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SUMMARY.

The self-energy of an elcctron in motion is investigated from quantum electrodynamies.
In the first article the interaction energy of an electron with electromagnetic field is given and
in the second and third articles the evaluation of the dynamic and static self-energies is under-
taken. The divergence of the self-energy in the hole theory is logarithmic which is shown to
be due to the symmetrisation in the behaviour of the electron with respect to emission and
absorption of photon in its initial state.

INTRODUCTION.

The self-energy of an electron is its total energy in free space when isolated
from other particles. In the classical theory of Lorentz where the electron is
considered to have a finite extension over which the total charge is distributed the
self-energy includes besides the energy of its mass also the interaction energy
between the different charge elements of the clectron integrated over its volume, the
interaction taking place via the electromagnetic field produced at each point of the
electron by its other parts. In the first approximation when the retardation of the
electromagnetic field inside the electron is neglected we obtain the usual electros-
tatic self-energy, i.e., the energy which is required to keep the different parts of the
charges of the electron together and this tends to infinity in the limit for a point
charge. In the higher approximations the self-energy is due to the self-force which
arises because of the retardation of the electromagnetic field inside the electron and
contains terms the first of which is independent of the structure of the electron and
is the usual radiation damping; the second and the higher approximation terms on
the other hand can be expressed, particularly for the case of a simple oscillator,
as a series in powers of 75/A where ry is the radius of the electron and A the wave
length of the emitted radiation. This part of the self-energy therefore vanishes for
a point charge. In the quantum theory where the electron is considered to be a
point charge the self-energy which has been calculated by Waller (1930) Oppenheimer
(1930) and Rosenfeld (1931) exhibits also the strong divergent character tending
to infinity. It has been therefore argued from the idea of the correspondence
principle that this infinite self-energy is due to our assumption of a point electron.
But it has been already emphasised by Bhabha and Corben (1941) that the infinite
self-energy in the theory of Lorentz lies in his assumption that a point electron
can be considered as the limit of a finite electron in which the charge is distributed,
‘the work which is required in compressing a finite charge distributed over a finite
volume into an infinitely small volume against the electromagnetic forces being
infinite. Dirac (1938) and Pryce (1938) and more recently Bhabha and Harish-
Chandra (1946) have shown that it is quite possible to construct a scheme of point
electron in the classical theory from which the infinite self-energy can be eliminated
in a relativistic invariant way. But unfortunately the scheme in some cases leads
to solutions which are in conflict with the physical ideas (Eliezer, 1943). It has
however not been possible as yet to develop an analogous scheme of Dirac for
removing in a relativistic invariant way the infinites which appear in the equation
characterising the electron in quantum mechanics in spite of the fact that it is treated

VOL. XIII—No. 4.



188 R. . MAJUMDAR & 8. N. GUPTA : ON THE SELF-ENERGY OF THE ELECTRONS.

as a point. Dirac’s (1942) new method of field quantisation by introducing the
A-limiting process and the negative energy photons to ensure the convergence has
also its validity within a limited scope. The A-limiting process fails altogether in
the hole theory which alone satisfactorily accounts for the creation and annihilation
of electron-position pair (Pauli, 1943). It has further the drawback that it does
not lead to the radiation damping which is so significant, particularly in the field
theory of meson. The discussion of these problems from Dirac’s quantum electro-
dynamics will be taken up in detail in a subsequent paper. It is to be noted that
the strong divergent character of self-energy for an electron in quantum mechanics
in the original one electron theory of Dirac, in which it is assumed that all the
negative energy states are empty, is obviously due to the emission of very high
energy photons in the intermediate states and lies more in our assumption that the
electron in the initial state can only emit but not absorb the photon. But the self-
energy in the hole theory is given by the difference of the self-energy of the electron
in the positive energy when the negative energy states are occupied and that of the
vacuum electrons filling up all the negative energy states. The introduction of
vacuum’s contribution is just equivalent to allowing the electron also to absorb
the photon in the initial state and it is this symmetrisation in the behaviour of the
electron that reduces the self-energy to diverge only logarithmically. In the present
paper we shall give a straight-forward calculation of self-energies for a moving
electron from quantum, electrodynamics. The calculations of self-energy were
also undertaken by Weisskopf (1934) by following closely the method of classical
electrodynamics; his results, however, remained incomplete due to some over-
sights in the calculations.

