which are based on an approximate form of 1(3) assuming that L' = L = constant,
and p —e' = p—e,

From thesge, it follows that

T+

e=e—(T=T")p (06%)2L> .. .. .. .. 1)

C 1
In A Pgych t 5 t —r =
n Assmann Psychrometer tables the value of 0:629L = I510°

Se=e =} T—T") 71—5“3

or e = ¢ —(t—t) % .. .. .. .. .. 1(8)

t and ¢’ are in °C.

If C) = 0-24, then L = 582-6 cal./gm. Ly is, however, known to vary with temperature as
follows:

Ly = 597-3—0-565(T —273) for 7'>273°A.
Liy = Lo+ Ly = 677—0-565(T—273) for T<273°A.

The effect of these assumptions on the value of 7"’ will be discussed in the course of the
aper.
P Normand (1921) discussed the subject in detail and indicated a method of deriving 7"
corresponding to any values of p, 7 and R.H. from adiabatic diagrams. He also introduced
in this paper the concept of W.B. potential temperature 6’ which in view of its invariant proper-
ties during adiabatic processes has proved very important in upper air analysis. The derivations
of 7" and @' from adiabatic diagrams are made as follows.

We shall start with (142) gm. of moist air specified by p, 7 and R.H.; when the air is
expanded adiabatically the representative point first moves along the unsaturated adiabat
till the condensation level is attained. If the saturation adiabat passing through the point
of condensation is produced backwards the temperature corresponding to its point of inter-
section with the original isobar p is the wet bulb temperature. He compared a few values of
T’ derived in this manner with those from Assmann’s tables and concluded that the difference
between the two is not considerable. This method of deriving 7" leads to the following :

If T, T', Ty are simultaneous dry bulb, wet bulb and dew-point temperatures respectively,
then the unsaturated adiabat through T, the saturation adiabat through T' and the dew-point curve
through T all meet in a point, viz. the point of condensation.

This is known as Normand’s theorem. The main point according to this is that the W.B.
temperature follows the saturation adiabat, which is only approximately true.

Analogous to potential temperature 6 which is simply dry bulb temperature reduced to
standard pressure, he defined W.B. potential temperature 6" as the wet bulb temperature which
the air will take up when brought adiabatically to standard pressure P (= 1000 mb.).

From equation 1(2) he deduced the following equation for §’ corresponding to any values

of p, T and R.H. or p and 7":
, LG/.EB/ <P>If , L/x/
o, =5 Ut

P
P K{ L’x}
= (- T4— .o . . R 1(4)
(Z’) +0p ©




160 K. N. RAO: SATURATION AND WET BULB TEMPERATURES.

To solve for 6, it is first necessary to know 7 which can be had either from 1(3) or by
the construction mentioned above. If instead of using the equation 1(6) for getting ', we
used an adiabatic diagram, W.B. potential temperature would simply be the temperature
corresponding to the point of intersection of the saturation adiabat through p and 7" with the
standard isobar P (= 1000 mb.). 7" required here can be obtained from equation 1(3) or from
adiabatic diagrams by the construction mentioned above.

1.2.  Saturation Temperature and Saturation Potential Temperature.—Normand (1931),
in a note to Nature, elaborated this method of deriving W.B. temperature from adiabatic dia-
grams. To distinguish it from W.B. temperature derived from equation 1(3) or from Assmann’s
tables, he called it saturation temperature (7). He defined saturation potential temperature
{6,) as the saturation temperature that the air will take up when brought adiabatically to
standard pressure. This, as can be seen, is the same as the W.B. potential temperature derived
directly from adiabatic diagrams.

This note to Nature which clarified the two wet bulb temperatures as obtained from adiabatic
diagrams and from the W.B. equation seems to have escaped the attention of some workers
on the subject. For example, Bleeker (1939) and Petterssen (1940) have introduced - terrus

for the same quantities without referring to Normand’s previous nomenclature. The following
summarises the nomenclatures adopted by Normand, Bleeker and Petterssen:
Normand. Bleeker. Petterssen.

Wet bulb temperature (T”) Isobaric wet bulb temperature 77; | Wet bulb temperature Ty,.

Wet bulb potential temperature
(a8 obtained from Normand’s
equation 1(6)) 6.

When obtained from adiabatic

diagrams 6’.

Saturation potential isobaric wet
bulb temperature §’;

Potential pseudo-wet bulb tem-
perature 85y,

Saturation temperature 7.

Adiabatic wet bulb temperature
Tg.

Pseudo-wet bulb
Tsw

temperature

Saturation potential temperature
-

Saturation potential wet bulb tem-
perature 6.

Potential pseudo-wet bulb tem-
perature Os..

As the wet bulb temperatures derived from adiabatic diagrams follow the appropriate
saturation adiabats their designation as saturation temperature (7';) and saturation potential
temperature (f,) seems appropriate and are thus used in this work. These temperatures 7',
and 6, obtained from adiabatic diagrams were in use in the India Meteorological Department

even prior to 1931. The different W.B. temperatures mentioned above are shown in the
following :

p, T and R.H.
|
i [ |
T’ [from eqn. 1(3)] T, T’ 4 [from Assmann tables]
l [
¢’ [from eqn. 1(6)] 6, A 0,
[from adiabatic [both from adiabatic [from adiabatic diagram]

diagram} diagram]

1.3. Representation of Humidity.—1It is now for consideration which of the several forms
in which moisture content is expressible, is the most useful for discussing aerological data.
Speaking of aerological data, one always thinks of the several adiabatic diagrams which have
proved so helpful in the analysis of upper air data. To take for example the tephigram, it is
common practice to plot dry bulb temperatures on the appropriate isobars. The resulting
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curve is known as the tephigram or 7% curve. For representing upper air humidities dew-
point temperatures on the corresponding isobars or points condensation used to be plotted.
None of these curves as Normand (1931) pointed out is as wholly satisfying a method of graphical
representation of upper air humidities on adiabatic diagrams as a tephigram is for dry bulb
temperature. He suggested the plotting of saturation temperatures on the appropriate
isobars and called the resulting curve of S.T°s an Estegram (S.T. gram). The utility of S.T.
grams and S.P.T. in the analysis of upper air data has been well illustrated in a number of papers
published by Normand and other investigators.

1.4. Saturation Temperature tables.—In view of the importance of S.T. and S.P.T. in
upper air analysis it is desirable to have ready tables for computing these for any values of
p, T and R.H. To use W.B. temperature as derived from Assmann’s tables for plotting on the
T¢ gram does not seem quite correct. There is a difference although small, in general between
W.B.and 8.T. In order therefore to have S.T.’s it is either necessary to have suitable correction
tables for wet bulb temperatures or to prepare tables of S.T. for any values of », 7 and R.H.

In the closing part of 1939, Dr. Normand suggested to me the general problem of obtaining
an expression for the difference between saturation temperature and W.B. temperature, viz.
(T4 —1T;) so that this difference can be applied as a correction to 7", obtained from Assmann’s
tables, He suggested further that should this entail considerable work, direct tables for 7',
might be prepared. This led me to a detailed study of the subject of saturation temperatures,
the results of which are included in this paper. Most of the results in this paper had been
obtained by the middle of 1940, but due to my preoccupation with the computation of tables
of 8.T. and S.P.T., the writing of the paper had to be delayed. The tables have since been
published by the India Meteorological Department (1942).

1.5. Scope of the work.—The main problems considered in the succeeding sections are as
follows. Section 2 deals with the definitions and derivation of equations for saturation tem-
perature T'; and saturation potential temperature §,. In the third, the effect of certain assump-
tions and approximations about adiabatic processes in the atmosphere, on the values of T,
and f, are discussed. The equations that have been used in the practical computations of
saturation temperature and saturation potential temperature tables, are then given in detail.
The fourth and fifth sections deal mainly with the difference between saturation temperature
and wet bulb temperature, viz. T4 —T", T,—T', T’ 4 —T',etc. The sixth section deals with the
relation of W.B. temperature and saturation temperature to the entropy of moist air. The
last one is an appendix dealing with certain simplifications, etc. required in the paper.

A list of papers and books consulted during the course of this work is given at the end.

1.6. Acknowledgements.—1 have great pleasure in recording here my sincere and grateful
thanks to Dr. C. W. B. Normand for suggesting the problem and for valuable gnidance during
the course of the work. I wish also to express my grateful thanks to Dr. K. R. Ramanathan
who went through the paper and offered useful suggestions and to Mr. A. K. Roy with whom
I had a number of discussions in the initial stages of the work,

2. GENERAL EQUATIONS FOR SATURATION TEMPERATURE (T,) AND SATURATION
PoreNTIAL TEMPERATURE (6,).

2.1. Equations for the different adiabatic stages in the atmosphere.

Before proceeding to the deduction of equations for saturation temperature and saturation
potential temperature, it will be helpful to mention in brief the different changes which a mass
of moist air undergoes when expanded adiabatically. The initial conditions with which we
start are taken as (14x) gm. of moist air specified by (p), (T') and (R.H.).

The given mass of air being unsaturated would, when expanded, first proceed along the
unsaturated adiabat till it attains a condition of saturation. This is the dry or unsaturated
stage. Any further increase of temperature would cause condensation and this point of satura-
tion which is also known as the point of condensation is the beginning of the rain-stage. During
this stage the water vapour is partly condensed and falls out as rain or is suspended in the air
as water. According as we assume that all the condensed water remains in the air or separates
entirely from the air, the process is known as reversible adiabatic or pseudo-adiabatic. The
latter name is due to Von Bezold. If we assume the reversible process the moist air which
becomes saturated at the point of condensation moves further along the rain stage (reversible)
adiabat till it reaches the temperature of freezing (assumed to be 273°A in the present instance).
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Now the precipitated water freezes and we have the hail-stage. When the temperature at the
condensation level (7) is less than the temperature of freezing (273°A) the question of the
liquid water freezing into ice does not arise. Similarly if we assume that all the condensed
water falls out in the rain-stage, the change is psendo-adiabatic and there will be no hail stage.
The stages mentioned above are summarised below:—
(@) The dry or the unsaturated stage : Up to the point of condensation.
Reversible-adiabat
(b) The rain-stage: }up to 273°A if T, >>273°A.
Pseudo-adiabat
(c) The hail-stage applies only to the reversible process when water is carried with the
air and if Ty, >273°A.
(d) ‘The ice-stage : From the temperature of freezing.

Equations corresponding to these stages are now given for the sake of convenience of
reference and in a form suited for use in the course of work. Details of the derivation of the
general equations are given in all standard works on the subject.

We will first write down the expression for the entropy S of a mixture of 1 gm. of dry air,
27 gm. of saturated water vapour and (x—zr) gm. of liquid water.

Ly
S = C,,{log T—K log (p—eT)+7,a} +Cx log T+ const.

The expression in the brackets will occur frequently in the course of this work and it is
denoted for convenience by ¢,(T).

ady
$p(T)=log T—K log (p—eT)+ 7c, -
The corresponding expression when vapour-pressure values over ice are used, is
L% r
qﬂpi(T)Elog T—K log (p_ei-T)+_&’OT,,— .
For T = 273°A, e, = ¢, ,= 611 mb.
We have

8 = Cyp (T)+Cx log T +const.

C,¢,(T) is the dominant term in § and is generally a good approximation for 8. The expression
for S is given here in order to emphasise the close relation between S = const. and the equations
of the different adiabatic stages.

2.1.1. Dry or unsaturated stage: For a gm, of dry air specified by p and T—Dry adiabat.
C, log T— AR log p = const,

This simply states that the entropy of dry air when expanded adiabatically is constant.
Dividing by C,, we get

log T—K log p = const.
For (1+zx) gm. of unsaturated air specified by p, T and R.H. (or x): Unsaturated adiabat.

(Cp+2C',) log T—AR(I +f—> log » = const.
.z log T— K, log p = const, '
1
€

C”,,
!;1“"0“

r

where K; = K
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2.1.2. Saturation adiabat (Rain-stage).—Reversible : In this case the products of con-
densation are retained. For any p, T and z, (z7 gm. of saturated vapour 4(z—=z7) gm. of
liquid water), we have

¢,,(T)+C£ log T = const.
C?

This is simply S = const. When the adiabatic process considered is reversible, total entropy
remains unchanged or is constant.
Pseudo-reversible : Tnitial conditions are the same but water drops out as soon as it is
condensed.
T
CmT
¢,,(T)+j ap—T—dT = const.

T
S’—J %;—MZdT = const.

The integral term is difficult of exact evaluation and therefore a mean value for x4 (= £)
is assumed. Usually it is taken equal to -01 which corresponds to 10 gm./1 kgm. Withzp = ¢,
we have

¢,,(T)+g;§ log T = const.
P
L. S—=C(z—¢) log T = const,.

If the integral term is neglected.
¢4(T) = const.

.. 8—Cxlog T = const.

It is interesting to see that the last three forms of the equation of the saturation adiabat
differ from § = const., only in the term involving the entropy of liquid water.

2.1.3. Hail-stage.—When the ascending moist air reaches the temperature of freezing
assumed here to be 273°A, let there be z; gm. of water-vapour and y, gm. of liquid water.
In the final stage let there be z, gm. of Vapour and y, gm. of ice. As the adiabatic process
is considered reversible, we have x = z;+4¥y; = x5+y, and

Lyq37; __Lorsme  Leys
z730, K108 [1’273, a]l =310, 2m0, & l°g[1’273, a]z‘

2.1.4. Saturation adiabat (Ice-stage).—Equations corresponding to those of the rain-stage
are—

Cx _
¢P-(T)+_C’; log T' = const.

1

7
C,'IET _
¢pi (T) +J 0,7 dT = const.

O _
¢>pi (TH__C: log T = const.
$p (T) = const.

