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1. Let

o
(1.1) Z(b,, cos nf—a, sin nd)
n=1
be the conjugate series of the Fourier series associated with a function f(6) which is
integrable (L) over the interval (—m, =) and defined outside by periodicity. The
‘conjugate’ function associated with the series (1.1) is

o

(1.2) fi8) = Q{—J {f(6+8)~f(6—1)} cot %tdt,
0

the integral being a Cauchy integral at the origin.

Prasad* proved that if the function f(6) is bounded, the conjugate series (1.1)
is summable (C, 8) for every positive & to f(6) wherever the integral (1.2) exists.
This theorem of Prasad was in a certain sense extended by Hardy and Littlewood ¥
in the form of a simple necessary and sufficient condition for the Cesaro summabili-
ty of the conjugate series corresponding to a bounded function as follows :—

Suppose that f(t) is bounded in the neighbourhood of ¢ =0. Then the
conjugate series of f(f), for ¢ = 0, is either summable by Cesaro means of every
positive order or summable by no Cesaro mean. A necessary and sufficient
condition for the summability is the convergence of the integral (1.2).

Now there are simple bounded functions for which the integral (1.2) is not
convergent. For example, let § =0 and let an odd function f(f) be defined in

(0, =) by
If(0)=0
i, 1 1
(1.3) f(t)=2ta,n§tsm logz , for0 <t <1,
l =0, forl<t < m,

and by periodicity elsewhere. Then the integral for f(6) oscillates between 0 and
?in the neighbourhood of ¢ = 0 and the conjugate series for this function f(#) is not
ki

summable (). This series is, however, summable by Riesz’s logarithmic means of
order unity as we shall see later.

Definition.—A series 2 ¢, is said to be summable by Riesz’s logarithmic means
of order £ %0, or summable (R, k), to the sum s, provided that

. 1 &
. = log ¥
(1.4 R = g 2, (1082)
n<w
tends to a limit ¢ as w — 0.
* Prasad, 4. 1 Hardy and Littlewood, 3.
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158 M. L. MISBA : ON THE SUMMABILITY OF THE CONJUGATE

The problem that naturally suggests itself is to find some general theorem,
concerning Rieszian summability of the conjugate series of a bounded funection,
which may be of the same type as the theorem of Hardy and Littlewood given
above. Theorem A, which we prove below, covers a class of functions much wider
than that of bounded functions and is quite of the type desired. In what follows
we use logarithmic integral means which are more general than fractional integral
means of a function.

Let us write

ks

{f@+0~16-1}, 900 = J O cot 3 tdb—s

¢

44 o1
golt) = Ft;) f (log %‘) g—(g—)du, >0,
H

go(t) = g(?).
It is known * that

DO

P(t) =

AT

1 u = du
Jorplt) = @) J (108 ;) galw)—, B>0.

Accordingly we have

Jo+1(t) = J 9o () %,

i
and we define

d
9q(8) = —ta—tgaﬂ(t), for -1 <a<0,
so that
=1 ey t)
g_, )_; co 5 ().
Theorem A. Let

t o+1
(1.5) J |ga-1(t>|dt=0{t(log%) ) a0,
0

and

(1.6) gult) =0 { (log -})GH} )

ast— 0. Then a necessary and sufficient condition that the conjugate series (1.2) be
summabdle (R, a+1) for t = 0 to the sum 8 is that

a1
(.7 Gl =0} (log %) }

ast—0.

An analogoys theorem for Fourier series was given by Wang 1 for integral o.
He has also shown ] that if the condition (1.7) is satisfied, the conjugate series is

* Wang, 7. t Wang, 6. 1 Wang, 8.
28
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summable (R, a+2) and conversely if the conjugate series is summable (R, 1)

to the sum s, then
) x+2
st =0] (10g7) .
as t—0. .

The case & = 0 of Theorem A gives a simple, elegant result, namely
Theorem B. Let

t
(1.8) J | p(u) | du = O(t log%) ,
and ’
(1.9 glt) = O(IOg %) ,

as t— 0. Then a necessary and sufficient condition that the conjugate series (1.2) be
summable (B, 1) for t = 0 to the sum s is that

(1.10) J. g—(})du = o(]og%) .

ast— 0.

