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ABSTRACT.

In this paper it is shown initially that the consideration of an arbitrary parallel displacement
of a vector in a Riemannian space gives rise to an associated parallelism depending on the change
in the scalar product of vectors in a particular manner, and some properties involving the two
kinds of parallel displacements of vectors round an infinitesimal closed circuit are deduced.
The general form of a parallelism with symmetric connection is then established from which
Weyl’s parallelism is easily deduced. On imposing certain condition, a connection between this
parallelism and the Levi-Civita parallelism is finally given through the introduction of an ortho-
gonal ennuple in the space.

1. Let us consider an n-dimensional space with the hypotheses that the
metric of the space is given a quadratic differential form

ds? = g, datda’ .. . .. .. (L)

a8 in Riemannian geometry, and that there is, in the space, a law of parallel
displacement of a contravariant vector defined by

dVi4+L, Vedat=0 .. .. .. .. (12)

as in geometry with affine connection. The covariant derivative of a tensor with
respect to the I’s or rather with respect to the parallelism (1.2), which we shall
denote by the notation , (comma), is constructed in the usual manner, as for example,
for a mixed tensor T;.k of the third order,
R i o ‘
ik ¢ i i o H
T;‘k, 1= o TjkI'ﬂ ‘“Ttk I'jl _Tjt‘r;l

so that the covariant differentiation of the sum, difference, outer and inner product
of tensors obey the same rules as ordinary differentiation.

The convention of summation with respect to indices, when they occur once
above and once below, is followed throughout, but other Z’s are retained.

On account of the existence of the metric (1.1), the covariant and contravariant
components of a vector ¥ are, as usual, derived from one another by

Vi=giVi, Vi=giV;
and the scalar product of two vectors U and ¥ is given by
OV, = UV = g,;U'Vi = g“U,V;.
It therefore follows from (1.2) that

5i

4V, = digaV’) = | 22 W%]WMH%}%J+%]WML
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Accordingly,
dV;= T}V, das .. .. .. .. (1.29)
where :
Al Y]
PM=PM+9”qu. .. .. .. .. (1.3)

The equations (1.2) and (1.2’) give the increments of the contravariant and covariant
components respectively of a vector ¥V due to the parallel displacement (1.2)., Since
we have identically

9%, , =—gr97g,,
the parallelism (1.2) can as well be defined by (1.2).

With the parallel displacement (1.2) we can associate another parallel displace-
ment defined by

dV'+L, Vedet =0 .. .. .. .. (14)
where T";, ;18 defined by (1.3). TFor the parallel displacement (1.4) we have
AV, =TI} V,da? R ¢ )
giving the increment of the covariant component. The parallelism (1 4) can as well
be defined by (1.4").
Using the notation; (semi-colon) for the covariant derivative with respect to
(1.4), it can be easily seen that
gpq,'+gm;,=0. .o .. .. (1.B)
Therefore (1.3) can be written as

T,=T,4g%,,, - « .. .. (13)

From (1.5) it is seen that the change in the scalar product of two arbitrary vectors,
when the vectors are given the parallel transport (1.2) along any direction, is equal
but opposite in sign to that when given the parallel transport (1.4) along the same
direction. Obviously, when the scalar product remains unaltered for either paral-
lelism, the two parallelism become one and the same. The square of the length of
a vector is of course a particular case of the scalar product.

It may be seen that the scalar product of two vectors remains unaltered when
one of the vectors is given the parallel transport (1.2) and the other its associate
(1.4)

The relation between the second covariant derivatives of the g,,’s with respect
to (1.2) and (1.4) can easily be obtained from (1.3) and (1.5). It is seen that

gﬂ- '$+gM; s ¢j{yi y 'giq.=+gi , S Vi, '+gPa,"gJ",8}'
Therefore

Gpg, rs=Tpq, o) F Tpg; 15— pg; o) = P00, 5 Gy, — 3, )

= g‘fgm; (9. s, ) .. (1.6)