1. Interaction energy of the electron with the electromagnetic field.

The Lagrangian of the Dirac electron in the electromagnetic field is given as
usual by

= mc(ww i +k¢+¢)+e¢+w¢ b E, W)
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where ¢ is the wave function of the electron, a, 8 are well-known Dirac’s matrices
and ¢, is the 4-vector potential of the field with

br=Ap, by =1dp, pv=1,2,3,4,and b =1,2,3 .. @
Further F4}; = ’I:E];, F23, F31, F].Z =H .. e . (5)
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E and H being the electric and magnetie fields. It is to be noted that the electro-*
magnetic field here includes besides the field which is produced by the electron
itself due to its motion and spin, also the field due to the Zero-point fluctuations of
the radiation field.

The Hamiltonian function can be readily obtained from the Lagrangian given

by (1)
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or expressing in terms of electric and magnetic field strengths we obtain
H= J[¢'{ca( —gA) +,Bm62}z/1+e¢'Ao¢u—LAo div E+~1~(E2+H2)]dr )]
¢ S dn 8

=H,+Hr+Hp+Hs .. .. (10)

where H, and H are the usual Hamiltonian for the electron and the electromagnetic
field, and Hp and Hs are the interaction energies of the electron with static and
dynamic part of the field, the expectation values of which are the self-energies.

HD=—ef¢‘(aA)¢dr.. R § )

Hg = —ef{l/'.(otAl)‘/'_‘/'.Aol/'}dr .. .. .. (12)

where 4 and A, are the transverse and longitudinal part of the field.

2. Electrodynamic self-energy.

We now proceed to calculate the self-energy given by the interaction (11), where

I .
4=Z J T e(Cpel Wby opre=ikni®) ()
and ¥ = Z a(p) u(p) Pk e e (19)
p

Here €} and Ck' are absorption and emission operators decreasing and increasing

respectively the number of photons by one. a(p), a*(p) are similar operators for
the electrons. Substituting these values in (11) we obtain for the interaction
energy of the electron with the field.

2mch2
Hy=2X2 f-eJ% {CL8(p—p'+E)+C S (p—p'—k)}
PP .

N(p")A*(p"\V(p')V(p)A(p)N(p)(w'(p")au(p)) .. (15)

where N(p) and N(p’) give the number of electrons in the states p and p'. 4(p),
A(p’} are operators which operating on N{p), etec., change them to 1 —N(p) ete., and
V(p) and V(p') are the Jordon-Wigner’s Vorzeichenfunctions given by +1 or —1
according as the number of occupied states arranged in some definite manner before
the state referréd to is even or odd. Now the expectation value of Hp is given
in the first approximation by its diagonal matrix elements which is obviously zero.
Thus the self-energy is given by the second approximation of the interaction energy

— AmHmA
Wp=ratnlled L ae

where the summation is to be taken over all the intermediate states.
4
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(@) Hole Theory:
The self-energy is given by the difference of the contributions due to the following
transitions of the electron in the positive energy state and the vacuum electrons.

I. The electron %(p,) emits a photon k in going over to the state u(py—k);
it then absorbs the photon &k and comes baek to the original state u(pg).

E4—E; = E(po)—ck—E(po—k) .. .. .. (17)

II. The vacuum electron %(p,+k) emits a photon k in going over to the

positive energy state u(py); it then absorbs the photon k and comes back to the
original negative energy state.

Bs—En = —(E(po)+ck+E(po+k)) R O )
The self-energy is thus given by
Wp= Wvis1— Wra
y2methze % (w(po) au(po—k)) (u(po—k)"xu(po))
PR E(po)—ck—E(po—k)
(u(po) o(po+k))(u(po+k)* Otu(Po))}
E(po)+ck+E(po+k) )

The sumination is over the spin directions of the electrons as well as over all sorts

of photons in the intermediate states. Now carrying out the summation over the

spins in the intermediate states and averaging in the initial states we obtain for the
* first term in the bracket :

(19)

1
mSPOC(E(Po-k)+H(P0-k))0€(E(Po)+H(Po))
1
= SEpa iy P e Po—K)+Bme®+B(po—k))a(e(apo) +Bmc+E(po)
1

= SE(po—K)E(py) (—4c2po?+8¢2(epo ) (epo) +4¢2(kpy) — 4m2ct+4E(po ) E(po— k)

Summing over the polarisation of the photons in the intermediate states with the
help of the relation

f(ep)(ep)=(pp)—w‘—7)c¥’1‘l T . )

the first term becomes

2 k
W{E(I’O)E(m"“+°2(k1’o)—c—(£9’,‘c—;(-p—°——)-—m2c4} .. (21

Similarly for the second term in the bracket we obtain

1
SEGa B P A —e(@ po+k)—Bme+E(po-+k))a(c(apo) +Bme?+E(po)
S S (Pok) (Pok) ~
"E(Po)E(po+k){E(1’°)E(I’O'*"‘)‘*'62(1’0")+°2 T +m264} e (22)

