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§1. Introduction.

Adopting the usual notation of Hardy and Titchmarsh a function f(2) is said
to be Ry if it is self-reciprocal in the Hankel Transform of order v, i.e.,

flx) = =t f yW(xy) f(y) dy.
0

Starting with an By function a number of theorems have been given from time
to time for finding another Ry function with the help of some kernel or other.

The object of this paper is to discover some new kernels by using Hardy’s
formula (1935)

g(x) = f Py(y) Po(xy) dy
0

where Py(z) and Pg(z) are two Fourier kernels.

The main results are stated in the form of three theorems. The importance
of these theorems lies in the fact that they are useful in identifying the nature of
the resultant of two kernels, as transforming a self-reciprocal function of a known
order to another of a different order.

The theorems have been discussed in §2-§4. Only the proof of Theorem (1) is
given in detail. The other two theorems can be proved similarly.

Finally, in §5-§7, I have used the kernels of §§2-4 to investigate certain new
self-reciprocal functions.

§2. Theorem 1.
The resultant,

(-]

K@) = f Pi(y) Py(ey) dy,
o

of two kernels of the form (Titchmarsh, 1937)

ct+io
1
Pl(x)=mj F(i+%+%>ﬁ(§+g_%>x(s)m“ds eoee (2)
ard

1 ¢ +iw
S sp(lav S\p(lipys - .. (22
Py(z) e L . 2F(Z+§+2)F(4+2+2)w(a)x sds (2.2)

-0

YOL. XTII—No. §.



306 R. P. AGARWAL: ON SOME NEW EERNELS AND

where, 0<e<], 0<ce'<l
and x(s) = x(1—3), «(8) = w(l—s)
18 a kernel transforming Ry to By and vice versa.

In order to prove this consider the two kernels (2.1) and (2.2).
The resultant is,

A i

1 . AT, s y-s
K(x)—%—iJOPl(wdyJ' 2r<;+2+§)r(4+2+2)w<s>x y-ds

¢ —im

¢’ +iwm ©
— 1 s 1 v,$ _]; P8 -5 —s

provided the change in the order of integration is permissible.

Now, applying Mellin’s Inversion formula to (2.1) and changing s to (1—s) in
it, we get

3 1
J Pl(y)y‘sdy=F<Z+§—%)P(Z+§+§)x(l—s)-
0

Therefore, from (2.3)

¢’ +4o0
1 safl, 7 s 1 p,s 3 v s 1 p, s
K@) =5 J zr <;+§+§>F (1+§+§)P <1+“2“‘§)1" (4‘+§+§)“’<s)x

¢ —i0

& i
=1 cpflop s\pfl b, s -
=g J 2 F(‘i+§+§)F<i+§+§>¢(s)x ds .. oo (2.9

' —fm

P(s) = P(i+%+-%)1’(§+%—i)w(8)x(l—8)-

Since, ¥(s) = ¥(1—s) we have that K(z) is a kernel transforming By to B, and wvice
versa.
It only remains to justify the change in the order of integration in (2.3).
Putting s = ¢+t and applying the formula,

F<A+g)

to the integral (2.3) we see that it is less than

“Tlel, A-}
~ce & |t

e o]

e [T 7y, jadl
(g) J o2 'MR’[ ¥ - lw(c+it)JdtJ | Pr(y) |y~ dy.

0

Sinoe, wlo-tit) = 0 I
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we have that the i-integral is uniformly convergent. Also, the y-integral converges
uniformly since Py(y) belongs to the class of analytic functions A(w, a). Also
since, (2.4) exists, the change in the order of integration is justified.

Ezample :—To illustrate the above theorem, let us take,

1 v
X(S)=,‘;<1—+“—+”>’ 03—* #<Rl(3)<2 2+2
2
Then (2.1) gives
>~
Pi(r)= pv
(1+a2) *

a known kernel transforming R, to Ry (Baily, 1931),
Again, putting

wls) = ! ,
1‘(%'—%+1> <2+2+4)
0 < Rl(s) +y+%< y+§
and v=pu+2

we have from (2.2),
Py(z) = =W p11(2),
a known kernel transforming By to Ru s and vice versa (Varma, 1939).
The resultant kernel is given by,

wm t 1944
K(z) = 2~} J‘ ,,,+v " dy (Watson, )
(1492 *
xf‘+&r(y+1)1‘<”'2'"
= - Fy (,L+1 BV 1, p+2; )
zﬂ+2r(ﬁ—2—+ 1)P<y+2>
xv+*r(l"""> 22
+ 2 1F2<";”’+1;”"2"”+ SE41; 4>
2"+21"(’—‘;+2>
9
valid for v#Zu; Rl(u) > —1; Ri(y) > -1, Rl(u+2p,+§> =0

