ON INTEGER ROOTS OF THE UNIT MATRIX.{
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(Communicated by Sir S. 8. Bhatnagar. F.R.8.)
(Read January 17, 1947.)

§1. The study of Vaidyanathaswamy’s paper (1928) has led us to conjeoture
that :

If p denotes a prime, all the integer matrices X,_; of order (p—1), except
E,_; itself, such that

[(Xp-il’ = By
where E,_, is the unit matrix of order (p—1), can be expresed as
ATM, 0

fi.e. transtorm of M,_; by A] where A is an integer matrix of order (p—1) and
determinant 41. and
e I e e |
1 (L 0 0

Mpo = v 1 . . 0 90
LO 0o . . 1 0

(I) In this paper we prove this conjecture for p = 3.
§2. 1In this section we prove that
the necessary and sufficient conditions for the integer matrix

ab 10
Xe= [c d];éE‘*: [0 1]
to be a cube root of ¥, are

{In a+d = ~1 and ad-~bec=1.
Consider the transformation

4= ((cl 3)(x, y) = ax+by, cx+dy.
It can be easily verified that

A3 = (a3 2abe+bed)xr +b(a2+ad +d2+be)y,
c{a2+ad+d2+ be)x+ (d3+42bcd 4 bea)y.

Therefore the necessary and sufficient conditions for Xy to be a cube root of K,
are (except when X, = E,)

a34-2abc4-bed = 1 (i)
a2 4-ad+d24-bc =0 (i)
d342bcd +bea = 1 (iii)

t All letters in this paper denote integers.
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It can be easily seen that
(iii) = (i) +(d —a)(ii).
Therefore we obtain the necessary and sufficient conditions as
a3+ (2a+dbe =1 (1)
a?+ad+d24(bc) =0 (ii)
Eliminating bc from these equations we have

(e+d)®= —1 or (e+d) = -1
as a necessary condition.
Also from (ii} we have
be = —(a2+4ad+d?) = ad—(a+d)2
_ ad —_— 1 .
Hence ad—bc = 1, is another necessary condition.
That these two conditions are sufficient can be easily verified with the help of
(i) and (ii).
§3. On account of (II) the proof of (I) reduces to showing that

b
X2=|:Zd],

where a+d = —1 and ad—bc =1, can be expressed as

AT -MgA
where

A B
A:[CD , AD~BC = &1

-1 -1
This we shall prove in this section.
We shall consider only the case when b is negative. The case when b is
positive can be similarly treated by taking A of determinant —1. That b cannot

be zero can be easily seen.
We can easily prove the following lemmas :

and

A B
1) If A=|:o D] and AD—-BC =1,

D —B
~1
8 ‘[—0 A]'
CD—AD—AB —D2—BD-—B2]

(2) A_IMZ A = [ 02+AC+A2 0D+BO+AB
Now '
ad—bc=1;
therefore
~bc=1—ad = 1 —a(—a-1)
= a2+a+1.

1t is well known that all factors of a24a+1 are of the form k241244l
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We choose 4, B, C and D such that

~b = D24 BD 4 B2 (iv)
¢=C24+AC4 A2 (v)

and
AD—BC =1 (vi)

That 4, B, C and D can be chosen to satisfy (vi) will be proved in §4.
Now we shall show that

a=—CD—AD-—AB (vii)
and
d=CD+BC+4AB (viii)
As
a?+a+41 = —bc = (B2+ D24 BD)(A24-C2+ AC),
we have

a?4-a+[1 —(B24+D24BD)(A2+4+(C24+AC)]) = 0.
The roots of this equation in a are
—CD—AD—AB and CD+BC+AB,
for ,
(—CD—AD—AB)y+(CD+BC+AB)= —(AD—BC)
= =1
and
{(=CD—-AD—-AB)(CD+BC+AB)}

— (1~ (B?+D*4BD)(42+C2+ AC)]

= —14(4D—BC)2 =0.
We, therefore, have

a=(—CD—AD—AB) or (CD+BC+AB).
In case a has the second value, replace 4, C, B and D by C, 4, —D and
— B respectively. Obviously (iv), (v) and (vi) are unaffected while a has the value
—CD—AD—A4B.
So that in all cases we have
a=—-CD—AD—AB

and hence

d= —l—a= ~14CD4+AD+ 4B

= CD+BC+AB.

