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ABSTRAOT.

A get of necessary and sufficient conditions for a spherically symmetrical line-element to
be stationary is obtained and & method is given of transforming it to a static form when the
conditions are satisfied. A new proof of Birkhoff’s theorem is given.

1. INTRODUCTION.

Consider a static line-element, ds? = g, do# da®.

This may be transformed to a non-static form by an arbitrary non-singular
transformation of co-ordinates. Line-elements obtained in this way may be called
stationary as is the usual practice. It is the object of this paper to investigate the
necessary and sufficient conditions for a non-static line-element to be stationary.
Only spherically symmetrical line-elements have been considered.

2. NErcessary CONDITIONS.

A general spherically symmetrical static line-element is given by

ds? = — A4 dr2— B(d624-sin2 0d¢$2)4-Ddi24-2Cdrdt, .. 1)
where A, B, C, D are functions of r alone. By the successive transformations
» 12=B, t=t .. .. .. .2y
and
F=p,
. C (2.2)
t= f——-B dp+Fkr,
we got
ds? = — Adp2—p¥d62+sin2 §dd2)+-Ddr2, .. - (8)

where 4 and D are functions of p alone.

Hence there is noloss of generality in taking the general spherically
symmetrical line-element in the form (3).
To get the necessary conditions let it be assumed that the line-element,

ds? = — Adre— B(d62-+sin2 6d$2)+ Ddiz+42Cdrdt,
where 4, B, C, D are functions of 7 and ¢, is transformable into
ds? = — Adp?—p¥d62+-5in? 0d¢2)+ Ddr? ce e (4)

where 4 and D are functions of p alone.
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The law of transformation of tensors gives—

- or\? (az)z or ot
— —— — - —2 . » . s .. .
A A(ap) D % Cap % (5.1)
p2=2B,.. .. . .. . . .o (8.2)
= a\?  (or or ot
D=D(-a;) -—A(a ) +205—-a"_, .. .. .. (8.3)
or ot dr ot ot or or
O=C(5’;-$+a_r ap>+Da aT—Aa—P-—a:- .. .o (5.4)
Differentiating (5.2) with respect to p and = respectively we get
B or B &
" 28", ap g, (52
, or
OZBa"'BaT’ (5.6)

a dot representing a differentiation with regard to ¢ and a dash representing a
differentiation with regard to r.

Solving (5.3) to (5.6) we get
or ot or = Ot

a—P=M, 5;):1\7, 5. = BF, 5~ =8F, .. .. (8.1)
where ] . )
= (DB'-CB).2B"*(DB?—2CBB'— AB2)- .. .. (6.2)
N = —(4B+CB').2B"*(DB'2—2CBB'— AB?)-1 .. (6.3)
R = B(DB'*—2CBB'—AB?®)-+ . .. . .. (6.4)
S = —B'(DB'2—2CBB'—AB?)-, ... .. (8B
F=DY. .. .. .. .. .. .. .. (88

Differentiatin, or with respect to + and g with respect. to p and equating we
g = X P P P q g

or
obtain

[(RM' + MS) — (R'M + RN)] F — R@—o . .. (1Y)

Similarly, differentiating % with respect to p and —aa-; with respect to = and equat-
ing we obtain

[(RN'+N8)—(S'M+8N)] F—S @=0 .. .. (12

Calculation shows that
(RM'+MS) — (R'M+RN) _(RN'4NS) — (S'M+8N)
R - S
Bt
- (mB’—-nB’)2

[(—m2B" +2mnB’ —n2B)
+ B'(mm’ 4 nrh —27m)
+Bma+n'm—2nm’)}, .. .. (81)



K. R. KARMARKAR : ON STATIONARY LINE-ELEMENTS. 153

where ) )
m = (DB'—CB), n = (CB'+AB). .. .. .. (82)
Thus (7.1) and (7.2) reduce to one independent equation. From (7.1) we obtain
oF . .
dp _(BM'+M8)—(R"M+RN) . .. 9
F R

¥ /3

Since P F is by hypothesis a function of p alone, it follows from (9) and (5.2) that