Our theorem at once gives that K(x) is a kernel transforming Ry to Ruys
and wice versa,
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§3. Theorem 2.
The resultant,

K(z) =J. Py (zy) Po(y) dy
0

of two kernels of the form,

c+io0
=1 sp(lop, s\pfl, v, 8 =
Py(2)=5— J ‘ 2P(1+§+§)I‘(Z+§+§)x(s)x ds

and,

¢’ +iw
1 1 1
Poe)= J 21 i) (i)t
¢ —f0

where, I<e<l, O<e'<l;
w(8) = w(l—3), x(s) = x(1—s)
is @ kernel transforming R, to By,

In order to illustrate the above theorem, let us take in (3.1),

x(8) = !

and replace p by (p+2); we get

x#+*1’(p+1)r("';"
Py(x)=

1F2(F-+1
zn+2r( +1)1‘<u+2)

xv—l— %I‘(F_z— v)

2"+2.r(" +V+2)

+ D)

a kernel transforming R, to B, | o and vice versa. Again taking,

u+v 3

we =22 *in(32), Rz(3)+ > Rl(—p)

we get
gty 1
Pyn)==z 2 2Ky, (),

a known kernel transforming R, to R, and vice versa.

sv/ar(§+] 2)< taty )(HV“)

Rz(_v_g> < Rl(s)< Rl(y) +g

+1 n+2; )

Fz("+”+1 s,

3.1)

(3.2)
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The resultant kernel is given by

ﬂ: (ot r(5E
K(z) =

2#+21'(,L+2)1‘( +1) ' 2<F

a2
T4

1Py <#+”+1 s R VY xzyz)]x

y*("'*""*'l)lq v—)(y) dy

Expanding -the 1 F'; function and integrating term by term, by the help of the
integral,

@yt p(’i‘;’)

2p(Ety2)

0

f R () dt = 2“‘%(!%”)1"(#_;1), Rl(w)> | Rl) |
(4]

we get the new kernel,

ncose07r<y—-2——’—"> pt+1, pt1, ”‘+ £V 11,
K(z) = T PR a2
2 <[1-+V B4, ute;
2 P 2 ’ 3
F+v+1 #+ +1,v41;
_td 2
sf2 11-+v+2 ”+1 x

valid for,
Blip)>—1, Bl(p4+v+2)>0, |z | <1, v #Zp.

Our theorem gives that K(z) is & kernel transforming R‘u +oto RM.
The term by term integration is valid since :

(i) F3 is an integral function and hence is uniformly convergent in any arbi-
trary interval (0, 4) of z

(i) Ky(z) = O(xz~te~*) for | z | large,
(iii) The integrated series of 3¥, functions is uniformly convergent for [« | < 1.

§4. Theorem 3.
The resultant,

K@) = - J Pi(ay) Py(y) dy,
0

* 1 ghall henceforth use the abbrevisted notation ,f (a; ...

I(ay)....T(a)
T(®,)....T(H,) *

8,3 bl...bq; z) to denote

Fq(al Gy bl...bq; z).
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of two kernels of the form,

-+t
_ 1 : 1 v s 3, p s s
Pl(x)“%rij .F(i+’2’+§)F(Z+'2~§)w(8)x ds .o (41)
and,
¢+
1 1 v s 3 s
PZ(x)—ERJ, | F(4+§+§) (4+§_§)x(a)x ds .. (4.2)
where,

0<e<], O0<e'<l;

w(8) = w(l—3), x(s) = x(1—3)
is a kernel transforming Ry’ to Ep.
To illustrate the above theorem, let us put in (4.1) and (4.2)

w(s) = x(8) = ———— ; 0= —}—p<Bl()<t—~T%
21‘(1 +’“+")
2
and
V=, p=p =y,
then we have,
s
Pry(@)= Pyla)= ———r >
—+1
S (1422 ¢
a known kernel transforming By to R».
The resultant kernel is given by
© 2u41
K@) = o+ y iy
CREI
o [A+A (1 +222)] *
b i
ki 2utlyg
= ntv { . y+yv (F'+ +1 +s) Ir(— 3)(x2y2)3d3'
2m I‘( +1) v (1+?/2) —~i

