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ABSTRACT.

The problem of the internal constitution of stars of large masses, in which the influence of
radiation pressure is appreciable, is considered from the point of view of Bethe’s law of energy
generation. It is shown that the Bethe formula is not in satisfactory agreement with the mass-
luminosity relation in the case of these stars, at least for negligible helium content, unlike the
case of stars of small masses.

1. INTRODUCTION.

In a recent paper (Sen and Burman, 1945), referred to hereinafter as paper I,
the internal constitution of stars of small masses on the basis of the Cowling model
of a convective-radiative star, and Bethe’s law of energy generation in its accurate
form, has been studied. The constitution of these stars of small masses appears to
be quite satisfactorily given by the Cowling model, but there were indications
that this model would be unsuitable for stars of large masses. This may, however,
be reasonably expected, as the influence of radiation pressure in massive stars
cannot be considered to be negligibly small, a condition necessary for the applicability
of the Cowling model. The effect of radiation pressure in a convective-radiative
star has recently been studied by Henrich (1942). He has constructed a number
of point source stellar models for different central values of the ratio of radiation
to gas pressure. These models have radiative envelopes and may be looked upon
as extension of the Cowling problem to the case of appreciable radiation pressure.
The models also admit of homology transformations. We have made use of these
models for our present purpose, and have obtained results which may directly be
compared with the available observational material.

The models we propose to consider in this paper have two parameters, namely,
the hydrogen content X, and y,, the central value of the ratio of radiation to gas
pressure. Our calculations have been confined to three values of y., viz., y. = 0-01,
0-10 and 0-25, for which tables of integration have been given by Henrich (1942)
and a fairly wide range of values of X from 15 to 75 p.c. For the present the helium
content is assumed to be zero. The case of appreciable helium eontent, for which
calculations will be somewhat different, has to be worked out separately. We have
used the approximate power law representation of the exact exponential law of
Bethe. For the exact law, the equations of stellar equilibrium with the parameters
at our disposal do not admit of direct numerical integration. The coefficient and the
exponent of the temperature in the power law representation can, however, be chosen
in such a manner as to keep down the error in the representation low. We shall
choose these coefficients to suit the temperature conditions in these models. The
method will be clear from the details given below.

2. THE EQUATIONS.

The equilibrium equations in the convective core are

apP M(r)
?;~~G7P [N s ‘e . (1)
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where the total pressure P and the adiabatic exponent I'; are given by
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In the radiative envelope, the equation (3) is to be replaced by

d /1 N _ «x L
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where the luminosity L is assumed constant in the envelope. The law of opacity may
be taken according to Henrich (1942) as :

T—3'5
o= (6 = br)
xopT 33 g
= 106, (6 < 0;)

where 0 = T/T; and 7' is the central temperature, and 6; a certain value of 6
at a point in the envelope region where the opacity changes, as is indicated by
Morse’s (1940) table. ‘

All these above equations have been used by Henrich for the construction of his
models. We only add to them the luminosity equation given by the energy
generation as follows.

The luminosity equation is
dL(r)
dr

with e = EXpT", .. .. .. o 9

= 47r2pe .. .. - .o (8)

the coefficient £ and the exponent » being suitably chosen, and X being the hydrogen
content. Henrich has not taken account of the luminosity equation (8) and the
energy generation formula (9). With the remaining equations he has fitted radiative
envelopes to convective cores in four different cases. His solutions are expressed
in terms of three disposable parameters and the four models he has constructed
correspond to four values of y,, viz., ¥, == 0-01, 0-10, 0-25 and 0-50. Here we have
taken three of these models, y, = 0-01, 0-10 and 0-25, and have calculated the
luminosity function L(r) by means of equations (8) and (9).