(RMI+MS)E( 'M+RN) x (B¥), - .. .. (10.1)

where « is arbitrary. Thus we have obtained one of the necessary conditions.
By substituting the values of

o o
O Op
from (6.1) in (5.1) we.obtain
A= AM2—20MN~DN2. .. .. .. (1)
Since by hypothesis 4 is a function of p alone we obtain from (11) and (5.2)
—20MN—-DN2=B(BY) .. . .. (10.2)

as the second necessary condition. (10.1) and (10.2) is a set of necessary condi-
tions (Vaidya, 1945).
3. SUFFICIENOY OF NECESSARY CONDITIONS,

The conditions obtained in the last section will now be shown to be sufficient.
For the line-element,

ds? = — Adr2— B(d82+sin? 0d2)+ Ddi2+2Cdrds,
where A, B C, D are functions of  and ¢, let it be assumed that

(RM/+MS)R(R’M+RN) a(BY .. . .. (3.1

and,
AM2-2CMN —DN2 = B(BY),

where M, N, R, 8 have been defined by (6.2) to (6.6). Define a function F (x) by

dF =
-E;/F=a(x). .. .. .. .. .. (19
Next consider a transformation defined by
oy, 2 _ N,ar_RF(B*),~—SF(B*) T
op op or

It can be casily verified that
B o, B &
5B 5’;+2—B;-5’—)——1, . . . .. (16.1)

, or .
Ba7+351-._0 e
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these give
pi=B. .. .. . .. .. N (V)

The transformation is consistent as can be verified by dii.’('erentia,ting5i =M
p
with respect to 7 and -g—: =N with respect to p and equating the two values

of

2 —_—
ai ;_ so obtained. This equality is ensured by our definition of ¥. The law of

transformation of tensors gives the transformed line-element as
ds2=—P(p)dp2—p2(dB2+sin2? Gdp2)+(F)2dr2, .. .. .. (18)

where ¥ is given by (14). This is clearly seen to be a static line-element. Thus
we have shown that the conditions are sufficient.

4. ProOF OF BIRKHOFF'S THEOREM.
Consider a line-element
ds? = — Adr2— B(d62+sin20d$2)4-Ddi2, .. .. .. (19)

where A4, B, D are functions of » and ¢ and which is a solution of Einstein’s field
equations for empty space. Hence we have

T =0. .. . . . . .o (20)
T4, T4, T4t equated to zero give (Tolman, 1934@)

1BD ,1 B> 1B2 1BD 1
B= BD[Q"—‘BDz tipmtiamt EA—BD—E] (21.1)
., B[BB' AB D'E
B =§|:_B.2_+Z.B_+B§], - .. .. .. .. .o (21.2)
. 1 B2 1BA" 1 AB |1 B 6
B =AB[4A32+2 BA2+2ABD+4B4D+B] (21.3)
The necessary and sufficient conditions become for this line-element,
Bt . . .
—_—— L4 2_ ’ 1] 12
(DB'z-ABz)z[ 24D{ B"B2—2B'BB'+B.B'2}
+B'{B'2DD’'+BB'(AD—24D)}
+B{BB(A'D—24D")+B24A}] = w(BY, .. .. (22.1)
44DB '
— = A(BY. ce e (222
DB’2— AB2 A (22.2)

On substituting the values of B”, B’ and B given by equations (21) in the

following :
[ 44DB ] [ 44DB ],=0, L @)
or LDB'2— 4 B2 DB'2—AB?
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we find that it becomes an identity. Hence (22.2) is satisfied. On substituting
the values of B”, B’, B in the left-hand side of (22.1) we find that it reduces to

Bi 44ADB
——@ (l—m). .. . .. (24)
Hence (22.1) is also satisfied.
Thus the necessary and sufficient conditions being satisfied all solutions of

Einstein’s field-equations for empty space which are spherically symmetrical and
which are of the form

ds? = — Adr2— B(d6%4-sin? d¢?)+Dd2,

are stationary. Thus another proof of Birkhoff’s theorem has been given (Tolman,
19345, Einstein and Straus, 1946).

5. CoNOLUDING REMARKS.

In the course of some recent investigation it was necessary for us to verify
whether the following line-element is stationary :

(A+Br2)? 1

(A+Br2)2 44B
where 4 and B are arbitrary functions of &. The above set of conditions (10)
enabled us to show that it is stationary and the transform (3) for this reveals that
it represents flat space-time. The results obtained here should be of use in inves-

tigations of spherical distributions where it is necessary to know whether a non-
static line-element is stationary and if so to what static form it is transformable.

ds? = — (A + Br2)-2(dz2+dy2+dz2) de?, .. (25
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