We now replace the summation over all the photons by integration and multiply

thereby the expression (2) by kzdkd.Q

573 which denotes the number of photons lying
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within the solid angle d©2 and within the range k¥ and k+4dk. The expression for
the self-energy thus becomes

Wp = wnf (Lt Ikdk .. .. .. (23
where
[ B(po)Elpo— k) +c2(pok)—c2 BLELPOR) _ 05
I,= |d@ Lo (29)
] E(po)E(po—K)(E(po) —ck—E(po—k)) |
[ E0)B(po-H)+e2(pok) o2 EENPH) | 120
I,= |do .. (25)
LT BBt b Btk +Epetk) |

On integrating over the direction of k we have
2_11[ (E3+E%kc+Ek2%? +-k%3)(E, —E_) (E—ke) (E—ke)(E’ —E’)
oL~ 4B pyJiics ~TEE T 12Epkicd

m2ct E—kc— )
.. 26
+Zm T sy ] (26)

I]=

Iz=2_11[(1«73—Ezkc+E’k202—lc3c3)(E+—E’_) E+ke (E+ke)(E,—E)
¢ 4E poics Y EE T 12Epekicd

m2ct o E+kc+E+] (27)
Epoke CExketE_ |

+
where
E = c\/p2+m2c?, E, = \/E*+k2c2+2c%kp,, E- =V E2+k%2—2c%kp, (28)
Whence we obtain finally
— (B2 k2c2 - 2 s _g°
W = kdk{ (B2 4 k2c2)(E, —E )+__c_(E+ )
2 2ah 2E pokic? E~ 6Epgkc?

mect EZ—(kc+E’+)2}
+ Fpoke 8 BE=(Fo+ B )

(29)

The expression is sufficiently complicated for interpretation. We cau, however,
evaluate it when the kinetic energy of the electron is small compared with its rest
energy. We have then

T ke++/ B2+ kot
— 2 1 k262 204 Ty ST
Wp = 5- ﬁcEkEi [0%2 ck A/ B2 + k%2 +m2ctlog —
4. kot B2t kP ke 1 k%3 }]
_p°2°2{31 me?. VEr k2t 3(E2+k%?)3? - B0
= e? .1_1. Po . 1
_é;r_kc.mcz(l_ 5 262) Lt log — + finite terms .. .. .. (31)

This approximate result has been given also by Weisskopf. The sclf-energy diverges
only logarithmically.
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(b) Original Theory:

It may be of some interest to deduce the expression for self-energy in the original
theory of Dirac where it is assumed that all the negative energy states of the electron
are empty. We have the following processes to consider:—

I. The same as before.
I1. The electron u(py) emits a- photon k in going over to the negative energy
state w(po—k); it then absorbs the photon k and comes back to the original state

u(po)-
We have thus

2me2hzc { (w(po) oul po—k))(uw(po—k) au(po))
k E(py)—ck—E(p,—k)

Es—E; = E(py)—ck+E(po—k) .. .. .. (32)

Wp=2
k

-+

(u(po)'au(po—k))(u(po—k)au(po))} (33)
(Epo) —ck+E(po—k) N

Now carrying out the summation over the spins and polarisation in the intermediate
states and averaging over the spins of the electron in the initial states as before we
obtain:—

Wp = 22 .1 L)k dk 34
D=z (I1+12) .. .. .. (39

E(po)E(po—k)—c* pok) +52Lp-9%)2—(£0—k)+m204
L= a8 .. (35)

where

E(po)E(po—k)(E(po) —ck+E(po—k))
which on integration over the direction of &k reduces to

1, = 27 [(B3+E%ko+ B2+ k%c3)(By —B-)  (E—ke) (E—ke)(ES —E°)
7 4EpoJe3c® TTEE | 12Bpokic?

m2ct . E—kec +E'.,.:|

+ (36)

Epokc BE—ke+E-
and we obtain

€2 N mict, E4pec ) ”
= 2 2" log =207
Wp ek [c f kdk+( 520 lOgE Pod Ec dk] .. 37
0 0

This shows that the self-energy diverges. The expression (37) was first obtained by
Waller.