As saturation vapour pressure values over ice are generally small, the last term in each of the
first three is neglected. This reduces all of them to

¢p (T) = const.

2.2. Condensation Temperature (To).

2.2.1. General equation for To.—It is seen from the introduction that the study of T,
and 6, is intimately connected with a knowledge of the condensation level. We shall now
obtain equations for pg, T, corresponding to different values of p, 7' and R.H. (or z).
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The -moist unsaturated air when expanded adiabatically moves along the unsaturated
adiabat till the condensation level is reached. During this process the humidity mixing ratio
() remains unchanged, i.e. z the initial value of the mixing ratio is equal to x, at the condensa-
tion level. It follows from this that

¢
P e 2

Po—¢ € Po '
The unsaturated adiabat through p, 7' and corresponding to x also passes through py, T.
log Ty—K; log py =log T'— K, log p
log To—K; log ep =log T—K, loge. .. .. 22

This is the general equation for 7, and was originally derived by Neuhoff.
K, is a decreasing function of # and is maximum for & = 0 (i.e. for dry air) when K, =

K = 0-286.
AK 1
Tl <100

AK —0-352x
IfAK=K,— =
A K=K, then 100"

K ~ 14196z
We may therefore neglect A K compared to K.

We will now derive an expression for Ty; — T, where Ty, and T, correspond to K; and K
respectively. From 2(2), it is easy to show that

x seldom exceeds 025 and hence

log % —Kylog e+ K logeg = —AK loge.
0

X 1 d _ AK_ T ‘
. (TOI'—TO) { TO —'Kl JQTO (log 60) = e —K_ logﬁ,—o .. .. 2(3)

{to the first power of Ty, —Tp).

The following table gives Ty, —T, for different z and hence also K :

TasLE 1.

Values of Toq—Tg for different x and hence also K.

z—| 020 ‘016 012 010 -008 -004 1002 -001

r (;A) o -2879 2876 <2872 -2870 -2868 -2864 -2862 -2861
290 . .. 00 -00 —-01 —-01 00 -00
300 00 —-01 —+01 —-01 —-01 —-01 00 00
308 —02 —-02 —-02 — )2 —02 —-01 —01 -00

From this, we may conclude that the error in T, due to K;~~K is negligible.

2.2.2. We shall now consider the change in T, due to variation of pressure when 7' and
R.H. are fixed. In the general equation for Ty, p appears only in the terms involving z, i.e. in
K 1 A variation of p therefore involves a corresponding variation of K;. But, whatever the
variation of p, « seldom exceeds -025 in practice. We have just proved that the variation
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of K, (due to variation of p or x) from K introduces a negligibly small change in 7. It follows
therefore, that the influence of p on T is negligible.

We may now write 2(2) after putting K, = K as

log Ty—K log ¢g = log T—K log e .. .. o 2(4)

log Ty—K log eg = log T—K log ¢ ,—K log -

7
=log T—K log e+ K log I;LO .. o 2(5)

(where fis R.H.)
The equation of Ty is thus a function of 7 and R.H. only. From 2(4) and 2(1)
log To—K log py =1log T—K log p .. .. .. 2(6)
I/K

01‘p0=p<%’?> .. . . . o 2T

2.2.3. Ty from adiabatic diagrams: It is obtained in practice as the temperature of the
point of intersection of the dry adiabat through p, 7 with the iso-hygric ‘x’. This leads to the
following equation for 7.

log To—K log ey =log T—K log e
It is the same as 2(4). Instead of the dry adiabat, if we had used the unsaturated adiabat
corresponding to p, T and z, the value of Ty would have remained the same, i.e. T is a function
of 7 and R.H. only. Hence, if T and R.H. are fixed, then as 7" moves along the ‘T’ isotherm
T4 will move along the ‘T’ isotherm and T along the ‘7';’ isotherm,
2.24. Equation of 7 in terms of p, T and z and p, T and 7.

From 2(4).
log TO—K IOg €y = IOg T-K log p-!-K IOg (1 +0222>
= log 6—K log P+K log (1 +‘¥%>
1+ 0622
= log T—K IOg p+K log Op , L'z L 2(8)
)| Tte -1
p

2.2.5. Solution of the equation of Ty: As the formulae for e; in terms of 7' are all em-
pirical, the graphical method of solution has been followed. Reducing the above logarithmie
equations to base 10, we have

100
longo—K lOgloeo = logloT—K 10g10€T+K lOglOT

= log o0~ K logoP+K loglo(l +0_(:;_22)
0622
I+ ™)
= logloT—K 10g10p+K l()glo{ (@,) [T'-*—L x —T]} .o 2(9)
I% o |

Tables 2, 3 and 4 give values of y = log,gT—K log ger, K logy, }%—) and K logyg (1 +9§:2-2)

—K logyoP respectively. The curve y =log;g7'—K logger was drawn. To get T, for any
values of p, T and R.H., evaluate the right hand side of 2(9) choosing the appropriate one

according to the elements known. The abscissa corresponding to this value of y is the con-
densation temperature 7.
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TABLE 2.

Values of y = logyg T—K logyg ep for T ranging from 186°A to 317°A.

T ¥ T U} T ¥ T ¥
186 3-3717 240 2-5388 267 2-2640 294 2-0691
188 3-3321 241 2.5274 268 2-2550 295 2.0630
190 3-2905 242 2:5160 269 2-2460 296 2.0569
192 3-2551 243 2:5045 270 2.2373 297 2-0509
194 3-2156 244 2:4934 271 2-9287 298 2:0449
196 3-1796 245 2.4824 272 2:2199 299 2-0390
198 3-1428 246 2:4714 273 22113 300 2-0331
200 31087 247 2-4606 274 2-2041 301 2-0273
202 3-0712 248 2-4499 275 2-1967 302 2:0215
204 3-0397 249 2-4393 276 2-1893 303 2:0158
206 2.9994 250 2.4288 297 2-1822 304 2.0101
208 2-9737 251 2:4183 278 2:1751 305 2.0045
210 2-9421 252 2:4079 279 2:1679 306 1-9989
212 2-9100 253 2-3983 280 2:1609 307 1-9934
214 2-8808 254 23874 281 2-1540 308 1-9879
216 2.8512 255 2-3778 282 2:1471 309 1-9825
218 2:8219 256 2-3673 283 2:1403 310 1:9771
220 2:7938 257 2-3579 284 2-1335 311 1-9717
222 27660 258 2-3479 285 2-1268 312 1-9664
224 27385 259 2.3382 286 2-1202 313 19612
226 27091 260 2:3289 287 2-1136 314 1-9560
298 2-6854 261 2:3193 288 2:1070 315 19508
230 2-6598 262 2-3096 289 2.1006 316 1-9457
232 2.6347 263 2-3003 200 2:0941 317 1-9406
234 2-6099 264 2-2911 291 2-0878

236 2-5857 265 2-2819 202 2:0816

238 2:5620 266 2-2729 293 2-0753

Ezplanation.—epis sa

turation vapour pressure in mb. over water or ice according as T'>273°A or < 273°A.

K = 0:286.
Tasie 3.
Values of y = K logy, lgi)

f y S y I Yy f Yy

100 0-0000 75 0-0357 50 0:0861 25 0-1722
99 0-0012 74 0-0374 49 0-0886 24 0-1773
98 0-0025 73 0-0391 48 0-0911 23 0-1825
97 0-0038 72 0-0408 47 0-0938 22 0-1881
96 0-0051 71 0-0425 46 0-0965 21 0-1938
95 0-0064 70 0-0443 45 0-0992 20 0-1999
04 0-0077 69 0-0461 44 0-1020 19 0-2063
93 0-:0090 68 0-0479 43 0-1048 18 0-2130
92 0-0104 67 0-0497 42 0-1078 17 0-2201
91 0-0117 66 0-0516 41 0-1108 16 0-2276
90 0:0131 65 0-0535 40 0:1138 15 02356
89 0-0145 64 0-0554 39 0:1169 14 0-2442
88 0-0159 63 00574 38 0-1202 13 0-2534
87 0-0173 62 0-:0594 37 0-1235 12 0-2634
86 0-0187 61 0-0614 36 0-1269 11 0-2742
85 0-0202 60 0-0635 35 0°1304 10 0-2860
84 0-0217 59 0-0655 34 0-1340 9 0-2990
83 0-0232 58 0-0676 33 0-1377 8 0-3137
82 0-0247 57 0-0698 32 0-1415 7 0-3303
81 0-0262 56 0-0720 31 0-1456 6 0-3495
80 0-0277 55 0:0743 30 0-1495 5 0-3721
79 0-0293 54 0-0765 29 0-1537 4 0-3998
78 0-0309 53 0-0789 28 0-1581 3 0-4355
ik 0-0325 52 0:0812 27 0-1626 2 0-4859
76 0-0341 51 0-0836 26 0-1673 1 0-5720
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TABLE 4.
0-622
2 =K log10(1+T)—0-858f0r z from -050 to -0005.

z z T z z z z 2z
-050 — 144647 027 —1+4-5369 014 — 146160 0055 — 147304
-048 4694 026 *5414 013 -6252 0050 *7421
046 ‘4743 025 5461 012 *6347 -0045 *7551
044 4794 -024 *5510 011 -6454 -0040 -7696
(042 *4849 1023 +5561 010 *6570 - -0035 <7861
1040 4906 -022 5614 <0095 *6633 -0030 8052
-038 4967 021 +5670 0090 +6699 -0025 -8277
-036 -5029 020 *5729 <0085 -6769 -0020 *8553
-034 -5096 019 -5791 ‘0080 -6843 -0015 -8910
032 -5168 018 -5856 0075 -6923 <0010 —1+4-9442
030 -5245 017 +5925 -0070 ~7007 10005 00272
029 5284 016 *5998 0065 -7098
-028 +5326 015 6076 0060 -7197

2.2.6. T, in terms of dew-point temperature T ;.

Let $(T') = log T—K log ep. Then 2(4) can be written as

¢(To)=¢(T,,)+Klog% L 200
di(Tyq) _ T _T-T,4 T~-Ty
(jo—Td) e = log = {1—2< - >+} .. 2011

(to the first power of Ty—7").

1 deT 0622 LT

Using Clapeyron’s relation erdl = AR T we get
a(T) 1 0622 Ly
'—aT— — '7_1 {1—_—0—;— T } ., .o .. . 2(12)

It is seen from a table of %T that we may take its mean value as 2 for 7' from 273°A to 317°A
and as 2:6 from 273°A to 240°A. Hence if T >273°A we get

~ ) 1 (T-Tq
T—To_(T—T,l){123s_8.4< T >+}

~ (T—Tz){1:238— -00044(T—T )+ ...}

~ 1.238 (T —T,) [neglecting higher terms].

l T—Tg = 1-238 (T—T,) 2(13)

This shows that when T—7T, is fixed, T—T is practically fixed and hence independent of T
as also of p.
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2.3. Equations for saturation temperature (T,) and saturation potential temperature (6;).

We shall now derive equations of 7'; and §, for any values of p, T and R.H. or . These are
defined as follow: If the saturation adiabat through the point of condensation (po, T) corre-
sponding to p, T'and R.H., is produced backwards, then the temperatures corresponding to the
points of intersection with the original isobar p and the standard isobar P (= 1000 mb.) are
defined as the saturation temperature (T,) and saturation potential temperature (0,)
respectively.

The point of condensation (py, Ty) is obtained as detailed in 2.2. The equation of the
saturation adiabat will vary in certain terms relating to the entropy of liquid water according
as we assume the adiabatic process in the rain-stage as reversible or pseudo-reversible. As
the ice-stage is assumed to commence at T = 273°A, it will be necessary to distinguish cases
according as the condensation temperature 7(>273°A and Ty<<273°A. The different cases
are shown diagrammatically in figs. 1 and 2.

2.3.1. T>273°A and T¢>273°A.

From the equation of the pseudo-adiabat, the equations for (p, 7,) and (P, 6,) are
given by

9 T

sch mo__ m [ 801“7' Ve
¢P(03)+J mdl - ?Sh(l s)+J C,,T dl
T, T,
= ¢y, (To)
Lox
=log T—K log (p—-e)+T 8 2(14)
oy
By putting a7 = £ in the integral term, we get
% ce B ctE.
¢1)(03)+ CTP IOg 05 = ¢p(T3)+0—p ].Og T; = ¢’,0(To)+0—p log 70 .
=log T—K log (p—e)+ Lov +Cl§ log Ty. .. .o 2(15)

TyC, C,
If the integral term is neglected,

¢P(03)=¢,,(T,)=¢,,D(To)=logT—Klog(p-e)+11,;°g. L. 206
p

This can also be written as

Loszos Lgxs Lox

f.e 6:Cr e O peToC
(P—eg)X ~ (=)~ (p—)*"

This last set of equations was deduced independently by Dr. Normand but was not
published. Equations corresponding to the reversible adiabat are the same as 2(15) but
with ¢ replaced by =z, the initial value of the mixing ratio. We will now express these
equations in terms of Entropy. From 2(14), we get

Entropy of (1+2) gm. of saturated air at 7g—Entropy of x gm. of water at T,

=Entropy of (1+x,) gm. of saturated air at 7,—Entropy of z, gm. of water at T's

2(17)

TS
+J 1 ar
T
Ty
After certain simplifications, this can be expressed as
TS
. Clo—
8 = 8;— (2;~2)C log T3+J .E.T_Tf_) ar. .. .. 208)
' T

0

If the integral term is neglected,
8 = 8;—(x;—z)C log T, . . .. . .o 2(19)



170 K. N. RAQ: SATURATION AND WET BULB TEMPERATURES,

Similar results for the other equations of 7's are:

Corresp. to 2(15) 8 = 8;—(2;—2x)C log T 4-C(¢é—x) log -g—i RN .. 2(20)
i

Reversible adiabat 8 = 8;— (;—x)C log T,.