Writing
r=af, p=po, T=T.0, .. ‘e .. (10)
where « is given by
5k T
2 il
o S7nGH * p, (11)
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and where p_is the central density, we obtain the luminosity as

¢
L(E) = 4rBXa¥p 2T, J oong? d
0
— 5k %l 3 n+1-5
—4””(87;@;‘1) LTI MGy,

where £; denotes the value of ¢ at the interface of the convective-radiative core and

&
I(E,-,yc)=j 20" £2dE. .. .. .. (13)
0

I is a function of y,, because the o—8 relation within the convective core depends
on the value of .. The quantities £, o, 6 are connected with the variables y, 7, {
of Henrich’s (1941) tables of integration of the core equations by means of the
relations

=Py ty, .. .. .. .. (19

o=y, {=e" .. .. (15)
E3

9=o%(y%), R 1 1)

so that the integral I can be readily calculated with the help of the tables.
Eliminating p, between equation (12) and the relation

eH T3
yc=§?,u?:, .. .. .. .. (17)
we obtain :
sk \t1 fam\E TSP
L(f‘) = 47EX (g;‘rz;—H) ,: (5 7(;) ‘—y—)—— . I(f,‘, yt:) . .. (18)

This is the total luminosity of the star, when the energy sources are assumed
to be confined to the core alone. We ignore the slight generation of energy outside
this core. ’

3. THE MASS-LUMINOSITY RaDIUS RELATIONS.

For a star of given y , Henrich (1942) obtains the following relations between
L, M,R,T,p,and p, the quantities L, M, R being expressed in solar units.

pEM =4420¢%9. .. .. .. .. (19
3
e (2 ) 100 X o
logpc...log(g¢R)+10gR3+0149 N ¢0)]

log T, = 6:0664+1og 2+10g 2L .. .. .. @y
P 74
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where ag, ¥, @2 are constants of the configurations characterised by y,, and hence
functions of 7, alone. It is to be noted that the energy generation formula has not

been used in the derivation of relations (19)—{22). It will appear from these relations
that for given y_and p, say, the configuration will be completely determined if in

addition any one of the parameters L, R, T',, p_ be assigned. But if the luminosity
is calculated according to equation (18), then only y, and p (when the helium content
is assumed zero) will determine the configuration.

The opacity coefficient « and the average molecular weight u may be taken as

Ky =432x105(14+X)(1-X V) .. . .o (23)
and p=2/14+3X+4Y). .. o .. . .o (29)
In the present paper we shall work out the consequences of negligible helium content

and put ¥ = 0. This gives
ko = 4-32x1025(1 — X2) .. . .. .. (25)

and p=2/143X). .. .. .. .. .. (26

We can now explain how the configuration is determined by y. and X (with ¥ = 0),
when the energy generation formula is taken into account. For an assigned g,
the constants a,, ¢, Qs are known, so that when X is also assigned, equation (19)
determines the mass M.

The values of L as determined by equations (18) and (22) should agree, and this
requires that

3

b5k ] a HqH H Tcn+3
lOg {47TEX (m) ;L <§ ‘*’;‘) y} (fn yc)

05 -
= 28-742+log (ai 5.?2) +log (“ M )+% log E}Jz—g+log Ly
R

Ko

05
= 28-742+log (“; 532)+% log T.—log ﬁ- —3483+log L, .. (27)
R

where L, denotes the solar luminosity.

In writing equation (27) we have made use of equation (21). Equation (27)
now determines the central temperature 7' of the. configuration; the central density
P. is then easily obtained from equation (17). The radius and the luminosity are
then given by equations (21) and (22), so that the configuration is now completely
determined.

4. RESULTS OF NUMERICAL CALCULATIONS.

For y, = 0-01, 0-10 and 0-25, and X = 0-15, 0-25, 0-35 0-45, 0-55, 0-65 and
0-75 with ¥ = 0, we calculate the stellar parameters L, M, R, T, and p, according
to the formulae in the last section; the results are shown in Table I. The coefficient
E and the exponent « in the energy generation formula are taken to be different for
different values of y,, and the method of fixing them for a given y, will be clear
from the next section.



MASSES ACCORDING TO BETHE’S LAW OF ENERGY GENERATION, 327

TABLE 1.

Luminosity, Mass, Radius, Central Temperature and Density of Stars with assigned y, (ratio of
radiation to gas pressure at the centre) and composition.