2. Let ‘
L. = ory oL rir;, —r.r; 2.1
‘Jk_-—a;;-—-—a?'k sj '-h—" sk '-]- .. e . (.)
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be the curvature tensor formed with respect to k1.2). Similarly, let l_if.jk be the

curvature tensor formed with respect to (1.4). It can then be seen from (1.3),
(1.3') and (1.6) that

L‘ijk_z:'jk = g% Gis, jn—Gis, 1+ s, m(I‘;: - I";';)} iR .. (22)
E:'jk_L:‘jk = g% Gis; jo—Gis; 0+ Gis; m(f?:—m)} . .o (2.29
Now if we put

dft = L, fdaidat, doft = L, Lidzidat,

then it is well known that 4, is the change in the contravariant component
of a vector ¢ when the vector is carried by parallel displacement (1.2) round the
infinitesimal closed circuit (dz, 8x). Similarly, dg¢t is the change of the vector
when taken by (1.4) round the same circuit.

Also, from the nature of the two parallel displacements,

dyfe = — L £ daidar, dofy= — L, EdaiSct.
It therefore follows that, for an arbitrary vector 7,
Ne(dy—dg)§t = £dy —do)m: .. . .o (23)
And from (2.2) it follows that
neldr—do)E = {gu jn—0st, hi+9st, m( Iy — ;) }En'dciact, o (24)
The geometrical significance of (2.4) can be seen as follows:
gs, iEn'dat

is the change of g4, i.e., of the scalar product of the vectors ¢ and %, when
the vectors are given the parallel displacement (1.2) along dz. And

(gst, g, mlﬁ)ﬁ’n’dxmx" = (ag:,k, —Gm, jI‘s'; —Gsm, ,-I",';)f’q’deSx"
is the change in the scalar product of the vectors ¢ and 7 when the vectors are
given the parallel displacement (1.2) first along dz and then along 8z. Therefore,
the right-hand side of (2.4) gives the change in the scalar product of the vectors
£ and 5 when the vectors are given the parallel displacement (1.2) round the closed
circuit (dz, 8z).

Hence, when a vector £ is given one of the parallel displacements (1.2) and (1.4)
round a closed circuit (dz, 8x) in one sense and then the other in the opposite sense,
the scalar product of the change of ¢ on account of such displacements and an
arbitrary vector 9 is equal to, within sign, the increment in the scalar product of the
vectors £ and 5 when the vectors are transported simultaneously round the circuit
once, and this increment is numerically the same whether it is calculated with
reference to (1.2) or to (1.4).

This result is exactly what we could expect from (1.6) and (2.3).

Again let

AV AL VP =0 .. .. .. .. (28)

be any other parallel displacement, and R:jk be the curvature tensor formed with
respect to this parallelism,
Put

1 1 ! ¢ o
Tp— By =Thps By—Lg =Sy
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Then
t H 5 i 14
S:‘jk = Tij, k_Tik, j"‘TijTik‘TskT:j'"Tis(r;k"r ;.1) . o (28)
A geometrical significance of S:jk may be seen as follows: Consider the scalar
product
€n'
and let the covariant and contravariant vectors be given respectively the parallel
displacements (1.4) (i.e., the associate of (1.2)) and (2.5) firstly along dx and then
along 8x. So, for the general increment of the scalar product over these displace-
ments, we have firstly
[1h— 0 Jemidad = T gmidar
And then

ori, o s . sTp ias
[535—1"? +T51 sk—T:ink]ft’l'dz’?’zk = [T:'j, k"‘TijT:k"'TisF jk]fm'deSa:".

