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We have recently proved that!

(A)  7(n) = o(n) (mod. 3)
if (n,3)=1,
where

x 2

Z ()" ==z I? (1—an2e, [|z] < 1]
1
and

o, (n) = ; d* and oy(n) = o(n).

We give below a new and short proof of (A).

§1. Case I, n odd.
Defining v, (n) as the no. of integer solutions of

n=x2124we2+ . ... 232

Ramanujan [see Ramanujon by Hardy, pp. 155] proved

rog(n) = % on* (n)+é-§—f [(—1)'-—1 259 7(n) —512 T<g>]

where o11 * (#) = o11(n) when = is odd.
So that when 7 is odd

(1) 691 744(n) = 16 ay1(n)+128.259 =(n).
Now
© (1429+2¢4+2¢7+ ... )2 = 1+Z raa(n)q".
1
Also

© 3 @
(3 {(1+20+2¢t+20°+ ... )8)° = {1+Z cnqﬂ} =1+> e
1 1

where ¢, and e, are integers and e, = 0 (mod 3) when (n, 3) = 1.
Therefore from (2) and (3) we have
4) r94(n) = 0 (mod. 3) when (n, 3) = 1.

1 Jointly with Gupta and Lahiri in a paper sent to the Quarterly Journal of Maths.,
Oxford.
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Therefore from (1) and (4) we get if (», 3) = 1 and » is odd
16 0,1(n) +128.2597(n) = 0 (mod. 3)
or 7(n) = o11(n) (mod. 3)

= o(n) (mod. 3).
§2. CaseIl, n = 2= m > 0.
We know that 1

7(p*) = r(p)r(p* ) —p1lr(p* )

Therefore
7(27) = 7(2)r(2"~ 1) — 2117 (2m-2)
= —247(2m-1)— (3—1)117(27-2)
= 7(2"-2) (mod. 3).
Also
a(2™) = o(2m-2) (mod. 3)
for
d3 = d (mod. 3).
Therefore
if 7(27-2) = o(2™-2) (mod. 3)
7(2") = o(2™) (mod. 3).
But
7(20) = 0(29) (mod. 3)
and
7(2}) = o(21) (mod. 3).
Therefore
7(2") = o(2") (mod. 3).
§3. Case III, % is any even no.
i.e.
n=2",m>1,kisodd and (k,3) =1
T2~ . k) =72 7(k) {for 2= k) =1}
and
a2 . k) = o(2") o(k).
Also

7(2™) = o(2") (mod. 3)

7(k) = o(k) (mod. 3).
Therefore
7(2™ . k) = o(2™k) (mod. 3).

1 See Ramanujon by Hardy (page 163), Cambridge (1940).





