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1. From a very large normal population with mean zero and standard
deviation ¢, ¢ samples containing n;, ng, . ... n; individuals with means m,
Mg, . . .. m; and variances s;2, sg2, . ... s;2 are drawn. Under certain conditions
Harold Simpson has shown that the number of times in which the numerical
value of
aymi+asmeo+ . . . Fagm;

£= V(8124 nase24 L. 4ns.2)
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exceeds tan o (0 <a<< 5

> divided by the whole number of drawings has the value

I

I = (ni+ns+ ... +n;—1i) and ay, as ... a; are constants.

Evidently »,s,2 = X(x—m,)? for all r =1, 2, .. ¢ the summation sign extend-
ing over the =, values of the sample.

In the present article the exact distribution of ¢ has been derived without any

Wi
(ST |

cost-16 dﬁu‘ cost~1 §d@
{
|

0

restriction on the constants aj, as, . . . a; and H. Simpson’s theorem is deduced as
a special case.
2. Let Z = aym;+a.me+ . ... +am;
Then Z is normally distributed with mean zero and standard deviation S, where
S22 = (1120',,,12'{"&220'",02'{' [ +a¢20'mz.2
a 2 a 2 a,Z
=a2(—1-+l+...+—‘> . . )
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Hence
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dF(z) = — dz . .. . 3
(2) S/ 3)
Let u, = n,8,2 = T(x—m,)2.
Then the distribution of «, is a type III distribution given by
Uy ne= 3
1 T2 T2
AF (u,) = e U, du, .. 4
Ve ("5
¢ 2
The characteristic Function (C.F.) of this distribution is
1
flo=——7s - . . 0
(1—2i02t) 2
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Let @ = M5 2+ nes+ ... 82
=ui+us+ ... +u;
Since the samples are independent, the C.F. of u is given by
$(t) = fr) X fat) X . . X fil®)
(1 —2i02t)

Where K = 1 (ny+no+ .. +n;—1).

Hence the distribution function of u is also type III and is given by

1 s

dF ) = ——— 202 k-1 g
(u) G Y du .. .. )

Now the problem reduces to finding the distribution of the ratio

2
£=
z is normally distributed and u is distributed as a type IIL.
It is shown by H. Cramer that this distribution is given by

o I'(K+3}) 022\ “K 1.
m TR ( _S7> d¢ .. Lo (8

which is the required distribution.
This is Pearsonian type VII distribution.

(3) If a4, ao, . . . a; are chosen such that

—_

dF(¢) =

we have from (2), S = o.
Then the distribution (8) becomes

_ 1 'K+ -K-3
dF-—\T;W(I+§2)K d¢ .. .. o9

Now the probability that
€] > tan a, <O<a<2>

2
p %
is P(|¢] > tan a>=J (1075 b ag | (1+e2)7 g,
tan o vo
Putting ¢ = tan 6 and 2k = ¢, we get
3 3
P(|¢| >tan o) = ‘[ cos i~1 0de J cos -1 0d@ .. (10)
o 0

which is Simpson’s result.
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