The condition (1.8) is satisfied wherever () = 0(]0g %) and in particular when

f(t) is bounded near ¢ = 0, and the condition (1.9) holds in particular when g(t) is
bounded.

A result for Fourier series analogous to the Theorem B was given by Hardy
and generalised by Takahasi and by Bosanquet and Offord.* Theorem B can also
be deduced from a theorem of Bosanquet and Offord.

In § 3 we find a necessary and sufficient condition for the summability (B, a+1)
of the conjugate series. In §4 we prove Theorem A. We show in §5 that the
conjugate series for the function f(t) defined by (1.3) is summable (R, 1) to the

sum 1- although, as previously remarked, it is not summable (C). In §6, we

construct an example to show that the holding of only one of the conditions (1.8)
and (1.9), namely

g(t) = o(log %) # o(1)

is not sufficient to ensure the summability (£, 1) of the conjugate series.

I am much indebted to Dr. B. N. Prasad. for his kind interest and advice in the
preparation of this paper.
2. Wae shall make use of functions Si(f) defined by

k

1 k t
1\ . 1 iy .
Si(t) = J (Iqu_,,) sin tudu—-t—Jj (logq—‘) sin udu, k> ~1.
0 0

* Hardy, 2; Takahasi, 5; Bosanquet and Offord, 1.
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It is known that *

(2.1) g-t {tsk(t)} = kSp_1(t), k>0,

1 r
_ I'r+s+2) 1 .
(2.2) 8y yep1(t) = TerO)T6+T) J Ss(ut)(logl—) du, r>—1,"s>~—1,
0
We shall also require the following lemma :—
Lemma. For >0,

J 9(6) S (wt) dt = r<a+1>J 9lt)Solwt) dit

o 0

— 1"(0L+1)j ga(t)l-—cos wtdt.

w t
0
This has also been shown by Wang. T

3. We may make the usual simplifications, supposing that f(£) is odd and that
6 =0, s =0 so that

P(t) = f(¢) and g(t) =

E R

J £1t) cot gt

We have

So(w) = Z b, = }TJ f@ cotét(l —cos wt) dt+o(1)
0

n<w

= [—(1 ~cos wt)g(t)]g+wf g(t) sin widt+o(1)

0

X
= wJ. g(t) sin widt+o(1),
0

as w~» . And for k>0,

k k-1

I w d
8,(w) = z <10g%)> b =kJ (1og;) so(z)—z?
1

n<w

w
1
k-1

=k f g(t) dt f (log %:) sin ztdz+o0{ (log w)* }

(4] 1

k-1 -

dx J- g(t) sinzt dt+o{ (log w)* }
0

~

* Wang, 7. 1 Wang, 8.



SERIES OF A FOURIER SERIES BY LOGARITHMIC MEANS. 161

=k f g(t)dt f (Iog g)
0

v o

k-1

- L
sin ¢ dx—kf g(t) dtJ (Iog g) sin xtde
0 0

+0{(log w)*}

k-1

m™

= ka g(®)8k_1(wt) dt+0 {(log w) -1f lg@®) ! dt} +o{(log w)*}

0

=Icm g()Ss_1(wt) dt+of{(log w)? } ,

as w—> 00, g(t) being integrable (L) in (0, ). Hence

1 ko

Rk(w)=msk( w) = (Tog o) j g(®)8s-1(wt) dt4-o(1).

Putting ¥ = «+1, we have by the lemma

w) = (log w)oc+1 o) d
RG—H( ) WJ g(t) d.( t) t+0( )
Ia42) 7 w
=(l—o(§;i)—%1J’ 70 %59 gt o).