Corresp. to 2(16) 8 = 8;—(z;—2)C log T's—Cx log %9. .. <221

It is interesting to see that these differ from each other mainly in the terms involving the
entropy of liquid water. If we neglect these (i.e. the last term in 2(20) and 2(21)), they are
reduced to the same equation, viz. 2(19). This relation expressed in words is ‘The entropy
of air is equal to the entropy of the same air saturated at the saturation temperature (T;) minus
the entropy of the additional amount of liquid water required to saturate 1t°, This result is the same
as Normand’s proposition II, with the words ‘wet bulb temperature’ replaced by ‘saturation
temperature’. The order of the approximations involved and other details will be considered
later.

2.3.2, T>273°A, T¢<273°A but T;>>273°A: In this case, we have to consider the ice-
stage from T to 273°A and later the rain-stage. For pseudo-adiabatic conditions, we get

¢”i, o{To) = ¢P1‘, pra(278)-
T!
CIT
de .
273
A similar relation holds for §; also. As e¢; 973 = €973 and L; 973 = Lazg+1L,, we get

01 T’
CIT _ CIT
¢ ,(65) +j AT = ¢,(Ts)+ j o7

by, (278) = ¢p<Ts)+J

c.T
273 P 273
_ L,xy7g
= r, (7o) 273C,

= log T—K log (p—e)+ Ligx _ LeZars

ToC, 273C,
= log T—K log p— 5-7-“?%73 (for 0%, R.H.). . 2(22)
b4

By putting xr = ¢ and #r = 2z in the integral term, we will get the equations of 7', and 8,
corresponding to 2(15) and the reversible adiabat respectively. If we neglect the integral
term 2(22) becomes

¢P(6‘) = ¢y (T5) = 951',-,0 (To) — %;?g'i

Liox Loy

=log T—K log (p-eH-Ton - 5730,

=log T'— K log p— %2073 (for 09, R.H.)
p

2.3.3. To<<273°A and 6,<<273°A :
— . _ L;, ox
‘I’P’_(es) = ¢p‘.(TS) = ¢pi’ O(To) = log T—K log (p—c)+m
= log T—K log p (for 0% R.H.).
When T',<<273°A but 6,>>273°A the equations of 7', and 6, will be a partioular case of the
series in 2.3.2 as can be seen easily. ’
2.3.4. The equations of T and 6, above, are derived on the assumption of freezing at
T = 273°A. If, however, we assume the rain-stage conditions as valid for 7'« 273°A also,

(i.e. using vapour pressure values over water for 7<273°A and the same relation for L as
for T'>>273°A), then the equations of 7', and 6, will be the same as 2(14) to 2(17).



K. N. RAO: SATURATION AND WET BULB TEMPERATURES. 171

2.3.5. Further approximations: As e or e, is small compared to p, we may put p—e
~ p—e; = p. Variation of Ly with T is small, so that it may be regarded as a constant.
We shall use these approximations for the series of equations in 2(15).

(@) p—e=p—e,=p:

*. K log (p—es) = K log (p—e)

Lo X

*. log T'; T C g T + z,

0-622\ L, 0 622 Lge
log T =log T -
o8 +( ) Ts +( Cp ) ?To

() Lr = Ly ~ L in addition to the above:

log T 0-622 L\ e —log T + 0- 622 L\ e
og T's + G, T, — %8 c, Ty

(¢) If we take %f- as constant, we get

= 21 T - 0622 (Ii)
e=¢ og T. where a c, T ) oons.

We have thus deduced the equations of T and 6, for any values of p, T and R.H. corresponding
to different assumptions and approximations about adiabatic conditions in the atmosphere.
3. EFFECT OF CERTAIN APPROXIMATIONS ON T's AND 0;.
We will now consider the errors in 7', and 6, arising due to different approximations about
adiabatic conditions in the atmosphere,
3.1. Differences in T and 0, due to certain approximations in the equation of the saturation
adiabat.

Let us consider (14x) gm. of moist air specified by p, 7 and RH. When T, >273°4,
the different equations of T'; are

BT =y (To) - o o oo - e 30
TSC
¢F(T3)+J OTdT brg(Ta). oo o e 3O
$,(T)+ CglogTs ¢,,0(To)+%§ log To. - .. .. 3(3)
p
%,
¢p(Ts)+5;logT =¢,,0(T0)+Z,flog To. .. .. .. 34

3(1) will be taken as the reference equation of 7. If T, T, T, and T are the solutions
Of 3(1), 3(2), 3(3) and 3(4) respectlvely, we have to find out the order of the differences
—Ts, Tsy—Ts and T's;—Ts

From 3(1) and 3(2),

T
SIC ij
¢p(Ts1) —¢p(Ts)+ J o T —Lar = —-J. ZZ'—T dT
T P

{to the ﬁ.rst power of TSI—TS).
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ngI—/ 34;,:1(1’1’) is an increasing function of 7' and for the range of values of p and 7' met with in
p
practice, this ratio is less than 516 We may, therefore, neglect % compared to
R
3,(T) " 02,
. o p\Ls) o xr 6
AT —Ts) T, = J C,,T_dT . 3(6)
1]
" 0T c¢ T '
_ ~ G L 3(7
Similarly (Ts,—T) aT. c, log T, M
0¢,(Ts) Cx. T
T, —T) 2= = — —log = . 3(8
(T =T =5, T, 8 T, )

1f we replace 7', by 8,, T's, by 6; , etc., in these equations, we get the expressions for 6;, — &, 05, — 0,

ete. 1t is easy to show that
a‘}SP(o:)
o0,

(9‘1 - 0‘) = (T‘i

—_ TS) a¢P(T<)

|6, —6,| < | T, —T.] -

Similar inequalities hold for 6,,—6; and 6., —6; .

oT,

When 7T < 273°A but T, > 273°A, the equations of T'; corresponding to 3(1) to 3(4) are

L,xg73

= _ 9
(Pp(TS) ¢in 0 (TO) 273Cp 3( )
%o L
xr — _ Lot
ST+ J 9T = b5, (10 = 55 3(10)
273
C¢ Lreys , C€
-2 = — =t -2 3
$,(T)+ z log T = ¢y, (To)— 5o s Cplog 273 1)
Cx Lo , Cx . .
pudad = — e i 12
$(T)+ c, log 7', qut_’ O(TO) 2730, + v, log 273 3(12)
Taking 3(9) as the reference equation and proceeding as before,
NT‘
3b,(TS) _ S Car )
(T4=T) 3=~ | Gl 3(13)
273
0 ,(T,) Cc¢ T
— ~—2 . 3(14
(Te=T2) =7, =~ 7, e a7 - 14
0,(Ts) ., Cx . T 315
(To=T) =30, = — ¢, 8573 (15)

The series 3(15) to 3(18) is the same as 3(6) to 3(8) except that T in the latter is replaced

by 273. From these, it follows that 7' is the highest of 7', T, T’s, and T, Further

Cz,\ T [3y(Ts) <9730
— 1 P, Te>273°A
G, & 273} aT, (To=> )

It is seen from the following tables that the maximum of the differences seldom exceeds }°C.
3(2) and 3(10) more nearly correspond to actual conditions in the atmosphere. But the error
involved in using 3(1) and 3(9) as against these and other approximate ones is inappreciable.
Hence 3(1) and 3(9) only will be used in practical computations of T and 6..

‘T53_Tsl < ‘ Tsl‘—Ts‘ <{
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TABLE 5.

Values of | Ts, —Ts| | Ts,—Ts| and | Ts, — T3 | for p = 1000 mb. and different temperatures.

(T, >273°A).

X 6 8 | 10 | 12
T = 294°A.,

1) 01 | 01 | 01 | 00

(2) 02 | 01 | 01 | 00

(3) 01 | 01 | 01 | 00
T = 300°A

(1) 02 [ 02 | 01 | 01

(2) 02 | 01 | 01 | 01

(3) 01 [ 01 | 01 | 02
T = 306°A

(1) 03 {03 102 | 02

(2) 03 ] 02 | 01 | 01

(3) 02 | 02 | 02 | 01
T = 320°A

(1) 04 | 04 | 03

(2) 02 | 02 | 02

(3) 02 | 02 | 02
T = 336°A

(1) ] 06 | 06

(2) o los | o2

(3) . o2 | o2

Lplanation.—(1), (2) and (3) correspond to the values of the differences, maximum |T81—T5 |,
[Ts,—Ts{and | Ts ~Ts | respectively.
Cx T { T
Maximum of | Ty —Ts = 2 log 2L M
1 C T, d7Ts
In computing | Tsz—Ta |s £ is taken as -0l which corresponds to & humidity mixing ratio of
10 gm./1 kgm.
X': mixing ratio in gm./l kgm.
TABLE 6.

| Tsl_Tsl , ete. for p = 1000 mb. and different temperatures when Ty < 273°4.

X 5 4 2 1
T == 312°A.

) 02 o1 | o1 ] 01

(2) 0-2 0-2 0-2 0-2

(3) 0-1 01 0-0 0-0
T = 320°A.

(1) 0-3 0-2 0-2 0-2

(2) 0-3 0-3 0-3 0-2

(3) 01 0-1 0-1 0-0
T = 340°A.

(1) 0-3 0-3 03 0-3

(2) 03 0-3 03 03

(3) o1 | o1 {01 | 01

Egzplanation.—(1), (2) and (3) are the differences | I's —Ts|,| T's,—T's| and | Ty, —T's| respectively.
In computing (1), the following approximation has been used:
8 .
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Ty Cx ; T
e S 400

g3 02T T
~ __%+x273 log _?_‘9_ /a';bp( T_'g)_
=0 2 273/ 9T, '

Other remarks are the same as in table 5.

3.1.1. Differences in T, and 0, due to ‘ice-stage’—The above equations of T take into
account both the rain and ice-stages when Ty << 273°A but T, >>273°A. If, however, one assumes
the rain-stage equations and conditions valid for T'<273°A, it is of interest to find the difference
introduced thereby in T and 4;.

When Ty<<273°A but T, >273°A,

Loz _ Ly

¢,(Ts) = log T—K log (p_e)+T00p 273, 3(16)
If the rain-stage conditions are used
Lle
= — — 1
¢,(T)=log T—K log (p e)+T010P. 3(17)

(T'y; is the condensation temperature obtained by using vapour pressure values over water.)
If T; and T\, are the solutions of 3(16) and 3(17) respectively then to the first power of

T, —T,, -

a¢p<Ts>_@(L_i) é(m_za)
(Ta=T) =5, = ¢,\Ts; ~ 7o) YO, \273 ™ 7;) -

The maximum of the difference corresponds to 0%, R.H. and in this case

06,(T) _ L2313 18
(TSI—T‘)T_273OP' .. . .. .. 3(18)
T, >T;
Corresponding expressions for 0; are:
a‘ibp(os) a';bp(Ts) L Lo13
— = (T, — =_f== .. - 1
(01 —0) =g = (Ta=T4) T35~ = 3730, 309

|6, =6, | < |Ty—Ti].

Table 7 gives T, —T' for different values of p, T and zero humidity. The following results
are of interest.

(@) T,~T, from the formula is in good agreement with values obtained by graphical
methods.

(6) T's,~T increases with decreasing pressure for fixed values of T and R.H.

(¢} For p and R.H. fixed, the variation of the difference with temperature is negligible.
(d) I 051_65| < ’ Tsl'—Ts | .
(¢) The maximum of the difference is less than a degree.

TABLE 7.

Ty I—T, and 0.91"9.9 Jor different pressures and temperatures and for zero humidity.

Pr. 1000 mb.
T-» . .. | 300 | 304 | 308 | 312 | 316 | 320 | 324 | 328 | 332 | 336 | 340 | 344 | 350
Ty —T, (Graphical) .. | 07| 07| 07| 07| 07| 07| 07| 07 | 0:6| 07| 07| 07 | 07
Ty, —Ts (Formuls) .. | 07| 07] 07/ 07} 07 ) 07 ] 07} 07) 07| 07} 07| 07| 07

8B
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Pr. 500 mb.
T— .. . .. 288 292 296 300 304 308 310
Lemzn
m (0-4343) .. .. 00230 I 00240 | -00249 { -00259 | -00269 | -00280 | -00286
T, — T4 (Graphical) .. .. 0-8 0-8 0-8 0-8 0-7 0-7 0-8
Tsl—Ts (Formula) .. .. 0-8 0-8 08 0-8 0-7 0-8 0-8
Pr. 800 mb.
T— .. .. .. 288 290 292 294 296 298 300
Lemns - .
Z (0-4343) .. .. -002564 -00259 00265 00270 00276 | 00281 00286
2730, .
Ty —Ty .. .. .. 09 -] 09 0-9 0-9 0-9 0-9 0-9
b5, —0s .. . .. 07 06 0-7 0-6 0-7 07 07
Pr. 700 mb.
T .. .. N 291 292 293 294 295
Lewzn
S (0-4343) .. .. .. 00293 00296 00299 00302 00305
2730,
Ty ~Tg . . . 0-9 0-9 0-9 0-9 0-9
fa, — B, .. . . 07 0-6 07 07 07

3.1.2. Change in T due to the approximation p—e = p—e; in the reference equations:
As K log (p—e) = K log (p—e;), 3(1) becomes
Loll:
ToCp~

Denoting by 7's and T, the solutions of 3(19) and 3(20),
1 0 (L _ p—e
=) o (76,)§ = % e 2%

Z x .
(to the first power of T, —T).
T,—T>0.