X Y, L/L@ MO R/R@ Tc .10-6 P

0-15 0-01 1-96 0-79 1-18 22-4 47-6
0-10 1-05 x 103 291 2-95 324 14-3

0-25 1-68 x 104 574 552 379 11-6

0-25 0-01 3-56 1-15 1-43 22-3 38-9
10 1-92 x 103 4-24 3-57 32:2 117

-25 3-08 x 104 8-36 6-70 37-8 7-5

0-35 0-01 6-05 1-58 1-68 224 33-3
10 330 x 103 582 4-17 32:4 10-1

-25 5:29 x 10¢ 11-47 7-83 37-9 65

0-45 0-01 9-68 2-06 1-91 225 295
-10 549 X 103 764 4-76 325 89

-25 8-80 x 10¢ 15-07 891 38-1 5-8

0-55 0-01 16-9 2-65 2-13 227 27-0
10 9-04 % 103 9-72 532 32-8 81

-25 1-44 % 105 19-11 9-97 38-4 52

0-65 0-01 28-2 3-28 2-35 23-0 25-1
10 1-52 x 104 12:04 385 33-2 76

25 2-43 x 105 23:75 10-96 389 4-9

0-75 0-01 49-9 3-98 2-55 23-4 239
-10 2-70 X 104 14-62 6-34 338 72

25 4-33 x 103 28-85 11-87 396 4-6

From Table I, log L/L,, log M/® are plotted in Fig. 1 for the three values of y,
taken, and various values of X. The points lie on two sets of curves y, = const.
and X = const.
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F1e. 1. The mass-luminosity relation for X = 0-15, 0-25, 0-35, 0:45, 0-55, 0-65 ar}d 075, with
Y = 0 and y, = 0-01, 01, 0-25. The values of X for the various cases are indicated at the

top of the curves.
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Two other curves, viz., log B/R against X, and p_ against X are also plotted
with the data taken from Table I, in Figs. 2 and 3, respectively.
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F1c. 2. The variation of radius with composition for assigned y,.

50 ~
490 -
' 30 |-
0‘0
20}
G
© -y:o
0+ 2 el 0 5
: G O
Y =025 —0
0 | 1 I ;e 1 _J
0 015 025 035 045 055 065 075
x——.—

F16. 3. The variation of central density with composition for assigned y,.

By plotting the position of a star whose mass and luminosity are known from
observations, on these diagrams, we can determine all the parameters of the star
in the manner described in paper I. In this manner we have examined some stars
of large masses whose L, M, R values have been revised by Kuiper (1938) and the
results are given in Table II.
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TasLE II.

Compartison of the calculated and observed values of the radit of some stars
and the calculated values of their X and y..

log B/R
Star. log L/Lg log M|O X Ye
Obs. Obs.
Obs. Cale.

o Aur A 208 0-62 1-20 0-48 060 0-03

» B 1-90 0-52 0-82 0-44 0-48 0-03
{ CMA 1-48 0-41 0-28 0-38 0-46 0-02 .
« CM;A 1-59 0-37 0-25 0-36 035 0-03
B Aur A 1-83 0-378 0-43 038 0-30 0-04

5. DETERMINATION OF K AND 7 IN THE ENERGY GENERATION FORMULA.

In the power law representation of the exact exponential law of Bethe, the
coefficient E and the exponent » depend on the central temperature. If the range
of central temperatures for which the power law representation is intended to be
used is not wide, it is usual to treat K and » as constant throughout the range and
applicable to all such stars.* But for widely varying central temperatures, this
simplifying agsumption will fail. In the present case we have adopted the following
procedure for fixing the values of K and n:—

For a given y_we guess a plausible value of 7';, and a suitable value of » from the

results of integration given by G. Sinha (1944). T, being now fixed we calculate
€. at the centre from the exact exponential law, viz.,

e=eXpT b 2T .. (28)

where ¢y and B are known physical constants.