Thus the necessary and sufficient condition that the conjugate series be summable
(R, a41) at t = 0 to the sum s is that

(3.1) J’ ga(t)_l_:_%Mdt = of (log w)**'},
0

as w — 00,

4.  Proof of Theorem 4. ]
i) To prove that the condition is sufficient, we have
n

" Mo " gult g..(t)
fga(t)lMdt=J ga(t)l—ﬂdt+j q%ldt—J —%—c os wtdt

0 ¢ ) ! Afew Mew
4.1) = I4+J—K, say,

where A is large but fixed. Now by (1.6)

A/w o+1
42) I= o<w J | 7(®) | dt) =0 {w . g (Iog %) } = o{ (log w)**'},
a8 w — . By (1.7)

i a+l
(4.3) J=03 (1og2 = o{ (log w)**'}-
A

0
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Also g,,(t) being an integral for AJw <t < w, we have

i cos wl 1 sinwtl  1(" d 94(t)
K= j ga(t) Z dt = ;—) [gtl(t) n ] —ZJ sin wt[%-—r di
Aw Aw

Alw
1. 1 {7 sinwt, 1([" sin wf
Alw Alw
(4-4) = o{(log w)a'H} +K1+K2‘
And by (1.6)
1 T 1 a+1dt 1 1 1 o+l k4
K = ;J °(’°g t‘) [ 5[" {i(l"g ?> }:L
Aw feo
(4.5) = of (log w)**1} -
Also by (1.5),

k4

M%ls—i—J PARUIL:

Mew
L
a0 t] 42 J
Alw

t 1
111 dt
=:’|:t_?'j ; J | g-1(0) | dt}ﬁ
0 0 '
a1 m o1
—of1)41l. @ 2 { ! }Si_t
_0(;)+;.X0{(log/\) }+wa/ 0 (Iogt 7

a+1 x+1

—oriof(ieg) frioli(s) |

(4.6) - 0(1)+% 0 {(log w)a“} )

ko

Alw

a8 w — 0,
Hence combining the results from (4.1) to (4.6), we have

i 1—cos w? 1
J 9ult) ———dt = o{ (log w)**' } +3 Olog w)**1}
0

= o{(log w)**'},

if A= o0 after w—>o0. This, by (3.1) proves the sufficiency part of Theorem A.
(ii) To prove that the condition is necessary, we assume (3.1), that is,

(e7) j 7 2 dt = of log w)*41} ,
[y
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and deduce (1.7), provided that (1.6) is satisfied. Now

n

j (p) 1o wt 1—cos wit I—cos at , _ [—-g“l(t)(l-cos cut):' +wf Fo v (8) s8I0 widt
0 0

0

= o(l)+wf Fu1() BN widt.
0

So we have, by (4.7),
" o+l
J' Fou41(l) BiN widt = o {Qgg_‘L_ } ,
w
0

a8 w—> .
Also after Hardy,* we take

9a+1(t)~ Z bn(a+1) sin nt,

n=1

for 0 <t<{m, then

b (+1) _ 1 ”g ) sinntdt =0 3(1_05_"&}
n - o+l % s

0
as n—> 0. Now

12 o
1 (e+1) 1 —cos nt
-t-f Goss(0)dt = D 3,0 200N
0

= nt
(oc+1) d-{-l — t
= z b, sin 7#/2 - sin nt/2+ Z b, cos n
”<~ t/2 ”2_ nt
o+ 1 x+1 1
- z {aogn) }+Z°{(°g:) }0@)
n<- ”2l

14

~ef(l)}

¢ $

%J Gy, (D)t = 9a+1(t)+” g, di.
0 0

Or, by (1.6)
0 {(log %)tm} ~g,,,O+0 { (log %)w } .

* Hardy, 2.

But
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Hence
41

Fo41(E) =\0; (10g 1‘) }"

a8 t—0, which proves the necessary part of the theorem.
5. The conjugate series for the function f(¢) given by

(1.3) is summable (R, 1) to }T For
1 {7 1, 1
g(t) = ;J‘ f(t) cot Edt—-;‘r

2

1

 (10g 1)1

si og3)T—=

:
= -1—0 1 l)-—o(lo 1)
R Y A LT

g1(t) = J' g%u)du = o(log %) ,

2

g |

ast—0. Also

and f@) = 0Q),
as t—0. Thus f(¢) satisfies the conditions of Theorem B with s = }T .