It is easy to show that for T,<<273°A but 7',>>273°A, the same expression for T —T'
holds. When R.H. tends to zero,

1 0 (La P
T ~T)d = 4 e ad ~
,( 1 ){Ts+ aTS (T;CP>} K logp"'es

3(20)

log TS+ILT%’— =log T +
sMp

~K.%. L 322
r .
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The effect of the approximation is to increase the value of T,. The following table gives
Ts,~T for different values of p, 7' and R.H.

TaB1E 8.
Pr. 1000 mb, R.H. 09,

T (°A) T (°A)

- -
310 300 290 280 320 310 300 290 280

R.H. | Pr.|

50 0-1 0-1 0-1 0-1 1000 0-6 0-5 0-4 0-3 0-2
30 0-2 0-2 02 0-2 900 05 04 0-3 0-2
0 0-5 0-4 0-3 0-2 800 0:5 04 03 0-2

It is seen from the table that the difference between the two is practically negligible and this

is particularly so for low values of p and T
values of T'; for T<<273°A and p< 600 mb.

This approximation has been used to compute

3.1.3. Approximation in the expressions for Saturation adiabatic lapse rate—This will vary

with the equation of the saturation adiabat.

0T _ _ 34T

1,
25
a7

dp -’

dp -’
daT,
dp

This term is small compared to

them are reduced to 3(23).
it follows that ¢, is practically independent of the approximations involved in 3(1) to 3(4).

3.2

d
Asdp

5

oT';

a‘l’p(Ts) Cus
{ oT,

{ 0 p(T'5)
T,

o7

oT's

op

O,,Ts} =

oe)
+G,,T5} =-

fogata 0o
0,7,

3(24), 3(25) and 3(26) differ from 3(23) in having an extra term for d
0¢y(T's)

s

dp

Corresponding to 3(1) to 3(4),

3(23)

3(24)

3(25)

3(26)

in the denominator.
and may, therefore, be neglected. With this, all of

is proportional to the saturation adiabatic lapse rate (y;),

Variation of T with change of pressure when temperature and humidity are fized.

As T and RH are fixed, 7'y is also fixed. The reference equations of 7'; 3(1) and 3(9) will be
used in the present discussion. If 7', and 7's, correspond to p, T and R.H. and p,, T and R H.

respectively, we get

[Txi“'Tsl <l.

$5(7%) = by (To)

¢”1(T‘1) = <l’”l. O(TO)'

We shall derive an expression for T, —

|

3(27)

T, and an upper limit for |p—p;| in order that
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Putting p—e = p—e; we have

log T, +2 ( e) = log T+;-: (%—00“) l

1. 3(28)
logTs+i'L( sls‘):l T ﬁ(EQE)j
! P TSI 0g +P1 To
(0622
a= Cp
1 a d (Le 1 1\/Lee Le
Y- L8\ LAY A=l
. ){7\+J’d7’ﬁ<ﬂ)} a(m P)(To T>)
=Py L 320)

_ p—p, {T=T. 1[/T=T.\? 530
__plf(T+§<T +..1 300

to the first power of 7', —7'; .

T, <Ts if p; <p. Hence T, decreages with decreasing pressure when 7' and R.H. are

fixed. In this discussion 7'y > 273°A. When T, < 273°A but T, > 273°A, the equations
of T, corresponding to 3(28) are

lOU T4~ <L\65> — ] T+p_ z 0é _ L,55273 . \l

7 T, ~ 273C,
ny . 3(31)
a 51751 0€ e Lo73, 1
lo TS+—(———> g 742 Lot ———’—.(
& e\ T, +p1 T, ~ 213¢, |

(%273, 1 18 the value of 73 for p; 7' and R.H.)
Proceeding as before, we get

(Tsl—Ts){ 1,2 d <Lse‘>}=P;P1 1og?i+{ﬁL’”273—ﬁf&'l} .. 3(32)
1

T p  dT, \'T T py 273C, 2730,
For p = 900 mb. and p; = 800 mb. and 09, R.H., a few values of
T 0-4343L,
® = p 21 10g10 7 T B= 5730, {101 X753 Ta73, 1} and T, =T,
are given in the following table:
TABLE 9.
T (°A) « B Bl Ty, —T,
292 -00304 -00005 1/61 1-0
294 -00320 -00005 1/64 1-0
296 -00340 -00005 1/68 1-0
298 -00360 -00005 1/72 1-0
300 00380 -00005 1/76 11

From this it is seen that B is negligible. 3(32) therefore reduces to 3(29). When 7, < 273°A,
3(29) bolds with L, changed to L; ;.
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3(29) can be written approximately as

(Ts,=Ts)(pr1ta) = —(p— (T —T), . . - 3(33)
des &
where o=a {Ls aT. —L T—s}

If | Ts,—T; | <1, then

P o
— <
P=Pr <1y iR T—T,

This gives an upper limit for p—p, in order that | 7, —T: | < 1. A few values of p—p;
for p = 1000 mb. and 09, R H. and for | s, =7 | = 1 are given below.

(p = m). .. .. 3(34)

T (°A) P—n
310 96
300 103
290 128

Ts,—T; for different values of p, p;, T and R.H. are given in the following table. We may

conclude that the maximum change in 7', for a difference of 100 mb. is of the order of a degree.
In view of this, it is sufficient if we have tables of 7' for standard pressures at intervals of 100 mb.
Any such pressure table can be used for a range of 50 mb. on either side of the central value
without introducing a maximum error of more than 3°C.

TasrLe 10,

Variation of Ty with pressure and temperature.

T (°A) | 280 | 282 | 284 | 286 | 288 | 290 | 292 | 204 | 296 | 298 | 300 | 304 | 308 | 310
R.H. 509,

Ty —Ts, e 02 02] 03] 03] 03] 03] 03[ 02]02]02] 02} 02 02102
Ts, — T, .l o3|l oslo2|o2) 02| 02 02| 02
To,—Toq ..l o3l 03| 03] 03] 03] 03[ 03] 03
Tyy—Ts, 03] 03] 03] 04| 04| 041 04
' R.H. 0%,
Ty —Ty, .. | 06| 06{ 07] 08| 08 08 08 08| 08 69 08| 10 1:0 10
Ty —Ts, .l oel o7l o7 o8] 069 090909 10 11| 1] 11 12|12
Ty, —Ts, o] 08]08] 091 1.0 1] 11 12
Ty, —Ts, 10 10| 10| 10} 1.1 1-2

Explanation.—Tg , T”l’ TS2, TS3 and T84 are values of S.T. for p = 1000 mb., 900 mb., 800 mb.,
700 mb. and 600 mb. respectively.

3.3. Equations employed in the preparation of T's and 0, tables.

In 3.1 it has already been stated that equations 3(1) and 3(9) will be used in the prepar-
ation of tables for 7';. The final form of the equations in which they have been used are now
detailed.
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LTxT
Te,

Now 0-4343 ¢P(T) = ].Og10 T—-K IOgIO (p—-—eT)

3.3.1. Equations for T..—
{a) Ty > 273°A:

(0-4343).

0-4343 $,(T) =log,o T—K log 5, (p—e)+ (o 4343).
(b) Ty < 273°A but T,>273°A:
0-4343 ¢,(T) =log.o T—K logyo (p —e)+ (o 4343) — g’ “;2073 (0-4343)

= logyo T—K logyo p— 9552&(0-4343) (for 09, R.H.).
273C,
(0) T << 273°A but T > 273°A:
0:4343 ¢p T ) = loglo T—K loglo (p—e) + (O 4‘343)
= logyo T'— K logyy p (for zero humidity).
(d) T < 273°A:
al;e; — i, 06
10g10T5+p‘—TS— T+_T
= log T (for zero humidity).
3.3.2. 2g73: This is obtained as follows:

= L; 975, 973
Py, 475(273) = log 278—K log pars, d+——2ﬁCT

= K log x273+£‘.—'—g—7§?m+ {log 273 —K log 0-622e575} .

273C,
But ¢, . (273) =4, (To).

. L, 1 1
. log $273+ {ﬁ—ﬁ}mm = -_E¢P|', 0(T0)+ {log 0'6226273— I—E log 273} .
Reducing the base of log to 10,

log10x273+ 15'69%273 = % {04343¢p O(TO)} —17-93817.
This is the equation for xs73. Table 15 gives values of Z = logqz+15-69x for different z.
It has been solved graphically.

3.3.3. Equations for 6,—0; can also be derived from equations similar to those for
T,. If this method is adopted, it would necessitate the preparation of a number of tables
corresponding to different pressures as has been done for 7. Instead, it is desirable to have a
single table from which values of 6, can be read off for any values of p, T and R H. For this
purpose the equations of §; will be put in a form which involves only two variables § and «.
These are:

(a) To > 273°A:

0-4343¢ ,(8:) = log; 6— K logso P— K logy, (1 +5 622) (o 4343).
(b) Ty < 273°A but 6, > 273°A :

L"’m * (0-4343)

0 622)

= logyo 0—K logyy P— 29?(;3 (0-4343) (for zero humidity).

043434 (0.) = logyp 6— K logp P+ K logyg (1 +
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() Ty < 273°A and 6, < 273°A:

i, 0T
0-4343¢ ,,(8) = logyo 6—K logsg P+K logso <1 +5653 622) +Tec (0-4343)

= logiy 80— K logyo P (for zero humidity).

Tables which are helpful in solving the equations of T'; and 6, now follow.

TABLE 11,

Lyzp
Values of logyo T—K logyo (p—eq)+ o (0-4343).
p

Pr.—»
1000 900 800 700 600 500
Ty
N

273 1-59405 1-60893 1-62578 1-64524 1-66822 1-69589
274 1-59675 1-61174 1-62876 1-64841 1-67166 1-70007
275 1-59954 1-61466 1-63184 165172 1-67526 1-70408
276 1-60245 1-61768 1:63504 1-65515 1-:67901 1-70829
277 1-60531 1:62073 1-63829 1-65865 168283 1-71257
2178 1-60830 1-62479 1-64165 1-66226 1-68681 1-71705
279 1-61139 1:62714 1:64512 1-66602 1-69093 1-72170
280 1:61455 1-63049 1-64869 1-66989 1:69521 1-72654
281 1:61780 1-63393 1-65238 1-67389 1-69963

282 1-62113 1-63747 1-65617 1-67801 1-70420

283 1:62458 1-64113 1:66017 1-68230 1-70897

284 1-62813 1-64491 1-66418 1-:68675 1-71393

285 1-63179 1-64882 1-66839 1:69136 1-71907

286 1-635556 1-65273 1-67273 1-69613

287 1-63944 1-65700 1-67725 1-70109

288 1-64347 1-66132 1-68193 1-70624

289 1:64762 1:66578 1:68677 1-71159

290 1:65191 1-67039 1-69179 1-71713

291 165637 1-67519 1-69703

292 1.66096 1-68014 1-70243

293 1-66575 1-68531 1-70810

294 1-67066 1-69064 1-71393

295 1:67580 1-69621 1-72005

296 1-68110 1.70195 1-72636

297 1-68661 1-70793 1:73270

298 1-69233 1-71417 1-73963

299 1-69827 1.72065 1-74699

300 1-70446 1-72741 1-75437

301 1-71087 1-73442 1-76225

302 1-71753 1-74171 1-77036
. 308 1-72447 1-74932 1-77882

304 1-73169 1-75726 1-78766

305 1-73919 1-76550 1-79687

306 1:74675 1-77359 1-80623

307 1-75480 1-78312 1-81658

308 1-76366 1-79250 1-82710

309 1.77249 1-80229 1-83811

310 1-78172 1-81250 1-84961

311 1-79137 1:82320 1-86167

312 1-80141 1-83434 1-87427

313 1-81189 1-84603 1-88750

314 1-82281 1-85821 1-90132

315 1-83426 1-87099 1-91586

316 1-84621 1-88383 1-93109

317 1-85873 1-89787 1-94710
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TABLE 12.
: L.px.
Values of logio T—K logyg (p—ep) + “_";C':T (0-4343).
?
Pr.—»
1000 900 800 700 600 500
Ty
273 1-59608 1-61117 1-62826 1:64813 1-67160 1-70031
272 1-59314 1-60809 1-62503 1:64451 1-66775 1:69600
271 1:59028 1-60508 1-62185 1-64119 1-66402 1-69184
270 1-58752 1-60219 1-61879 1-63793 1-66048 1-68790
269 1-59938 1-61583 1-63477 1-65709 1-68411
268 1-59662 1:61293 1-63169 1:65373 1-68043
267 1-59393 1-61013 162871 1-65053 1-67691
266 1-59137 1-60743 1:62585 1-64746 1-67355
265 . 1-60478 1:62306 1-64447 1-67029
264 .. .. 1-64157 1-66714
1
TABLE 13.
Values K1 e
alues of ogyo (l : ()~622)'
X X X X
(= 1000z) = 1000z) (= 1000z) (= 1000z)
50 0-00961 27 0-00528 14 0-00276 55 0-00109
48 0-00924 26 0-00509 13 0-00257 50 00099
46 0-00887 25 000490 12 0-00237 15 0-00089
44 0-00849 24 0-00470 11 0-00218 4-0 ¢-00079
42 -00811 23 0-00451 10 0-00198 35 0-00069
40 0-00774 22 0-00432 95 *00189 30 0-00059
38 0-00737 21 600413 9-0 0-00179 2.5 0-00049
36 0-00699 20 0-00394 8-5 0-00169 240 0-00040
34 0-00661 19 0-00373 8-0 *0-00159 1-5 0-00030
32 (00623 18 (-00354 75 000149 1-0 0-00020
30 0-00585 17 0-00335 7-0 400140 05 0-00010
29 0-00566 16 00315 65 0:00130 0-0 0-00000
28 0-00547 15 0-00297 60 0-00119
TABLE 14.
4
Values of logyg A Clail (0-4343) .
. C])
X X X X
(= 1000x) {(=1000x) (== 1000x) (= 1000x)
50 —24-95655 27 — 2468894 14 — 2440371 55 — 3499794
48 -93882 26 67255 13 :37152 5-0 95655
46 °92034 25 65552 12 -33676 4-5 +91079
44 +90103 24 -63779 11 <29897 4-0 -85964
42 -88087 23 -61931 10 -25758 3-5 -80164
40 -85964 22 -60000 9-5 +23530 3-0 -73470
38 +83736 21 57980 9-0 -21182 2:5 65552
36 -81388 20 -55861 85 -18700 2:0 +55861
34 -78906 19 +53633 80 -16067 1-5 +43367
32 -76273 18 51285 75 -13264 1-0 — 3+-25758
30 -73470 17 +48803 7:0 -10267 05 — 4499548
29 +71998 16 46170 6:5 -07049
28 ~70474 15 -43367 6-0 -03573 N
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TaBLE 15.