3. Electrostatic self-energy.

In classical electrodynamics the expression for electrostatic self-energy as given
by (12) is evaluated with the help of the well-known Maxwell-Lorentz equations

10E  4m, .o
rOtH_Eﬁ_"{;"’ div E = 4mp
and, E=—-%%‘:——gradzlo, H=rot 4 .. .. (38

together with
div Eians =0, vot E; =0, H;=0 ., .. .. (39),
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Now for Dirac electron

. p= e ((ll.l/l), i =€ (l/l.al/l) . . .o (40)
Therefore (12) gives
H = J { pdo—(id) }dr
c )
1 1d
= 24 -2
—S”J'I:El +cdt(A’E):|dr . .. .. (41)
The electrostatic self-energy which is defined as the expectation value of H; is
therefore given by
= 1 L iprpe’) , .,
=H=—|E2dr=> .. ..
Ws=H;= o {E; dr = j‘ [r—r] drdr (42)

For a point electron this becomes infinite. We cannot take over this result directly
into quantum mechanics. It is usually left unquantised and subtracted from the
Hamiltonian representing the interaction. It may be of some interest, however, to
attempt to evaluate the expression (12) exactly in an analogous way as in the trans-
verse part of the self-energy. We accordingly express the quantities 4, and 4,

as

9 oh2 . .
4=z ~/ th ‘nlege®Ntoy o—iknR) L (43)

Ap = ;“J‘ N/zﬂ%hz(ck ¢k [hy ¢y e—ilkr)/R) .. .. 49

k . . 3 r 4]
where n = % is the unit vector in .t;he direction of the wave vector k. O O are

operators as before denoting respectively the decrease and the increase in the number

of longitudinal photons. The interaction energy of the electron with the longi-
tudinal part of the field is obtained from (12) as

2mch? | . .
Ho=X2Z 2~9J— {cks(p—p’+k)+c'S(p—p'—k)}
NP4 (p")V(p) V(P)A(p)N(p) X (w(p') agu(p) —u(p')u(p)) .. (45)

The self-energy is then obtained in an analogous way as before from the expression
Hijw s o HiwHys

We=Z Fi=En 2 Fa—Fn

the two parts being the contributions of the longitudinal and the scalar fields
respectively.

(a) Hole Theory:

Considering the self-energy as the difference between the self-energy when an

els;:t}'on is present in the positive energy state and the self-energy of vacuum we
obtain

(46)

7. o g 2meic {(ufpo)‘rxkufpo—k))(u<po—k>'aku<po>)—(u<po>'u(po—k))(u(po—k)'u<po>)
kK ' E(po)—ck—E(po—k)

+ (w(po)ogu(po+k))(u(po +k).°‘ku(Po)) —(w(po)*u(po+k)) (u(po +kyu(po))
E(po)+ck+E(po+k)

fean
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(ak)
where oAy = T .o . . .o (48)

Making use of Dirac’s wave equation we can write

u(po)"(@k)uipo—k) = ; [B(po) — E(po— k) Ju(po) u(po—K)

wlpo)" (@h)u(po-+h) = — ; [E(po-+k)+E(po) u(py)"s(po +H), ot (49)
The expression (47) thus reduces to
We=2 —= 2’” ” {[E (Po)+ ¢k — E(po— k) J(u(po)*u(po— k)N upo— k)" u(po))
k

+[E(po)—ck+E(po+k)](u(p0)‘y(po+k))(@(po+k)'u(po))} .. (560)
Carrying out the summation and averages as before

W, TR i(E(Po“k)-i'H(Po"‘k))(E(Po)+H(P0))(E(Po)+070—E(P0—'k))
*= 4ck3E(po) F E(po—Fk)
<E(Po+k)—H(Po+k))(E(P0)+H(l’o))(E(Po)~Gk+E(Po+k))}
E(po+k)

Now on evaluating the spur and summmg over the intermediate states of the
photon we obtain finally

+

€2
Ws =g f(13+14) .. .. .. (8Y)
where
I; =1 dQ I:( (p0)+0k)<E(Po —62(pok) ) (B( (po) ) —ck) (E( (Po 2+02(pok))] . (52)
E(po)E(po—k) E(po)E(po+k)
I, = fdQ E(po)E(po+k)—E(py—k)] .. .. .. .. .. (53

The integration over the direction of k gives

“[(E2—k2c2)(B,—E_) (B> —E )|k
W= -2 [( il A (2, —F) (54)
4nlic Epoc 3Ep06
For small velocity of the electron it reduces to
o2
W= —Emcz(l +6p02 2) Lt log — +ﬁmte terms .. .. (BH)

(b) Original Theory:
In the case of one electron theory we have on this model

S=

2mehic {('“(PO).“ku(llo“k))(u(l’o*k)'aku(po))'—(u(po)'u(Po—k))(u(po—'kru(po)]

k k E(py)—ck—E(po—

+( (o) e Po—k))(%(po— k) axn(po) ) — (w(po) ¥(po—K) ) (%(po — k) u(p))}(w)
E(po)—ck+E(py—k).
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252 E k)W E H —H(po—k)\E(po)+H
- Sp{( (po) +0k) (E(po) + (1;0;)(},0) (Po—k)(E(po) (Po))} (57

Summing over the photons we finally obtain the standard result

ez ”
W;=7-r—h~ dk, .. .. . .. (88)
0
which is highly divergent,
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