Changing the order of integration and integrating, we get

“+& 100 _
tv 2 J F<%£+1+8)F(Pv+l+s)l‘(—s)1‘(v——2ﬁ ——8):1;2'ds
41”{ ( +1)} —~$0
(4.3)
a# ¥ cosec 17( — )
= 2 v—p ptv v—p 2
b RN A R 5 3 B ‘2—'+1; -—2-+1; x

2{F("+v+1>%
ptv ..
_2f] (‘L+1,T+l, 1— 2 3 ZZ)}
valid for Bl(v)> —1, Rli(v—p+1)>0, v p.
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Our theorem at once gives that K(z) is a kernel transforming R, into itself.

The change in the order of integration is permitted since the y and the s-

integrals converge uniformly for Rl(v—u-+1)>0 and |z |<1 respectively and also
since the integral (4.3) exists.

§5. Let us take the B, 5, function,
m+1

g T gmte—i i W, ze1, () . (Varma,1938) (5.)

p being an even integer or zero and p+2m> —1.
Putting p = v—2m, we get the Ry function

m—+1
2 y—m—% —lz2
2 ¥ T W (327
3 11
V_im+s,om
g 2'2

Applying the kernel of §2 to this R, function we get the B+ 2 function,

YUY e .
» _wcosec w( 5 ) (xy)F+1'! p+1; a2y?
(x)—-““T—— ETET 1fz — a4
(" +1> 0 +1, p+2;
ptv
zy)* i +1; 2,2 =i
(;)-1-2 1Jo . 2 _ @Zy— x2 = gpmte—ttW . (329)
"2 +2, 2“+1; v-gm s

v—p
T COBeC 7 —2—- x,_‘_‘_* i
(#—+V+1> S+

2n
(;) I(u+1+n)

ot~ 3 =0 n'I‘(——+1+n)F(p,+2+n)
xJ yH Tt 2n—me—iytpy (y?) dy
v-3msll
0 3™ 753
2n
_ i » (g) F<#-2FV+1+n)
o EH Z + v—p
n=0 LT 9a)l 3 n!
X| grrmem VY () dy
Jo Vosmt s am

Changing the variable and applying Goldstein’s resulf
no

~1,~ % dz = LU+m+-HLE~m+-4)
r-le W’ (%) dz = jy(my

vo
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for Rl{l4+m+13) >0, we get

pt L EE g B g
p—v y3f3 , -%
p —_ —v
ncosecw( 3 ) 2 2 F'2 ) ,#2 ;
Fla)= —0 N2/ ' .. (62
T p.+v v—p .2
\ 9 +2a T+1: m+1)

where Rz<“+”+1>>0 Rz("+ m+1>>0,

Ri(v+1)>0, Bl(v4+1—m)>0
and (v—2m) is an even integer or zero, and 2m £ an integer or zero.
The term by term integration is valid, since,

(i) 1Fg (a; b, ¢c; z) is an integral function and hence is uniformly conver-
gent in any arbitrary interval (0, A) of 2.

(ii) Wi m (x) ~ O(ztet%), for | x | large.
(iii) The integrated series of gf; functions is uniformly convergent.

Alternatively, applying the same kernel to the B, | o function (5.1), we get
the R, function,

nl AN :
Pl = T CoSec W<T> (xy)""‘* f pt+1; 2y
- T m. s 12 —
(’L+v+1) 2“—— +— #2 V+1’ p+2; 4

(wy)'+} f g+ 22y
- )2 —
v—'21+-2 y.+v+2’ kel B 4

yrrimre R (392 dy

3 5 1
pogmTgog”

Integrating as before, we get,

p+l, pt2—m; o2
7 Cosec w(%—‘—") ”'_v +1,m; 2
F(z) = —f——4 .. (6.3)

211(&-2*:}4‘1) e ] f +1 ‘L+v+2—m’m
2 2

rop Yot T
\ 2 2 1+ 2 ’ +m

valid for, Rl(u+2)>0, Rlu+2—m) >0
Rl(“+”+2>>o Rl("’+ +2— m>>0

and (p+2—2m) is an even integer or zero and v~ u.
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The process of term by term integration is valid as before.