Values of Z = logyy 2-+15-692.

& ¥4 & -4 & 2 x 2z
-0030 —~3+4-52419 0050 —3+4-77742 -0070 —3+-95493 0090 —2-4-09545
-0035 -59898 0055 -82666 0075 -99274 0095 -12678
-0040 66482 0060 -87229 -0080 —24-02861
0045 -72382 -H085 -91490 0085 -06279

TasLE 16.
0-622% 0-4343\ L; €. 1
A3
Values of logyq T+ ( 054 ) T
Pr—>
600 500 400 300
T
273 2-46459 2-47027 2-47879 2-49301
272 2-46088 2:46614 2-47404 2-48719
271 2-45730 2.46215 2:46947 2-48160
270 2.45386 2-45835 2-46510 2:47635
269 2-45055 2-45470 2-46094 2-47134
268 2-44731 . 2.45114 2:45690 2-46645
267 2-44420 2-44773 2.45304 2-46188
266 2-44121 2.44487 2-44937 2-45754
265 2:43830 2.44131 2-44582 245335
264 2-43546 2-43824 2-44240 2-44933
263 2:43271 2-43526 2-43909 2:44547
262 2-43004 2-43239 2-43591 2-44178
261 2-42740 2-42955 2-43278 2:43816
260 2.42485 2:42682 2:42978 2.43476
259 242238 2-42419 2.42692 2.43146
258 2-41994 2:42161 2.42410 2-42827
257 2:41754 2.41907 2-42135 2:42516
256 241523 241662 2-41872 2.42221
255 2-41291 2-41418 2-41609 2:41928
254 2-41067 2-41184 2-41359 2:41654
253 2-40842 2.40949 241108 2-41373
252 2-40627 2.40724 2.40870 2-41113
251 2.40410 2:40500 2-40633 2-40855
250 .. 2-40279 2-40400 2-40602
249 2-40061 2.40172 2-40355
248 2-39847 2.39947 2-40114
247 2-39635 2-39726 2-39877
246 2-39425 2-39508 2-39646
245 2.39217 2-39202 239417
244 2.39011 2-39080 2-39193
243 2.38807 2-38869 2-38970
242 2.38604 2.38660 2-38753
241 2-38404 2.38454 2.38538
240 2-38203 2.38249 2-38325
238 .. .. 2-37905
236 2-37491
234 2-37083
232 2.36678
230 2-36277
228 . 235876
|
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4, WET BUuLB POTENTIAL TEMPERATURE.

The different methods of obtaining wet bulb potential temperature mentioned in the
introduction are as follows:

(a) FI‘OID 1(6)
} 4 < ) < P ) ( ) ( P )
0 p Z)

(b) From adiabatic diagrams.—The temperature corresponding to the point of intersection
of the saturation adiabat through p, 7" with the standard isobar P is the wet-bulb potential
temperature. To distinguish it from 1(6) this will be denoted by 6';.

Both require that we know 7" first. 7" can be had either from 1(3) or from Assmann’s
Aspiration Psychrometer tables which are used in practice. W.B. from these tables will be
denoted by 7", and the W.B. potential temperature derived by using (b) will be denoted by ',

We shall now obtain equations for ¢’ and 6’4 and estimate the order of the differences
6'—0';, ete.

4.1. The difference T'—T', .

For any values of p, T and R H., let 7" and 7”4 be the W.B. temperatures from the rigorous
W.B. equation and Assmann’s tables respectively. Then

7’ +£ﬁ = T+
1510 1510 41)
T 4+ eqa=T+——ce
P ?
' Ly’ 4 v ooy O fL 4% 4 | ls10
i D G A e
xz 1510 '
=L - L, LAY Qe ietalay T .. .. oo 42
{LA AT TA)}OP » (2)
Neulectmgg compared to 1 and to the first power of 7" —T,,
v 0 (L'4%'4 | ~ L'y / 4%’ 4
7 G )5 <T+ ,,) <TA+ - ) LA
, L'Ax'A ‘g
’:T——(T 4+ c >(f0r zero humidity). 4(4)
2

This is the expression for 7'—7T"4 in terms of 7”4 . 1t is easy to show similarly that

1510 de’ 1510 1510
7 -S4 220 % ) g 742210
@a-m 2R = o e (+p>

( +1’]0 >(for zero humidity).  4(5)

0 (L 424 ~A L'qz'4
T\ ¢, )T2\TT,

d
and d—fpr:-_ Aer.

For all practical purposes,

When T'<273°A, L’ in the W.B. equation will be replaced by L’; = L'+ Le, and vapour
pressure values over ice are used.
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4.1.1. Tables of T'4—T'—Using the formula above, values of this difference have been
calculated for different values of p, T and R.H.

TaBLE 17.

T’ ,—T" for different values of Pressure, Temperature and Humidity.

- Pr.: 1000 mb. Pr.: 900 mb. Pr.: 500 mb.
280 | 284 | 288 | 292 | 296 | 300 | 304 | 284 | 292 | 300 | 308 | 260 | 264 | 268{270| 272
100 00} 00} 00fj 00} 00| 00} 00} 00 00| 00} 00 00} 0:0] 0:0] 0000
90 00| 006 00} 00 00| 00} 00} 00| 0:0{ 00| 00} 00| 00 0:0]|0-0]} 0-0
80 0-:0f 00 00t 00 00} 00 OO0} 00} 00| 00} 00} 01 ] 02| 0:1[01]0-1
70 0-1 003 00 000} 00} 00f 00} 00} 01} 01} 0-1 0241 02] 0201102
60 0-1 0-1 00! 00f 00f 00| 00 01 01} 01 0-1 0-24{ 0:2]02}02]02
50 021 01 01 0-1 0-1 01 01{ 01} 011 01 01} 02| 0.2 03({0-3]03
40 021 01 0-1 0-1 0-1 0-1 01y 01} 01§ 01 0-1 031 03]04)04] 04
30 021 01 0-1 0-1 o2 o0o1f{o02fo02|02]02¢f02] 03[ 04} 04]{04]04
20 021021 02} 02} 02} 02] 02) 02) 02 02] 02§ 03] 05| 0510505
10 061 02) 027 02| 0202|0202} 02/ 02} 02] 04 06] 0:6]077]0-7
0 06| 024 02 024 027 03| 03| 03] 03] 03} 03} 5] 07]07]07}08
TaABLE 18.
TV 4 =T for different values of Pressure and Temperature and for Zero Humidity.
T (°A)
| 280 282 284 286 288 290 292 294 296 300 304 308
Pr)
1000 0-6 0-4 0-2 0-2 0-2 0-2 0-2 0-2 0-2 0-3 0-3 0-3
900 0-8 08 0-3 0-2 0-2 0-3 0-3 0-3 0-2 0-3 0-3 0-3
800 0-8 0-9 0-9 0-2 0-2 0-3 03 0-3 0-3 ..
700 08 0-9 09 1-0 0-3 0-3 0-3 0-3 ..
600 0-9 1-0 1-0 1-0 1-0 1-1 .. ..
T (°A) .
—| 260 262 264 266 268 270 272 273 274 275 276 277 278
Pri
800 .. .. . .. 0-6 0-6 0-7 07 0-7 07 0-7 0-8
700 .. L. . . . 0-6 0-7 0-7 07 0-8 0-8 0-8 0-8
600 0-5 0-5 0-6 06 07 07 0-7 0-8 0-8 0-8 0-8 0-8 0-8
500 0-5 0-6 0-6 0-7 0-7 0-8 0-8 0-8 N o . .. ‘.
400 0-6 06 67 0-7 0-7 0-8 0-8 0-9

4.1.2. Conclusions.—
() T'4>T'. W.B. temperature from Assmann’s tables is greater than or equal to the
W.B. from the rigorous equation.
() When T'>273°A, the maximum value of the difference which corresponds to zero
humidity is less than 0°-3C., i.e. 7", =~ T".
" (¢) When T'>273°A but T'<273°A, T ;,—T" is significant for low values of humidity.
(d) When 7"'<273°A, 7" 4—1T" is negligible if R.H.>509%,.
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() The general effect of increasing the value of L; is to decrease the value of 7".
But, it is seen that when 1" >273°A, 7" 4 —7T" is practically negligible. Hence, when 7" >273°A,
it is not much affected by variation of Lt.

(f) Variation of 7",—7" with pressure is practically negligible except when 7T is
near the transition value 273°A. As 7" becomes less than 273°A, L’ changes to L'+ L, and this
accounts for the sudden rise in the difference.

(9) The maximum value of the difference 7”,—7" for any values of p, T and R.H. (met
with in practice) seldom exceeds 1°C.

4.2.  Equations for Wet Bulb Potential Temperature.,

42.1. ¢ —This is obtained from 4(1) graphically. The curve y =7

CY
0-622 i—mo—__~ is drawn with y as ordinate and 7' as abscissa. For any values of p and 7", the
. . P\K L'z ). .
abscissa corresponding to y ={ — TI+T is the wet bulb potential temperature 8. The
» P
following table gives y for P = 1000 mb. and different 7'.

TasLE 19.

LT“’[ , ep
Values of y = '+ Tpo= 0622 —> )}
° f y Cp ( T

1000 — ey
T ¥ T y T y T y
273 282-5 285 306-8 297 343+¢ 309 103-6
274 284-2 286 309-3 298 3475 310 410-1
275 286-0 287 311-8 299 351-6 311 417-0
276 287-8 288 314-4 300 355-8 312 424-2
271 289-6 289 317-2 301 360-3 313 431-8
278 291-5 290 320-1 302 3649 314 4397
279 293-5 291 3231 303 369-7 315 448-0
280 2956 292 3262 304 374-8 316 456+6
281 297.7 293 329-4 305 380-0 317 4657
282 299-8 294 3327 " 306 3855

283 302-1 295 336-2 307 391.3

284 304-4 296 339-8 308 397-3

42.2. 8 and §'4.—We shall first derive the equations of ¢', for any values of p and T".
If we take the equation of the saturation adiabat corresponding to pseudo-adiabatic conditions
then the point of intersection (P, 8';) of the saturation adiabat through p, 7" with the standard
isobar P is given by '

s 0u
’ T ’
¢P(05)+J aﬁdT=¢p(T) Coee .. 4(6)
T’ .
4(6) is the same as the equation between 7, and ;. Approximations of this equation for
Zr = ¢, x; = x (which is the case of the reversible saturation adiabat) and the omission of the
integral term can easily be written down. These will be the same as the corresponding ones
between 6; and 7. 4(6) with the integral term omitted is
' G0 =T . .. . . 4]

The above discussion is valid for 77 >273°A. When 7"<<273°A, the ice-stage is introduced
and the modified series of equations will be the same as the corresponding ones between 7' and 6;.
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(a) T'<273°A but 0, 3>273°A.

.,sp(og):.;s,,‘(q")-lz’;;gi T
(b) 0',<273°A.
$p(0) =, (T"). .. .. .. . .. 4(9)

{(¢) Computation of §';.—~Tables of 6, based on the same set of equations as for 8’; [4(7)
to 4(9)] are readily available. To get 8’; for any values of p and 7", it is necessary to reduce

P\K
them to 8 =(—) T and &'. 8, for these values of  and = is 6’;. It can also be read off
p

casily from an adiabatic diagram.
4.23. 0',.—The equations of §'4 for any p and 7", are the same as between 7" and ',
if T' is replaced by 7’4 and 8'; by #',;. It can be computed just like §';.