6. We shall now give an example* of a function f() such that

glt) = %J (t) cot %tdt—s = o(log %) #o(1),
H

but the conjugate series of the Fourier series of f(¢) is not summable (R, 1) to s.
We take # =0, ¢ = 0, $(¢) = f(#) = an odd function.
Example. We choose sequences {Z,}, {A,} and {c,} such that

=l > >le>. ..., >0, 0 < <Ap< ... <A, w0

[T |

and
log A,
Cp == e,
/ Tog (4n+1)
and we take
ko

A,=1509.... =
P=159. .. (r]), =g

* The corresponding example for Fourier series was given by Wang, 7.
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We define an odd function f(¢) in (0, #) by
f(O) =0

(6.1) 2

fty=0, for g <t<m.

and by periodicity elsewhere.

Then
b1 a1
f 1f®) |dt=c,)«,j tan% | sin A | dt
t :,
ko
o,
= c,/\,.J tan 3 | sin At | dt
w
22,
;_7(4r+1)
cf .
=0<-—j u]smuldu)
z
1
= O{Ar'—‘j’}, 724
Thus
m oy
u 2 t e 4
1
_[ | fiey | e "J +J +J +20<1.5.9.... (47_15))
r=4
0 t ty ty
=0(1)

so that f(¢) is integrable (L) in (0, =).
Alsoforr=1,2,3,....,

ki 7

b1 1 2Ar—y 2Ar—y
J‘ Sf(u) cot 5 du = —cA, J' sinAtdt = c, l:cos /\,t]
k4

¢
4 [
. 2Ar

Hence if ¢, <t <t,~1, then

T

oty =1 f F(u) cot ¥ du
7TJ‘

. t .
f(t) = -C,A, tan  sin Arts for t,<t$t,_1, (T = 1; 2; 3, cee

165
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fy-1
J' flw) cot%udu

:

q |-

I

1
—, Cr 008 AJ.
And
g(t)
1
log 7

Cr log A, . 1
log 14, 4/ log (dr+1) log 2,
m

< = o(l),

as 7 -> o0 go that g(t) = o(log lz)as t—>0,

Now from (3.1), the necessary and sufficient condition that the conjugate
sories of the Fourier series of f(t) be summable (R, 1) to zero is

L4
2

j g(2) —l:-—fgfitdt = o{log w).
0 .

We shall now show that as « takes successively the values of the
sequence {2, },

T

2

1 1—cos At

fog ,\,J 9t) ——dt
0

is not o(1), but tends to infinity as r— 0.

For
k.3
: A ot e 1 A
—CoB AL, 1—cos Al
Jg(t)——-———i——dt—-{J‘ +J +ZJ }g(t) g dt
0 0 L k=1Jy
- ty » tr-1
=J g(t)l—-c;)s Ad dt"j o) cost/\,tdt
0 8
y k-1 o1 ph-1 N
t
3] a3 | wea
k=1 & k=1 1
= I+J+ K+ L, say.
Now

T n

A oA 2Ae 1
I= J ¥(t) ;Gtgs;'-tdt =, J o(log ;) dt = o(log A,).
0

0
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- A By d
7 t
¢ o

27,
7
2Ap —
_1 "1 4cos 2A,.tdt
- 2770' t
v
2Ar
¢ A e, [“H7 cos %
= r r Y A
2 IOgA,_1+2ﬂj u
m
1 log A,

—=-L—— log (4r+1)+4Olc,
277'\/10g(4r+1) og (4r+1)+0(c,)

% logA,.A/ log (4r+1)+o(logA,). -

(XY

—ck J cos udu: %<ek<%(4k+1),
=

E

2 2c5(1 — sin ;) = E 2(1 —

sin ) log Ax
€
& - V log (@+1)
so that K is positive. Again
-1
1 208 At €O8 AL
L= —z J (t)c"s’\'tdt > - J Tt
k=1

b
w

e 21 cos (A, —Ar)t+cos (A, 4Ax)t
_— Ck
27 ¢
v

~ 1 < log A A
= —\ = t—0 )
= z CkAkO(AT_Ak) Z '\/l (A

E=1a

og (4k+1) \Ar—2s

167
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=7 lOg A,. 10(——__—&'—;)

= O(logA,-1) = o(log A,),

as r—>» 00.

Hence combining our results we have

™
2z

1. cos At 1 T ,
fog J g(t) -——dtZ%\/log (dr+1)+o(l)

~>00, ai r—> 00,

which proves that the conjugate series for the function f(t) defined by (6.1) is not
summable (R, 1) although

[ T R

gt) = o(]og 12) .
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