€. is also calculated from the power law [Eqn. (9)]. We make these two values
agree at the centre, and obtain

%]
E=e¢, T, M"Y 81 | .. .. .. (29)

This fixes the value of E.

We might also integrate the luminosity function up to the interface of the
convective-radiative core, treating the core as a 3/2-polytrope in the first approxima-
tion, both from the exponential and the power law and so choose the value of the
coefficient E that the two values of the luminosity function agree at the interface.
We have verified that both these methods of determining £ lead almost to the same
result, and have therefore adopted the first simpler method of making the two
expressions for € agree at the centre in the present calculations.

The value of T guessed by this approximation is tested and improved in the
subsequent calculations as follows. With the guessed value of 7. and the corre-
sponding suitable value of »n, E may be fixed. The power law of energy generation
being thus fixed, we carry out the calculations in the present scheme as described
in section 3. Thus for a given y and X we can calculate the corresponding central

temperature of the configuration according to eqn. (27). In order that our method
of estimating the value of £ may be regarded as satisfactory, it is necessary that

* Hoyle and Lyttleton (1942) have adopted these simplications. We have reduced this
arbitrariness by the method of calculation described above.
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this value of 7'; should nearly be the same as the value of T, with which we started
the calculation. If this temperature is greatly in disagreement with the guessed
value of T., the guess is to be modified and the calculations repeated, till by trial
and error it becomes possible to obtain a guess value of 7', which very nearly agrees
with the calculated value. This agreement fixes the central temperature and the
corresponding power law of energy generation. Ithas, however, been found possible
specially for smaller values of y to have a guess for T'; which very nearly agrees
with the calculated values of T, for all values of X between 0-15 and 0-75. The
degree of agreement may be noticed from Table I, for instance with y, = 0-01 and

for all X between 0-15 and 0-75, the value of 7', as given by our final calculations
varies from 22-4 to 23-4 million degrees, while 23 million served as our first approxi-
mation guess value for 7,. In Table III, we have shown the first approximation
guess values for 7'; for different values of y.. A comparison with Table I will show

that deviations from the first approixmation values are not considerable. - The
agreement becomes worse with increasing .

TaBLE 111,

Values of the coefficient E and the exponent n in the power law of
energy generation for different values of y, and the guess

values of T, with which the calculations are started.

yc Tc . 10-8 n '
0-01 23 17:5 76 x10~128
610 33 17-0 3-1 x10-12¢
0-25 38 16-75 1-5 x 10~-122

We have noted that the choice of n for a definite 7'; is a very delicate matter,
and shouid be made with great caution. Usually a change in the value of # by even
about 0-25 will upset the calculations and make agreement impossible.

6. DiscUussSIONS OF THE RESULTS.

Table I shows the calculated results of some stars of large masses, viz., « Aur A,
o Aur B, {CMA, «CM,A and B Aur A. Stars of still Jarger masses and luminosities
could not be plotted in Fig. 1, these falling very much outside the diagram. It will
appear from this table that the agreement between the observed and calculated
values of R is far from satisfactory, unlike the case of stars with small masses and
luminosities for which radiation pressure can be neglected, as worked out in paper 1.
This large discrepancy cannot be attributed to the errors inherent in our calculations.
We, of course, expect a part of it to arise from our neglect of the scattering opacity
but it is unlikely that this large discrepancy should be due to this effect, specially
for a small value of ¥, the ratio of radiation to gas pressure at the centre, nor can it
be believed that this discrepancy is due to very large atmospheres of these stars.
We have then to conclude that the observed values of L, M, R for stars of large
masses cannot be accounted for by the Bethe formula of energy generation, at least
for the assumption that the helium content of these stars is negligible. Tt may be noted
that this assumption of zero helium content is able to explain the known L, M, R
relations in case of stars of small masses. The discrepancy here noted for heavier
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stars may, however, be wiped out by introducing suitable proportion of helium into

the composition of these stars. This point will be dealt with in a future communica-
tion.

The author considers it a pleasure to express his thanks to Prof. N. R. Sen for

very helpful discussions and to Mrs. U. R. Burman for assistance with various
calculations.
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