4.3. Relation between 8’ and 0’
Writing 4(7) as

La;s g, L'z
P TG 1T Cp
boe " T 4(10)
P=eg )X ~ (p—e)%
and expanding both sides we get
Lal Ty 1 La' xgr 2 { K.egl K(K+1) .
’ s s e 5 s S 2 ,
0,{1+———0,st +2( 7.0, ) + .. } I+ —5= + —5ps— o+ }
P\¥ L'z 1/ L'z \? }{ Ke' | K(K+1)e2
=(=) rh+zZ + M =25+ ... fe (EEADe L
(O ekl o oottt
If we put
P—eefs P
p—e T p’
then
R LOIS .’1,‘013 l LO’S xg's)2 l
0's+ Cp Q( Cp F;-{- .
_(P\*(, ., Lz 1 L’z'>2 1
-(3) {“o—p*é(ﬁ; LA
Taking the first two terms from each side,
e (0 (k)
Ot———=\=) \T'+—). .. . . .o 411
+— 7 c, (11)

This is the same as the equation between 8’ and 7" and suggests that 6’ and ' are nearly equal
to each other. It can also be shown as follows:

La/xo/) P L'x'
lo (0’+—-— = K log—+1lo (T’+—-——) .
g G, ) g G,
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After expansion and simplification

, Tor \ 1 [Lyxg\?
-— - _—_
$p(0)~K log (1 t 5622 2( o ) t -

, L'z’
—gb,,(T)——Klog( +0622> 2(775—) + .. .. .. 4(12)
Retaining the first term on each side, ¢p(6") = ¢,(7") whlch is the same as 4(7) replacing
0's by @'. Proceeding similarly, it is easy to show that ¢p(0' 4) = ¢, (T"4)

4.4. Expressions for 6'—0's, 8'.—0'4, elc.
44.1. We will first derive an expression for 8’ —¢’;. From 4(7) and 4(12), we have

1 Lgrxg\®
$5(8) = ¢ ,(6)— {K log <1+0 622)+§( ;O:>+ B }

! 1 L'z \? . :
+ {K log ( o 622> +§(T'_C’p> } (neglecting higher terms). .. 4(13)

98,0 > ( ) 1(/ L'x'>2 Lofze,)z
(0'—6) =5 K{ (l+0622 log 1+0622 t3 (T'O,, "( 6C,

to the first power of §';—8'. .. .. 4(14)

Now z,, > «’ and writing 4(1) in the form

L x K )
(4 'x P L'x
I — s t
0,0 (1+ >{0,T( ) 1}+T’OP we ge
Le'ﬂ?o'>L,’:c'
0C, 70,
0—0 <0. .. .. .. .. .. . .. 4(16)

4(15)

It is easy to show that

o ] La'sxa's) N(P)( L’x’) ( Lo'sxafs)
“"“{”’5@;( G }- 2\t )~\"*

.L s Xnr
_<o;+ f 2 ‘“) (for zero humidity) .. 4(17)

P

44.2. We will now express 0';—68"4 in terms of p, 7' and ¢'4.
$p(0') —p(0'a) = Po(T") —$,(T"4).

’ a ,A
- ( 5_01 a¢apa('0 )=(T'—T’A) ¢p(T )

o7 4
L’A 17) ( L AT A)
= 1+ ) § % AI P 3T'A N ..
T\ T,

| I —GIA l < }T’—"T,A I

4.43. Values of §';,—¢’, 'y —0' etc., computed from the above formulae, are given in the
following table :
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TaBLEe 20.

Values of 0’A—0’8 s 0’8—0’, etc.

Pr. 500 mb.
T (°A) R.H. T ,~1 0, -6 0’8~9’ 04—
260 0 0-5 0-3 —1-6 —1-3
264 0 0-6 0-4 —1-7 —1-3
268 0 e 08 0-5 —1-8 —1-3
272 0 0-8 0-5 -—1:9 —1-4
260 50 02 0+ —1-6 —1-6
264 50 02 0- ~1-8 —1-7
268 50 0-3 0-2 —1-9 —1-7
272 50 0-3 0-2 —2-0 —1-8
260 100 0-0 00 —1-8 —1-8
264 100 0-0 0-0 —1-8 —1-8
268 100 0-0 00 — 19 1-9
272 100 0-0 0-0 2-0 —2-0
Pr. 800 mb.
68—
T (°A)
- 264 268 272 273 274 276 280 284
R.H.}
100 1-0 1-1 1-3 0-4 0-4 05 0-6 0-7
0 0-4 I-1 1-3 1-3 1-3 1-4 1-6 1-9
Pr. 900 mb.
8 —8
T— 268 270 273 274 276 280 284 292 300 308
R.H.{
100 07 -9 02 0-2 0-2 0-2 0-2 0-2 0-2 0-2

5. DIFFERENCE BETWEEN SATURATION TEMPERATURE 7, AND W.B. TEMPERATURE T".

The use of 7' for representing upper air humidities on adiabatic diagrams was referred to
in the general introduction. In the actually observed values in the atmosphere we get elt'hqr
2, T and R.H. or p, T and 7’. To represent the humidity values on adiabatic diagrams, 1_t is
usual in the first case to obtain 7", from Assmann’s tables and plot them on the appropriate
isobars. In the second case 7" is plotted directly. Both these are done on the assumption
that 7" and 7", are equal or nearly equal to 7', and that they follow closely the saturation
adiabat corresponding to p, 7. This, however, is not quite correct. The difference between
T’ and T4 has been considered in detail in the preceding section and it is shown how signi-
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ficant the difference becomes for low humidities and pressures. Again, comparing the equations
of 7' and T", with those of T, it is readily seen that they are not identical. We shall now
consider the closeness of the approximation of 7" or 7", to T.

5.1. Similarity between the equations of T's and T'.
Writing 3(1) in the form
Ly Loz
TSeT’CP TeToCp
(p—e)k  (p—e)&

and expanding both sides, we get

LSS L '§ l K l
{ﬂ+ x+2( - T+ }{1+K +J—ilp,+.n}

C, C,
_ Loz Lyx K(K+1) e?
= {T+T00,,1+ ( 1+K% St gt .. 5(1)
Putting p—e; = p—e.
Lz, 1{La\? 1 Loz Lyx )
T —2 +§(C,,> it "'_T+TOO T4z (TOO T+ ... .. 52
Neglecting terms of second and higher order 5(2) becomes
Lz, Lex T
T+ c, = T+~— T
= T+L‘x+ i (LS—L0 T£>
0
~ T+—C—f— (neglecting the last term). .. . .o 5(8)
p
5(3) is the same as the equation of the wet bulb. From 3(9) we get similarly,
Lz, T L\Y x gy
TG =T+ G (L ~lo. To>+T (0 ){To %73

Ls
~ c,
All these suggest the closeness of T, to 7’. This can also be shown starting from the equa-

tion of the wet bulb.

LI ’ L L _e 1 le/ 2
T . 0 — | == .
bp(T")— ( 0 ) +...=¢ (To)+ (T 7 )+K1 p i (T'C,,) +
, L' Iy o ,
If we assume that p—e ~ p—¢’, 7T and by neglecting similar terms, we get ¢,(T') =
0

¢,,O(TO). This is the same as 3(1) with 7' replaced by 7.

5.2. Difference between T and T'.
52.1. T, > 273°A.
) ¢p(Ts) = ¢po(T0)

¢p(T5) ""¢p(T’) = ¢po(T0) _¢p(T’) =2 . e ot 5(4)
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n 065(T") _ :
(TS—T)wa_ﬁ_"'""‘A . .. .. .. 5(5)
T—~T" = A//a(ﬁa"}:{’ ) (to the first power of T.—T"). .. 5(6)
Writing A in an expanded form, we get
0b,(T") T-T\* x’ z
@1 ~gp— = = é 7 ) ~EU8 \Moes) o8 \Ioe
Lz {1 1
— - .. .. .. .. - .o B(7
+Z(r-7) )
As 282T) > 0, the f7,—T' depends on A. A fi 1 £ iven bel
e sign o epends on ew values of A are given below.
Pr. 1000 mb.
T (“A) T’ (°A) A T, T
312 304 +ve 01
'y 300 +ve 0-0
’» 296 —ve 0-0
9 294 —ve —0-1

Tt is interesting to see that A can take both positive and negative values. Hence, it follows that
T, can be greater than 7" for certain values of p, T and 7.
5.2.2. Ty<< 273°A but T, > 273°A.

—_ Lax273
¢p(Ts) = ¢pi‘ O(TO)'— 273Cp .
Proceeding as before
, a¢p(T') _ 1 (T—T’ 2 / ( z )
(L+L)x (l 1Y, Lz s 5(8
T, vTO_T’)-'_O,, i e 98

(To the first power of T,—T".)
When R.H. tends to zero, this tends to

a‘ﬁp(T’) _ -7 z L,x9q3
(Ts— )BT’ ——2( T —-Klog(l+66—2§ ~5C, .. 59

< 0.
T, < T for zero humidity.
523. T;and 7" < 273°A but T > 273°A.

$5,(T5) = by, (To)

. W)y e 2 .

(L+L.)=z Y . .. .. . .. 510
e, Op (TO T,) ( )
9B -
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As R.H. tends to zero,
9%, (T') 1/{T=T"\2 /
(Ts=1") —577— aT' =—{Q(~T,—) +Klog(l+0—62§)} .. .. 5(11)
< 0.

It is clear from the above that 7', is always less than 7" for zero humldlty but for certain values
of p, T and R.H. T, can be greater than 7".

5.3. Second approximation for T;—1T".
Neglecting third and higher powers of 7' — 7" than the second in 5(5), we have

%$p(T") n 9T
e r ¢ T P < =
(T,—=17) YT +2 (T, =1 aT’ —22=0 - .. 5(12)
(T, =1"¢" = —¢' £ {2+ 2)" }! .. .. .. 5(13)
»_9,(17) . _ 0Ph(T")
where ¢ = ST ¢ = —apz
Denoting by & and §,, the first and second approximations for T, — 7T, we have
A
8=
¢
2 nit
and 5= ¢ ﬂqﬂ;zw }

Taking the positive and negative sign for the radical separately, we get

9% _ ¢’
81~ = z¢,, ¢,+ ,\Z¢)3+...

,\ ¢r/
81+=$,—Q,\2W+...

As %, = 0(20), the negative sign for the radical cannot obviously he used. Hence
A l ¢”
Sy =7, ~ A2 7 .. .. .. .. .. 5(14
1=y TN g )
1 ¢I/
—Sl=lzal <=
|8y—38 | 5A PSHRSTR 5(15)

The error, therefore, introduced by limiting to the first approximation is less than 0°-1C., which
is negligible.
54. T'—T, interms of p, T, x and T
From the W.B. equation,

L'z Lsxs Lsx Ax
T+< )= <n+ s s)——(T’—-Ts) .. 5(18)
CT’ Cp p CP
] a Lszs Lsz Lsxs
(T 'T‘){Haﬂ( )} +5;~_(TS+ 0,,) .. 5(17)
. a L 1?5 N 7
by neglectmg C compared to 14— 37 (and to the first power of 7" —1T').
As z tends to zero. : _,
0 (Lgx Lgx
e — | == = hel ) B .. .. 5(18
a T:){l-l_aTs ( Cp )} T (Ts+ Cr ) (18)

As ready tables of T are available, this formula will be helpful in calculating (T'—T,) for
different values of p, T and R.H.
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55. T,—T'4.
5.5.1. T, > 273°A.

¢1J(T5)—'¢p(T/A) = ¢p0(TD) _¢p(T,A)

(T 0,(T"a) _[T=T"s|{, _K.T'4_aLs _E[T—T’A]Z
=T 5= = |77, 1510 ~ 1510y~ 2| 774
ale(1 1
T, T
5.5.2. Tp< 273°A but T, > 273°A.

(g B Ta) _T=T'al, K. Ty a.Ls _1[T—T'A]2
=T o =, ' 1510 T Is10 § 2L 7,

ale 1 1 L,y 2 s
+7(T‘0‘F)+0 {To 273}

L 08T 1 T—T'A>2 L%ors
Te=T"0) 5 =~ 3\"7, 2730,

) . (To the first power of (T'\—T"4).)

when RH, - 0,

< 0.
5.5.3. From the equation

T, +l5lO ¢y = T+1510
? ?
it is easy to show that

, 1510 de, 1510 (, 1510 )

- (Ts+1510
P

es) (for zero humidity).

5.6. Tables of T'y—T; and T'—T,.

Tables of 7" 4T, and T'—T; for different values of p, T and R.H. now follow. These are
also shown diagrammatically in figures 3 and 4 respectively.

TasLE 21.

Difference between Wet Bulb Temperature (1) and Saturation Temperature (T'y).

Pr. 1000 mb.
T—>
280 284 288 292 206 300 304 308
R.H.{

100 0-0 0-0 0-0 0-0 0-0 00 0-0 0-0
90 0-0 -0 0-0 0-0 0-0 0-0 0-0 0-0
80 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0
70 00 0:0 0-0 0-0 0:0 00 0-0 0-0
60 0-0 0-0 0-0 0-0 0-0 0-0 0-0 0-0
50 0-2 0-0 0-0 0-0 0-0 —0-1 0-0 0-0
40 0-3 0-1 0-0 0-0 00 0-0 0-0 0-0
30 0-3 0-3 0-2 0-1 0-1 0-0 0-1 0:0
20 0-4 05 05 0-3 0-3 0-3 0-2 01
15 0-0 06 0:6 0-6 05 0-4 0-3 0-3
10 0-1 07 0-7 0-7 07 07 0-6 0-6

5 0-2 0-8 0-9 1-0 1-0 1-0 1-0 0-9
0 0-3 11 1.2 1-2 14 1-5 1-5 1-6
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Pr. 900 mb.
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Pr. 800 mb.

308

SO At = ANOD®

e R - - - -

304

0010001122607
SSSS323d355S DS

3060

oy
J

9¢

[}
(oY}

288

0012578’3
2353225~~~

284

3.077044
323233

01

280

,4“U4L340010.3

0

276

Pr. 700 mb.