§6. Applying the kernel of § 3 to the R u+ 2 function (Baily, 1930),
+%e‘i"117’1<—2n; ’g+2—n; ‘}xz),

where 7 is a positive integer, we get the R, function

bl pt 1B
(V— ) o x#'l";‘gfz I.‘— 2
7w coseo w| ———
2
Fly) = — J ?
22“7 <#+v+1) 0 "+”+1 “+”+1 v41;
— v+i3f2 22
;L+v+
/

x("’y)"+%e‘i"’2”li‘1< 2n; 2+ 2—n; % x2y2>dz

T cosec 11’('1:2I'L) a3 ®
= ¥ _ at 33— P —om; 24 Ky, $aty2 Jda
o L:' + e 2
2 (F‘ v ) 0

(—x2) ds

r ("‘+V+l+s){1’(,u+l+s)}21’(—-s
X

1‘(/1+2+s)1‘("—-2——"’+1+s>

x

nt3

- x"+"+38‘*’2y211"1(’“2n; 24E—n; %:v2y2)dx

2 2
Yo

2
r { (f‘+ +1+8)}P(v+l+8)P(-8)(—m2)s ]
% ds

("+”+2+s) ( ;"+1+s)

Changing the order of integration and integrating term by term we get

r COSeC w(‘;———-"> s I K {M(p+1+s) }21~("T+" +1 +.9>I’(—s)(_)s
F(y) = - +, H o
2 ("""’ ) Iip+2 +8)I’( ¥ H +8)
I —2n4m)(y2/2) mx2t+2m+2y.+86—}z2y2 da
m=0 m'P(2+ ——n+m) 0

X

ds
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. 14 2
! J\;m { (F’+ +1+3)} F(V+1+3)F(—8)(_)s
" 2m

| )

I'(=2n+m)(y2/2)" J' LISty dx]
m=0 oy I’(2+’2—"—n+m)

COse il
B T COsec 5

")

100 v 2\
y 3 2p+1y—p—%J {I’(;z+l+s}21‘("—2—+1 +8)I’(-—s)(—)s(§—2)

ds

a0

2mi ds

i P(“-—2—‘”+1+s)r<p+2+a>

XgFl(—2n, p+2+s; 2+’2i—n; l)

pty . 2 s
—t] 2 fio V'+ v —g)(— s g_
S y_y_gj { ( +1+s>} Pv+1+8)T(—s)(—) (yg)

2m y—
" o))

XZFI(—2n BE o 24, 1)§ . 61)

7 COSec w(%ﬁ)l‘(2+g—n)

O ek
SR G DS D

ptl, ptl, "+”+1 1+h4n;
% 2#y—#—%f 2
4/ 3

ptv ”‘+v+1 ”‘+v+1 v41, ldbadtn;
—2 2 7", 22 .. (6.9
“+”+2 SR L4y y

The integral being convergent for
Rli(p)>—}, Rip+v+4)>0,
Rl(v) > Rl{p) ; n>Rlv), and |y | >./2.
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The change in the order of integration is valid, since,

®
(i) f i lFl(—zn s 245 —n; %xﬁyz)
0
'is convergent for Rl(u) > —2 and § Ri(p)+1—n<<0.

J"w {r(y+1+s)}21‘(“+”+1+s>1‘(—s)

dx

(i)

I‘(ﬁ;—”+1 +s)1‘(u+2+s)
is uniformly convergent for |z {< 1.
(iii) The repeated integrals exist.
Similar reasoning holds for the other integral.
The term by term integration is valid, since,

(—x2)° | ds

315

(i F, is an integral function and hence is uniformly convergent in any

arbitrary interval (0, A4) of x.
(ii) The integrated function reduces to o#; (a, b; ¢, 1).

§7. Lastly, applying the kernel of §4, to the known B, function

wiw

1
L
g eI (ja?),

we get the R, function,

7T cosec 71(1’;”')
F(x) =

BLC

—-yf‘Hzfl(Hl EX 1=

Ol‘-‘
»ABI -

x(ay)® * e ¥ [ (%ﬁy?) dy

WI «
Gn‘

Using the formula,
Tr+1)e™ I, (2) = (2/2)° 1F1 (v 35 20415 —22)
and substituting the integral (4.8) for the of; functions in (7.1), we get

=

®©

v
3

-3

v 1
2 vl
z P-aty ) (222/8) ) ¢

s { (e )| Ly r(3+2)

3 6

ol e

r y”+*2f1(v+1, “+”+1 ; EHL yﬂ)
; y2)

2 1
X 1F1(Z+1 V+2 —272y2) dy

3°'3°3

xJ F(P—étl-’+1+8)11(y,+1 +s)1‘(—s)1‘<”—gﬁ—s)yﬂs ds.