From (iv), (v), (vi), (vii) and (viii) it follows that we can choose 4, B, C and D
to satisfy

Xe=AO"IMA
where
A= [g Il;] and AD—BC =1.
§4.
THEOREM :
(1) 1If n24n+1 = myms,

we can choose 4, B, C and D such that
(2) my = A24+C2+4+AC,
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(3) mg = B4+ D24 BD,
aLnd
4) AD—BC = +1.

It is well known that all factors of n2+4n+1 are of the form A24I24-ki.
Therefore we have only to prove that 4 B, ¢ and D can be chosen to satisfy (4).

LemMa 1.—If m, is prime, the theorem is true.

Let my = A24-024-AC.
As nen41 = mymsy,
o n24n+l  (n24n+1)(A424+024+A40)
2= my - m12

 [An—C\*  [Cn+l)+4T? | (An—=C\[Cint1)+4
T\ m + my + my my '

(An—C)(Cn—A) = ACn2—n{A2+C2)+AC
= {ACn2—n(424-02— A2—(C2—AC)+AC} (mod. my)
= AC(m24n+1) (mod. m,) )
=( {(mod. m,)

Now

my being a prime, one at least of (4n—C) and (Cn—4) is a multiple of m,.
In case it is only the latter, replace €' by 4 and 4 by C so that in all cases
we have : ’
my = A24+024+AC

and
(5) An—C =0 (mod. m,y).
Now
0 = n(dn—C) (mod. m,)
= An®—Cn (mod. m,)
= —~Cn4+4(n2—n2—n-—1) (mod. my)
= ~COn—A—An (mod. my)
= ~Crp—A—-C (mod. m,)
[because of (5)].
Theretore

mg, = B2+D2+BD

where B and D are integers given by

g_dn=C ., Catl)+4
my my
Now
f, 2__ 2
AD—BC = ACn+AC+A2—ACn+C

my
=1,

Therefore the lemma is true,
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LevMa 2.-—If

n2tn+41 = mymq
and

(i) my = mpg, pg being a prime number
(it) m = a?4c24ac
(ili) pgme = b24d24bd
(iv) ad=bc =1,
then we can choose 4, B, C and D such that
my = 424-C24AC
mg = B2+ D24 BD
and
AD—B( = +1.

P2, being a factor of n2+4n~+1, is equal to e2+f2+ef where e and f are suitable
integers.

As
pamg = b24de4bd,
o — B24d24bd (B2 +d24-bd)(e?+f2+¢f)
P el pe?
B (be—df)2+ (bf+de+df)2+ (be-—df) (bf+de+dj‘>
P2 y2 Pe P2 )
Now

{be—df)de—bf ) = bde24-bdf2—efb2— ¢fd?
= [d(et+ f2met—f2—cf) —ef(b2+d2)] (mod. po)
= —ef(B2+d2+bd) (mod. po)
=0 (mod. pg)

pe being a prime, one at least of (be—df) and (de—bf) is a multiple of p,. In
case it is not the former, replace ¢ and f by —f and —e respectively so that in all
cases we have o
Py = Ehfitef
and
be—df =0 (mod. py).
Now

be—df (mod. ps)

= b2e—bdf (mod. py)
e(b2—b2—d2—bd)—bdf (mod. py)
= —d(ed+be+bf) (mod. pg)

= —d(ed-+df+bf) (mod. py)

Theretore ed+df+bf is a multiple of p, for, it not, d must be a multiple of pg
and hence on account of (iii) lemma 2, b and therefore ed+df+ bf is a multiple of py.
Now we have

0

mg = B2+ D24+BD
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where B and D are integers given by
B be—df D bf +df+de

>

D2 P2
Also
my = mpy = (a2+c2+4ac) (e2+ f2+ef)
— (ae—cf)2-+(af +oe-+of)2-+ (ae—cf) (af +ce+-cf)
— 42402440
where

A =ae—cf and C=af+tcetcf
4D— BC — (96— ) (O +-df+de) — (be—cf) (af +f +ce)
*P2

= ad—bec = l,
the lemma is true.

The main theorem of this section (with AD—BC = 1) can now be proved by
combining the two lemmas and using the method of induction.

To prove that the theorem is true with 4D—BC = —1 also we have only to
replace 4 and C by — 4 and —C respectively.
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