296

0001000036826

292

288

284

SO0 dSSeSde

Pl

280

0110024001234

276

R - - -

272

OO e D =

=N - - )

A A

T

R.H. |




194 K. N. RAO: SATURATION AND WET BULB TEMPERATURES.

Pr. 600 mb.
T—
256 260 264 268 272 276 280 284 288 292
R.H.}

100 0-0 0-0 0-0 -0 0-0 0-0 0-0 0-0 0-0 0-0
90 0-0 -0 0-0 0-0 —0-1 0-0 0-0 0-0 0-0 0-0
80 0-0 0-0 0-0 0-0 —01 0-0 0-0 0-0 0-0 0-0
70 0-0 0-0 0 —0-1 — 01 0-0 0-0 0-0 0-0 0-0
60 0-0 0-0 0-0 —0-1 —0-1 —0-1 01 01 0-0 0-0
50 0-0 —0-1 —0-1 —0-1 —0-1 00 02 0-1 —0-1 0-0
40 0-0 —0-1 00 0-0 — 01 0-0 01 0-2 0-0 0-1
3¢ 0-0 —0-1 00 —0-1 —01 0-0 0-0 05 0-2 0-2
20 0-0 0-0 0-0 —0-1 — 01 0-1 0-0 0-5 0-5 06
15 .. . . .. .. e 0-2 »7 - 0-8 0-8
10 O-( 0-0 0-0 0-0 06y 0-2 0-2 0-2 0-9 0-8

& .. .. .. . .. . 0-3 -4 1-1 1-2
0 -1 0-0 -0 0-0 0-1 -3 0-5 05 06 1-5
Pr. 500 mb.
T—
252 256 260 264 268 272 276 280
1R.H. |
100 0-0 0-0 0-0 00 00 0-0 0-0 0-0
96 —01 —01 00 | —o01 00 | —01 00 0-0
80 00 | —01 -0 | —01 00 | —01 0-0 00
70 —01 —01 00 | —01 —0-1 —0] 0-0 0-6
60 —01 -0 —01 —01 —01 —01 00 01
50 00 —01 0-0 00 0] —0-1 0-0 0-2
40 — 01 — 61 0-0) —01 —01 —0-1 0-0 0-3
30 —01 —01 00 | —01 —01 —01 01 0-1
20 00 | —01 — 01 —01 —01 —01 01 01
10 00 0-0 00 0-0 00 00 0-2 02
0 01 0:0 0-1 01 00 0-2 0-4 0-5
TaBLE 22.

Difference between Wet Bulb Temperature from Assmann’s tables and Saturation Temperature (T’ , —~T.).
P P A N

Pr. 1000 mb.
280 ] 284 | 288 1 2921 206) 300 304 3081 312
100 0-0 00 00 0-0 40 00 0-0 0-0 0-0
90 0-0 -0 (-0 0-0 0-0 0-0 0-0 0-0 00
80 00 0 00 00 00 0-0) 0-0 00 00
70 01 0 00 00 0-0 0-0 -0 0-0 0-0
60 02 00 00 00 0-0 0-0 0-0 0-0 -0
50 -3 01 0-0 0-0 060 0-0 0-0 0-0 0-0
40 0-3 0-2 02 0-1 0-1 0-1 01 0-1 01
30 0-5 05 0-4 0-2 0-1 01 01 0-1 01
25 0-6 0-6 0-4 0-4 0-3 03 0-3 0-3 0-3
20 0-6 0-6 0-6 05 0-4 0-4 0-3 0-3 0-3
15 0-7 0-8 08 07 07 07 05 0-4 04"
10 0-8 0-9 0-9 -9 0-9 a9 0-8 0-7 06
5 1-0 1-1 1-2 1-2 1-2 1-2 1-3 1-2 1-3
0 14 1-3 1-4 1-5 1-6 17 17 18 1-9
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Pr. 900 mb.
T—| 275 278 280 284 288 292 296 300 304 308
RH.]

100 (30 {E1] 00 00 (-0 0-0 0-0 0+ 0-0 00
90 -1 1 00 00 0-0 00 0-0 0-0 0-0 0-0
80 0-2 -1 00 -0 00 00 0-0 0-0 0-0 0-0
70 04 0-1 )+() 0-0 -0 0-0 0-0 0 0-0 0-0
60 0-4 0-2 0-1 01 0-1 00 0-0 0:0 0-0 0-0
50 04 0-3 0-2 0-2 0-1 (-1 0-0 0-1 0-0 0-0
40 -4 0-4 0-3 0-3 -2 -2 -1 0-1 0-1 0-1
30 0-5 -5 05 (12533 -4 02 0-2 -2 0-2 0-2
25 06 05 06 0-5 0+6 04 0-4 0-3 0-2 0-2
20 07 (-6 07 -6 -7 0-6 0-5 0-4 03 02
15 06 7 0-8 0-8 0-8 07 07 -6 05 04
10 0-7 0-9 1-0 1-0 1-0 0-9 0-9 09 08 07

5 -8 (3+9 141 1-2 1-2 1-2 1-2 1-2 13 1-3
1} 09 1-1 1-2 14 14 16 1:6 1.7 18 1-9
Pr. 800 mb.
\ T—>1 272 276 280 284 288 292 296 300 304 308
R.H. J,\

100 0-0 -0 0-0 0-0 00 00 0-0 0-0 0-0 0-0
90 -0 (-} 00 00 00 00 00 0-0 0-0 00
30 (-0 0+0 -y (1) 00 0 00 00 0 0-0
70 0-0 01 0-0 (1 (1 -0 [§X1) -0 00 0-0
50 -1 a2 {1 (e ey 00 i) 0+ -0 00
50 (1 -3 0-3 01 1) (R} 0-0 (0 0-0 00
40 -2 0-3 -4 (-3 (1] O-1 01 01 1 0-0
30 (28 -4 (-5 (4 0-4 02 0-2 02 -1 01
25 0-3 ({5 -6 -5 -6 04 0-3 0-3 0-2 01
20 0-4 0-6 06 0-7 07 -5 05 0-4 0-2 0-3
15 0-4 0-7 07 0-9 -8 0-7 0-6 U6 0-4 0-4
10 -5 -8 (8 1-0 1-1 10 09 0-8 0-8 0-8

5 0-6 9 1-0 1-2 1-2 1-3 1-3 1-2 1-3 1-3
0 07 1-0 12 1-3 15 1.7 1-8 1-9 19 2.0
Pr. 700 mb.

272 276 280 284 288 292

100 0-0 0-0 0-0 0-0 0-0 0-0

90 0-0 0-0 0-0 00 00| 00

80 00 0-0 00 00 { 00 0-0

70 01 01 0-1 001 007 00

60 0-1 0-2 0-2 0-1 0-0 0-1

50 0-2 0-3 0-3 0-1 0-0 01

40 0-3 04 0-4 0-2 01 0-1

30 0-4 05 0-6 0-5 0-3 0-3

25 04 0-5 0-7 0-6 0-5 0-5

20 04 0-6 0-7 0-8 0-7 0-7

15 0-5 0-7 08 09 0-8 0-8

10 05 0-8 10 1-0 1-1 1-0

5 07 10 1-1 1-3 14 1-4

0 08 11 1-2 1-4 1-7 1-8

195
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Pr. 600 mb.
T->{ 260 | 264 | 268 | 272 276 | 280 | 284 288
RH, |
160 0-0 0-0 0-0 0-0 0-0 00 0-0 0-0
90 -0 01 0-0 0-0 0-0 01 0-0 0-0
80 01 0-1 0-1 0-1 0-0 0-1 0-0 0-0
70 01 01 01 0-1 0-1 0-1 0-1 01
60 0-2 0-2 0-2 0-1 0-2 0-1 0-1 01
50 0-1 0-2 0-2 0-2 0-3 0-3 0-1 0-1
40 0-2 0-3 0-3 0-3 0-4 0-4 0-3 0-2
30 02 0-4 0-3 0-3 0-5 0-5 0-6. 0-4
25 0-2 0-4 0-3 0-3 05 0-6 07 06
20 0-3 0-4 04 05 0-7 0-7 0-8 0-8
15 03| 04| 05| 05| 08| 08| 08| 10
10 03{ 05| 05| 06} 09| 10| 10| 11
5 04| 06| 06| 071 10| 12| 13| 13
0 o5] o06f 07| 08| 11 14| 15| 16
Pr. 500 mb.
T—{ 256 258 260 262 264 266 268 270 272
R.H.|
100 0-0 0-0 0-0 0-0 0-0 0-0 13-0 0-0 00
90 00 0-0 00 0-0 0-0 0-0 00 -0 0-0
80 -0 0-0 00 00 0-0 0-0 0-0 00 0-0
70 00 00 0-1 01 01 00 0-1 0-0 -0
60 01 0] 02 0-1 0-2 01 0-1 01 00
50 02 0-1 02 0-2 -2 0-1 01 0-2 o1
40 02 (-2 -3 03 -3 -2 0-3 0-2 02
30 02 -2 0-3 -4 0-4 0-3 0-3 0-3 0-3
25 02 0-2 0-3 04 0-4 0-3 0-4 -4 0-4
20 0-2 0-3 0-3 0-4 04 4 0-4 0-5 0-4
15 0-3 0-4 0-3 0-5 05 0-4 05 06 05
10 0-3 0-4 04 05 0-6 0-5 06 0-7 0-6
5 03 05 05 0-6 07 06 0-7 07 0-7
0 0-4 05 (-6 0-7 08 0-8 )8 08 0-8
Pr. 400 mb.
T-»{ 260 262 264 266 268 270 272
R.H.|
100 00 0-0 00 0-0 0-0 0-0 00
90 -0 0-0 0-0 04-0 0-0 0-0 0-0
80 00 0-0 0-0 0-0 0-0 0-0 0-0
70 0-0 0-0 0-1 0-1 0-0 0-0 00
60 0-1 0-1 0-2 01 0-2 0-2 0-2
50 0-2 0-1 0-2 0-1 0-2 0-2 0-2
40 0-2 0-2 0-2 0-2 0-2 02 0-3
30 0-3 0-2 0-3 0-3 0-3 03 0-4
25 03 03 03 0-4 03 0-4 0-4
20 0-3 0-4 04 04 0-3 0-5 04
15 0-3 04 04 04 0-4 0-5 0-4
10 0-3 04 0-4 0-4 0-4 0-5 05
b5 05 0-5 0-5 0-6 0-7 07 0-8
0 0-6 0-6 0-7 0-8 0-8 0-8 0-9
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Ezplanation.

T’ , Wet-bulb temperature for p, T snd R.H. from Assmann’s equation.

T, Saturation temperature.

1. In the above diagram isopleths of 7 A'Ts for standard pressures and different values of ternperature and humidity are shown at intervals of 0°2C.
2 T',=T, for 100% R.H., whatever the values of p and T'.

The zero isopleth, therefore, corresponds to the line for 1069, R.H.
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Ezplanation.

T’ Wet-bulb temperature (rigorous) for p, T and R.H. from the equation Cp(T—1") = L’(2'— ).
T, Baturation temperature.
1. Carve of 7
2. T'=T, for 1009 R.H., whatever the values of p and 7.

The zero isopleth, therefore, corresponds to the line for 100% R H.

3 T’—T, is discontinuous near 7 = 273°A. This is shown clearly in the above diagram by the discontinuity in the isopletha.

= 273°A and isopleths of 7/~ T, at intervals of 0°-2C. for standard pressures and different values of temperature and humidity are shown in the above diagram.
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5.7. Conclusions.

5.7.1. Difference between W.B. Temperature from Assmann tables and Saturation Temperature

(T'4—T5)—

(@) T'4 > T whatever the values of p, T and R.H.

(b) T'4—T, increases with decreasing pressure, increasing temperature and decreasing
humidity.

(¢) T"4—T; is negligibly small for R.H. > 509,, whatever the values of p, 7' and R.H.
Hence 74 =~ T, when R.H. > 509,

(d) Even for 10%, R.H., the difference seldom exceeds 1°C.

(¢) Variation of 7",~7T; with pressure is practically negligible. This means that
T'4—T; may be taken as practically constant for fixed values of 7' and R.H.

(f) When pressure and temperature are fixed, the maximum value of the difference
corresponds to 09, R.H. It is 2°C. for temperatures of the order of 310°A, 1°-5C. for tem-
peratures about 285°A and less than 1°C. for temperatures less than 273°A.

5.7.2. Difference between W.B. Temperature (rigorous) and Saturation Temperature (T'—1T,).—

(@) T' > T, for 09, R.H. irrespective of the values of p and T'.

(b) T < T, for certain values of p, 7' and R.H. but in such cases the absolute value of the
difference 7" —T seldom exceeds 0°-1C. The difference in these cases is therefore negligible
and TV = T. :

{¢) When Ty > 273°A, | T'—T,| < 0°1C. Hence 7" = T,.

(d) T"—T, increases with decreasing pressure, increasing temperature and decreasing
humidity. .

(¢) When T < 273°A, T'—T, is negligible irrespective of the values of p, 7' and R.H.

(f) When T > 273°A, T"—T, seldom exceeds 1°C. even for 109, R.H. Without any
appreciable error we may put 7’ =~ 7', for R.H. > 309,

(9) Variation of T'—7; with p for fixed T and R.H. is negligible except when 7', is
nearly equal to 273°A. 1In this particular case when 7', > and < 273°A for pressures p, and p,
respectively, there is a sudden rise in the values of the difference from p,; to p,, e.g. 7" —7T is
0°-5C. for p = 700 mb., T’ = 286°A and 0%, R.H., and 1°-3C. for p = 800 mb. and the same values
of 7 and R.H.

5.7.3. Generadl.—

(@) T'4=Ts = (T'4a=T")+(T"-T;)
> T'—T, for any p, T and R.H.

B T>T412T:2Ta>T, }

TST, ST T, >T, for any p, T and R.H.

(& T>T42T"=T;>Ti>Ty when T < 273°A.

d T>T4>T >Tsfor0%RH. and any p, T'. :

(¢) T' is a very close approximation to 7, except for high values of pressure and
temperature and humidity less than 109%,. It is definitely a better approximation to 7 than
Ta.

6. ENTROPY, W.B. TEMPERATURE AND SATURATION TEMPERATURE.

An important result connecting the entropy of moist air with the corresponding W.B.
temperature was derived by Normand in the memoir already referred to. This result known as
Normand’s proposition II is enunciated as ‘The entropy of the moist air is equal to the entropy
of the same air saturated at its W.B. temperature minus the entropy of the additional liquid water
required so to saturate it’. The proof of this proposition available is based on certain approxima-
tions. In view of the importance of the result, it is considered in some detail and the result
is extended to the case of saturation temperature.