3° T2
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v 1
38

x p,+.'. 1
F(x) = ot R J!/ : 31171(:,1:+;~,; ?31’_%; —%x‘b’yz)dy
reifr(n){ (i) L
2

36

xJ <“+ +1+3)I"(y,+1+.s)1"(-—3) <-§i‘—s)y20ds . (12

Changing the order of integration, we get

v_1
Fz) = =
z"+%{r<";'”+1>} P(§+g>
% 21; I"<"—2-|——v+1+8>1"(p+1+s)I’(——8)I’<v;F—a)ds
J —in
[ 33 tates v 1 2 2 1
x.‘ y 1F1<§+3, TREL —ngy“’)dy

Since,

1
1Fafa; B; x) = ﬁhj =1 _gpa—Tle—atg

0
[BUB) > Rl(«) >0]
we get, on substitution,

LR
O -

- 2v 2
_ 7 r(5+3)
- 2 2
v+1] p(Bt? v ?) <Z 1>
? {( +o}<ﬁh{rfh
X 1’<"—ﬂ+1+s>1’( +1+s)1’(—s)r<”*" )ds
2m 2 * 2

P Xilipres ! v 2
xJ g e‘“”’dyj -2 ° ets™ a1,
Q

[

Again, changing the order in integration of the y and ¢ integrals since both are
uniformly and absolutely convergent, and integrating the y-integral, we get,

v 1 p_sr_
375 2v 2\ 27678
i 1@*Q2

[T

F(x)

F(x) =
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]- s + -
X %J 2 I‘(’i:?—l-’+l+s)1"(p,+l +s)r(_8)p(” 5 ’l'-.-a)ds

—f0

1 » 4
—(ztot+2e+;) b2 v Bt
xJ P<%+g+s+§) z ( 3 573 1yt 28 ar.

1 ptv v B 2\

~
N
]

ol 4
A

+

ot
SN’

Nyt | SF Y

[
b

Changing s to (—s) and evaluating the residues at poles of the integrand which lie
on the positive half of the real axis, we get

H_ v 7
2760 —p—2
Pl = £
{F (447
ptv - +v v 1 2v 2
— 41 p—v AT I ¥ .1 B "
Xl:<x2) 2 il’( 5 n)F( ) +1+n>P( 373 n)F( +3+3> <_£2)
2 n!
n=0

<
"
—

v 2 1 \,,
» E+i+d r(§+§~n>r(g—g+§—n)r(g+§+§+n)l‘(§+§+n> <_f’£2>
2 n!

p_v_1
276 8 ,—pu—13
Flo) =2y
r( ! +1)}
"—;-v—f-l p,+v+1’2_v 2’ 0
5 x2 p— v 1 f 2 273 @
X a7 5 cosec 7 cosec 373/ él—"_v 2
37% 2’
I 2,
2 F’+l ’l, v ’l, 1 Zf F’+1; +6+ ’ —£2
+( 5 cosec 5 cosec 7 87273 2 ) v—p é_f_*_’_". 2
T2 '3 6'2°



318 R, P, AGABWAL: ON SOME NEW KERNELS AND FUNCTIONS, ETC.

Yi2.B v 1 v
22\0 82 v 1 33’6++2’ 2
+<§) °°°°°"<§+3)°°s°”<2 T 3)J2 2 v2 p v 2
373326

which is the required R, function valid for Rl(v)>—1 and Rl(u)>—1 and
Rl(v+43u+4)>0 and Rl(v—3ux-+1)>0.
The change in the order of integration in (7.2) is permissible, since,

(i f

exists for 0 < y < 4.

("+ +l+.s)1"(y+l+s)1"(—8)1"(————8)yzs]d8

Qb v 1
sho+p+2s
3 3
Yy 1F1<

(ii)

dy

[CUIRS

1 2v 2 1

st 29,2
+3: 3+3; 2“’)
0

also exists for Bl(3p+v+4)>0 and Rl(v—3u+1)>0.
(iif) The integral (7.2) exists for Ri(»)>—1 and Ri(3u+»4-4)>0
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