ON A PROBLEM OF ANALYTIC NUMBER THEORY.
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(Communicated by Sir 8. S. Bhatnagar, F.R.8.)
(Read January 17, 1947.)
In his Vorlesungen iiber Zahlentheorie Landau raises the problem of an

‘elementary * proof of the theorem :
Let p denote a prime = 3 (mod 4). Then there are more quadratic residues than

non-residues between () and% . This note contains a reasonably elementary proof
of this result. We have

LeMma 1:
- If 0<z<1 we have
- §in 2nmx
=2 =
LEMMA 2:
p-1
5 (3 (2
no1 \P p p
where (%) 18 Legendre’s symbol.
This follows from the Gaussian sum :
p-1
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of which an elegant and simple proof was given by Estermann in Journ. Lond.
Matk. Soc. (1945).

From Lemmas 1 and 2 we immediately get
Lemma 3:. .
- {n\ 1 =#Z(—a)
1 =) o=
® ; (p) no pJp

where a runs through all n(l < n < p) with (g) = <1,

b runs through all n(l < n < p) with (g)-_——l,
Lemma 4:

sin z = sin 3z sin bz | a a

1t 3 75 T T17 Ty

according as 0 < z < or w < z < 2.
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From Lemmas 1, 2, 4,

LEMMA 5:
?
1 T 2 n
2 (P) A3 (p)
n odd 0
whence
Ié
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) w3 (3)i=30-0) =6)
From (1) and (2),
LrMma 6:

) S (b—a) = F_ﬁé)-} > ().

From
O O
T \p/ ", p;n

it follows from considerations of continuity that

= /n\ 1
(4) ; <p> - >0.
From (1) and (4),
(5) Z(b—a) > 0.
Now
(6) S (b+a) = fi(%:—ll =1 (mod 2).
From (6),
(7 Z(b—a) =1 (mod 2).
From (5) and (7),
(8) Z(b—a) > 0.
From (3) and (8),
H
9 Z (E> >0. g.ed.
a \P
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