6.1. The entropy of unsaturated air.

The entropy of unsaturated air is frequently required and is given here for convenience of
reference.
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We shall consider (1 +2) gm. of unsaturated air specified by p, T and R.H.
Entropy of 1 gm. of dry air (p—e, T) = C,{log T —K log (p—e)} 4const. .. .. 681

Entropy of 1 gm. of unsaturated vapour (p, T)
= Entropy of 1 gm. of saturated vapour at the condensation level (py, Ty) or at the
Dew-point temperature 7; 4change in entropy from py, T (or p, Ts)to p, T

- Loy 301 L _K :
_.ClogT0+T0+0{OlgTo—elog } .. .. .. e .. 6(2)
_ Ly, ., T

—ClogTd+E+C”10gTd .. . . . .. .. .. 6(3)

8 = Entropy of (1 42) gm. of unsaturated air

= Op{log T—K log (p-—e)+0x (C log Ty4+- )+x(0 P 10g ﬂ —_ glog e%)} +const,

= C'p{log T—Klog (p—e)+~ (Clog T4+ >+z ~Flog $}+const
d

Using the equation for 7'y and after certain simplifications,

8= C,,{log To—K log (Po"eo)} +f€{0 log T0+1Ti)} +const.
0
= p¢po(To)+C$ log Ty 4+ const.

=80 .. e e e B

This implies that the entropy of unsaturated air (p, T and R.H.) is equal to the entropy of
saturated air at the condensation level (py, 7). This relatlonshlp is quite general.
When 7 < 273°A and vapour-pressure values over ice are used, the modified expressions
are as follow.
) Entropy of 1 gm., of saturation vapour over ice

= Entropy of 1 gm. of ice+£"q’TT =Clog T~ L +L’ LA

= C log T+ILT ,
as Lir=L+L,r.

S§=8y= Cp{¢,,’_’ 0 6(5)
In terms of T',, these are written as,
8 = 8;4(Cp+2C",) log -7-,T—+const.
d
='O,,¢,,(Td)+0z log T4+ (Cp42C',) log —IT—,;+const. (T4>>273°A).
T o
= C,,qu,,', o) log E,—;+const. (Ta<<273°A). .. 6(6)
6.2. Normand’s proposition 11,
In symbols this is written as
S§=8 —(z' —z)C log 7. .. . .. .. 68

We will now obtain a rigorous expression for the difference §— {8'—(2'—x)C log 7"}.
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. Cl T x Lox L,xl
S—8 = OP{<1 +x~——) log —— K(l +“€') log ! + ToC T,CP}

g”loggl—l—{log p—°

To € “po—eo
Using the W.B. equation (C,+42C’' T —1") = L'(x' —x) and after certain reductions,
A= S—{S'—(z’—x)C log 7"}

_ c', T T-T x p—
_C,,{(l-l-x p>[1 gT,-— T ]—K(l+€> logp_e,

Lef1 1 C'=Cp. T K p—e']}
== - = = = . .. 6
+0p<To T')+x[ Cy log To € log Po—¢€o ®
This is the complete expression for A but is not well-suited for numerical work. An alternative
expression for A with the following approximations will now be derived. )

{a) Ty will be obtained from the equation log Ty—K log ¢, = log T'—K log e instead of
the rigorous equation which uses K, in place of K. This introduces a negligibly small error
in Ty (2.1).

{b) xC’, is neglected in comparison with €, in the W.B. equation above.

From 6(4),

+Czlog —T—(f+x0 { }—(m’—z)C logT'. .. 6(8)

N = Cy{d,(To)=$,(T") }+C log 79

T o
= O {¢,(Ts)—d,(T")} +Cx log 7,‘-’ (T > 273°A). . .. 6(10)
We have shown in section 5 that T, = 7" when T, > 273°A.

A= Czlog %1,9

= Cm{ ~ +2( )+ A 1Y)
When Ty < 273°A but T, > 273°A,
- ‘ To,, (%23 _ =« \
A= Cy{$y(T)=$,(T") } +Cx log T4, <273 To)' L ea2)

As R.H. tends to zero,

,\=0,,{1og%,_."r—;£—xloap e}

- 1 (T-T"\?

We shall now express A in terms of 7, also. From 6(6)
A=0C, {(pﬁ?f"’) T +0x log 7 [45,, ¢p(Td )]}
~C, {log -7% —[ 51 -¢,.(T,,)]} (T4 >213°A)

A=, {log % —[:ﬁ,,(T’)—cﬁ,,‘(T,;) - T’:Zﬁp} (Td < 2730A)

when T; < 273°A but 7" > 273°A.
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The expressions for A derived above facilitate computations as ready tables of ¢,(T') for different
p and T are available. The table below gives the values of the ratio |A|/(z'—z)C log T’ for
different values of p, 7 and RH. The maximum of the ratio corresponds to zero humidity
and does not exceed -06. We may therefore neglect A. Hence the proposition above.

TABLE 23.

Values of VA /(2 —2)C log T".

Pr. 1006 mb. Pr. 800 mb.
R.H. R.H.
- 80 60 40 20 10 1} - 10 0
T} T

312 00 <02 01 02 02 04 308 02 03
308 ‘01 -02 ‘01 -02 -02 -03 300 -02 -03
300 02 02 02 <02 02 -03 292 -01 -03
296 .. .. .. .. 02 03

292 .. .. .. .. 02 03

6.3. Entropy of Unsaturated Air in terms of T.

In 2.3 we wrote down the equations of 7; in terms of entropy and found that all of them
satisfied a similar relation but with certain varying corrective terms. In that connection,
the similarity of the relation between entropy and 7'; and Normand’s proposition was mentioned.
The order of the corrective terms is now estimated.

Let A} = 8—~8,+(z;,—~x)C log T,, where S; is the entropy of (14z;) gm. of saturated air
at p, T;. We will now write down };, for different approximations. In general there will be
three expressions for A, the first for T, > 273°A, the second for Ty < 273°A and the last for
zero humidity and 7's > 273°A.

6.3.1. Reversible adiabat

Ay =0 (Ty > 273°A).

6.3.2. Pseudo-adiabat

7,
O:vT T, ) T,
(a) A = J‘ —T—dT—C’:c log T < Oz, —x) log 7,

T

T,
_ g (tas_ = T | Y
(b) AI—L,<273-—TO) Oz log To+,[ 7 4T
273

© A =C,{log T—K log p—,(Ts)}.

6.3.3. Pseudo-adiabat but with x, = £, a const., in the integrﬁl

@ A= (E—)Clog %

oy x T Ts
(b) Al = L, (m - T""‘O)—CZ 10g —TO+O§ lOg 2———73
L.x273 Ts
(¢) Ay = 573 +C¢ log 573 -

6.3.4. Pseudo-adiabat but neglecting the integral term

T
(a) Ay = Or log —T—(:
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- To Zera i)

(b) A1 = Cz log T5+L‘ (273 T

Lxg7s
273

6.3.5. Numerical computations.—¢ in 6.3.3 is given the value 01 (i.e. 10 gm./1 kgm.)
In 3.1 it has been shown that the variation of 7T'; for different approximations is practically
negligible. Hence T'; from the ready tables has been used in computing the different expressions.
The tollowing table gives |A; |/(;—x)C log T for different values of p, 7 and R.H. It is
seen that the ratio seldom exceeds -05 and hence A, is negligible. We have, therefore, the result
that “ The entropy of air is equal to the entropy of the same air saturated at its saturation temperature
(T's) minus entropy of the additional amount of liguid water required so to saturate it’.

S = 8;—(x;—x)C log T's
= Cpp(Ts)+Cx log T's+const,
This expresses the entropy of moist air in terms of 7's.

(o) Ap=

= Cp{log T—K log p—¢,(T5)} .

TABLE 24.

Values of | Ay |/(z;—2)C log T's.

Pr. 1000 mb.
x> 24 20 16 12 8 6
Ty
N
290 L. .. .. 00 <00 ‘01
.. <00 -00 01
-02 -01 01
300 .. 00 -00 00 01 01
.. -01 01 -00 -00 <01
<02 02 01 -01 01
310 00 -00 <01 ‘01 <01 -01
<01 -01 01 (M) -00 -01
02 -02 -02 -01 01 -01
Pr. 900 mb.
R.H.
- 80 60 40 20
Ty
306 -00 -00 -01 01
-02 <02 01 -01
310 -00 -00 -01 -01
-02 <02 02 -01
Pr. 800 mb.
300 -00 -00 -01
<02 02 01
310 -00 00 00 -01
-03 -03 -02 01
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Ezplanation :

1000 mb.—The three values against each temperature correspond to 6.3.2 (a), 6.3.3 () and 6.3.4 (a)
respectively.

900 and 800 mb.—The values correspond to 6.3.3 (a) and 6.3.4 (a) respectively.

TaBLE 25.
Values of | Ay |[(xs—z)C log T, for zero humidity.
Pr. 1000 mb.
T—| 290 300 308 312 316 324
A
632 | .. 05 04 04 -04 04
6.3.3(c) | .. 05 04 04 04 04
634 (c) | -04 04 03 03 03 | 02
Pr. 900 mb.
75| 286 288 290 294 300 310
A1
6.3.2(c) | -05 05 .05 04 -04 -03
6.33(c) | -05 05 05 05 04 04
6.34(c)] -05 05 -05 04 -04 -03
Pr. 800 mb.
6.3.2 (o) . 05 05 05 04
6.3.3 (¢ .. 05 -05 -05 04
6.3.4 (c) .. 05 -05 -04 04

7. APPENDIX.

1.1. ¢,(T) and its Derivatives.

The evaluation of most of the expressions derived in the paper depends on ¢,(T) and its
derivatives.  Values of 0-4343¢,(T") are given in Tables 11, 12 and 16. We shall obtain
expressions for the derivatives of ¢,(7').

Ly,
$p(T) = log T—K log (p—e;)+7~ TC,

(1) 1, K e 2 (Lr%>
or ~ T p—e,dT ' oT
But, a_x}: = (622 r t.ie_;T
aT (p—ep)2dT
z, 1 de;,
= “’T(l +0-622> ey 4T
1 de;
Using Clapeyron’s formula for — :i? L and after certain reductions,

0,(T) 1 Az, 1 (%7 Lr\?
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1t follows that ) >0. ie. when p is fixed ¢,(7') increases with 7. By neglecting the

oT
Az, 22 /L2 1
terms —— and —~ —Z) ———, we get
7C,* T (T KC’, g

i

3|

T) _ 1 | 0-622 (fz Lr\2
aT * %o T)<—)

2

¥4

X7
{“é-“e}
Lr . d 0
F—?&D XT=1OO ZT .

From the relation between the derivative of a function and its differences,

~

3] -

3T AT
$ll) _ agymy— BT

where AT = $po(T+1)—$,(T), ote.
It is seen from the tables of 0-4343 ¢,(7") that (0-4343 A%¢,(T) is negligibly small compared
to 0-4343 A¢,(T').

9¢,(T)

Hence 3T

= Ady(T)

7.1.1. Variation of ¢,(T") with pressure.

0p,(T) _ 1 Lrar)
or ~ ‘@-mf” 7C, §
<.
(1) >¢,(T) if p < P.

7.1.2. The following table gives 0-4343 A¢,(T's) and 0-4343 A ,(0:).

p = 700 mb. P = 1000 mb.
Te, o

0-4343A8p(Tx) | 04343 A4 plth)

270 0-0032 0-0037

276 0:0034 0-0044

280 0-0040 0-0051

284 0-0046 0-0058

288 0-0052 0-0064

290 0-0055 . 0-0068
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1t follows from this that
() _ 9 (0s)
o7 a0,

if p<P.

7.2, 99,,0(T0)—9S,,(T’).
This is required in connection with the difference 7', —7"."
7.21. T, > 273°A.
b (L) =$l1") = 0 To=K 103 (po—eo)+ o — {log 17K log (p—e)+ s |
0 TC, 7e,

LI ’
= log T—K log (p - {log 7'—K log (p—e’)+i1,—2—}
p

ciog Loy 28 T2 x(1_1)
- log T/ '-KIng__er'— T! + CP<T0 TI

T T-T ' Lef1 1
=log 7 ——7 “K{log(1+0622> (1""0622)}""6,,(?0’7["‘)‘

7.22. To<<273°A but T" > 273°A.
b5, (To)=,(T")

T =y i’ xr (L+Ly)x 1 L
== log A U K{l(’g (1+0 622) log (1 +O'622> }+ C, (To T )+C ‘.

723. 1" < 273°A,
by, (T'0) ~ by (T")

T T-T ' (L+L,)a:<]___l_)
=log 75 — ‘K{bg (H'o 622) log (1+0622)}+ ¢, \To T

T T=T _ A (T=T\* 1 (T-T
724, logq-;———i—p,—=-'§< 7 )+3( T )—

13. by (To)—(T" ).

bey(To)—$5(1" )
T Loz L'A Z’A
= log - iy —K1 og +ToC T'AC,
~ oz L K{e’,q—e le'A"e 41 i } {Loe L'y e'A}
= log 75~ — p T2 pE T3 g8 - To T4

~T—T'A{ KT'4 aL,A}___l_(T—'T’A)Z Lae(_l__.i) To > 273°A.
= U110 "0l e\ 7 ) T \T T T °

7.4. Ezpansion of {¢2+22¢" /4"
This expression occurs in the second approximation for 75—7'. From the tables of
0-4343 A (T, it is seen that
’ $> Ad> 0% >0
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Bl PR
T an AR a7
b1
2=l 1]

(6-2)

It is seen from computations of 8 that it seldom exceeds 2°C,

224" 1
W < 5

{¢2+22¢" 1 = ¢/ {H%—f}*

L4 LN 1A
INFURSS S Lo S G
Y s T

{24207} ¢ A 127 10

& FTE "oyt g
-1 4
and 5’%; <o
We may therefore neglect terms beyond 2"(2{’)3
S gt = 14+£ -3 ?;";3
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