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§1. Deno_te by by ( =1), bg, bs, by, . . . the numbers, arranged in ascending
order of magnitude, which can be expressed as a sum of two squares (of integers).
It is known that (Landau 1)

1 Cx
= \/ log =

where C is a positive constant. In connection with the theory of lattice points in a
circle it is known that

z 1 = 7z + P(x)

ul4 2 <z
u,v=0
where
27
(1) P(z) = O(2°%) ;

and it has been conjectured that, for every positive ¢,
@) P(z) = 0@t 79,

We are concerned in this paper with the problem of the magnitude of the
difference b,.;—b,. More precisely we wish to seek a function f(x) such that

between
z and z 4 f(=)

there is at least one number expressible as a sum of 2 squares for all large z.
From (1) it follows at once that
1
f@) = 06ty
if (2) is true we would get
fla) = 0+

for every positive e.
We prove in this paper by a simple argument that (see the more precise result
at the end of §2)

(3) flx) = O(=t).
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It has been conjectured that if (@, b) =1 there is (see Chowla 2) at least one

prime = a (mod b) between x and xz+z* when x>z, = zy (e, a, b). If this is true
then taking ¢ = 1,.b = 4, it would follow that

fl) = af

for any fixed positive ¢. This shows that (3) is still very far from the probable
truth. It would also be of interest to know whether (3) can be improved by
elementary arguments.

We have to acknowledge here that the results (3) was found some years ago*
by Dr. T. Vijayaraghavan by an argument not quite as simple as the one we give.
This paper has its roots in this letter of Dr. Vijayaraghavan.

§2. In this section all letters denote positive real numbers.

Let ¢ be an arbitrary positive number and = >z, (¢). Let [g] denote the
greatest integer contained in g. Write

4 t=[Vz]=1/2—8

where
(5) 0<h<1.
Let (here x;, 2, are not necessarily integers)
$12+t2 =
T2 +12 = 2424/ 24 ¢ ot
Then
T2 —12 = 24/2 ¢ ot
24/2Fe ot
6 —_—y = 2T
(6 Ty—21 o1+ 22
now

v = Va—2 = e—(Jo—0)
= \/2 0/ z2—g2 < J2 ¥z

similarly for & > zq(e),

ro = /242 (VEHe) 2~ (V0P

< 24— x*.
Hence, for z > xo(e),

Q) 11+$2<2J2+i% at.
From (6) and (7),

/2+e

Lg—Tq >/J2+i>l
10

Hence there exists an infeger zg between x4y and x,.

* In a letter addressed to one of us (S. C.), but unfortunately mislaid.



CAN BE EXPRESSED AS A SUM OF TWO SQUARES. 103

Hence
1242 < 1242 < 12 22
go that
L 24242 < 5421/ 2 F€ at
(where ¢ and zg are integers).~ Thus we have the
Theorem. Let e denote an arbitrary positive nwmber. Then there exists between x

and x+424/24€ ot an integer which can be expressed as a sum of two squares (of
wntegers) for all x > zy(e).
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