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§1. An Arithmetical function f(n) is multiplicative if
f(mmn) = f(m)f(n)

when m is prime to n. We introduce the

Definition. The function f(n) is multiplicative (mod k) if
f(mn) =f(m)f(n) (mod k)

whenever m 18 prime to n, and both are prime to k.

Let o,(n) denote the sum of the kth powers of the divisors of n. Also, with
Ramanujan we define r(n) by

O

zf(n)x" =2z {(1—)(1—a)(1—a?) . ..}"

1
Bambah and I have recently proved* that
THEOREM 1.—
7(n) = 5n2g,(n) —4dnog(n) (mod 125) if » is prime to 5.
It immediately follows that
TeEEOREM 2.—T'he function
(1) f(n) = 5n20q(n)—4nog(n) is multiplicative (mod 125).
The object of this note is to give a direct proof of theorem 2.
§2. From (1) we have when m is prime to n, and mn is prime to 5,
f (mn)—f(m) f(n)
= {5m2n2oy(mn) —dmnoy(mn) }
— { 5m2a7(m) —4maog(m) } { 5n?o(n) —dnog(n) }
= —20m2n2a;(mn) —20mnog(mn)
+20{ m2n;(m)ag(n) +mn2os(n)ag(m) }.
To prove our result, it therefore only remains to show that if « is prime to y,
and zy prime to 5, we must have xy o7(zy)+oglxy) = 2or(x)og(y) +yo:(y)ag(x)
(mod 25)

ie.

zor(@) { yor(y) —os(¥) } +o9(2) {oo(y) ~yar(y) } = 0 (mod 25)

* Tn o joint paper communicated to the London Mathematical Society.
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i.e.
() {xo7(2) —o9(@) } {yar(y) — ae(y) } = 0 (mod 25).
(2) is an immediate consequence of the
Lemma
7 gq7(n) —og(n) = 0 (mod 5), when = is prime to 5
proved as follows :
n o7(n)—ag(n) = n d7— Z ds
din dfn
1
gn;E—;d(mOdeo (mod 5),
d $ o(s) 2 5& o (mod 5)

. 1
using d7 = F (mod 5) and d° = d (mod 5) when d is prime to 5.
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