Interchanging 4, k¥ and subtracting, by which the vectors are brought back to the
starting point round the infinitesimal parallelogram (dz, 8x), we get by (2-6)

ko daidat
3. Let
! ! 1
V=¥ +T,,) - o o .. (3D)
be the symmetric part of F;q. Similarly, let V,;q be the symmetric part of

f;g. Then from (1.3)

V= Vot i om e tans) .. .. .. (32)

Now, consider the paralle]l displacement of a contravariant vector defined by
AV'+v, Vs =0 .. .. .. .. (33)
and denote the covariant derivative with respect to (3.3) by the hotation ( )

with a subscript. It can then be seen that

39y gy O .
. gpt,q"'glﬂ.P=2{(gﬁt)q+(gqt)P}_{§% 5%‘,—%+gpq,:—2gtsvﬂ}

l
394G, o901, 5) = V3~ ; » q} +0 G+ 9a)p—30p0,1}»
where { ;q} is the Christoffel symboi. Therefore from (3.2) we obtain

l
V;q'— %pq} = 39" [{9p. o+ 9at, o+ 9pa, 1} —2{ () +(gr)p }]

But from (3.1)

Iet, o+ 90, 6+ 90,0 = (Gp)g+(gat)p+(Gpg)e- .. . (349
Hence finally

V;q = {;q} +39% [(9p0)e—(gp)g— (9ar)p]- .. .. (3.5)
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This is the general form of relationship of the parallelism (3.3) with the Levi-Civita
parallelism in our space. It is of course evident that (3.3) reduces to the Levi-
Civita parallelism on imposing the condition that the scalar product of two vectors
remains unaltered when the vectors are given the parallel displacement (3.3).

It is at once recognised that Weyl’s parallelism is obtained from (3.3) by writing
down his characteristic equation (Weyl, 1921), namely

(gpq)r'*'gpqwr = 0.
and thus getting from (3.5)
: (1 1 !
Vi = ipq} +§ [5qu+5qu—gpqw:| :
For the geometry of Weyl’s space, as is well known, we have to impose the condition

dS+8dw =0

where § is the scalar product of two vectors and dS its change due to parallel dis-
placement (3.3) of the vectors.

We now suppose that the parallelism (3.3) possesses the property that the
length of a vector remains unaltered when the vector is given this parallel displace-
ment in the direction of the vector. Then (3.4) vanishes, that is,

(8,),+(9,),+9,,),

%,, 99, 99
—_ P2y T9r g Vb s s s\
il P s v 2(gpqu,+gqsv,,,+g,svm) =0... .. (3.6)

Accordingly (3.5) reduces to
l
VLq:{pq}-{-g"(qu)t. R . g

The equations (3.6) and (3.7) can easily be deduced from one another.
4. We now propose to study the parallelism (3.3) defined by the property
(3.6) from a different standpoint.

Let us specialise an arbitrary vector-field A, in the space by laying down the
condition that the scalar product %,V* remains unaltered when the arbitrary vector
V is given the parallel displacement (3-3) in the direction of V while 4, is given the
local displacement in the same direction. Then

ox?

(@—‘1 —htvj,q) VPVi=0, or, (k) V'V' =0

(hp)g+ (Rg)p = 0. .. .. .. .40y

In order to obtain an explicit expression for the V;q, let %A, be n2 functions
of the #’s specifying = linearly independent vector fields and satisfying the condition
(4.1), namely

(“hplg+("Hg)p = 0
or

%k, 0°h,
x?

Px1 ' OxP

3 — 2%,V =0. e 42
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If &t denotes the cofactor of *%, in the determinant l“h,] divided by this determi-
nant, then (4.2) gives

o[ 3%h, 3%,
%h(aﬂ-{-ax},) Co e .. 43)

Tt is evident that this expression of V' »q 18 80 far independent of any metric of the
space.

Among the possibilities of the expression of I‘; " consistent with (3.1) and (4.3),
we may mention the following:

! , 0%, ! a“h

(1) FM_“ a:v‘l ’ 2) FM= p+ Gpq
o™k .

(3) I)y= o 55;" and (4) T, = W o = +a,

where a;q is an arbitrary tensor which is skew in the indices p and gq. The auto-

parallels are of course the same in all these cases as in the case (4.3).
When the I'’s are expressed as in the case (1), the parallelism (1.2) is the well-
known distant parallelism or teleparallelism (Weitzenbock, 1923) for which

%y =0, L;,k =0

where L ;i 18 defined by (2.1). The differential equatlons (1.2) possess, in this

case, solutlons which are linear in the V’s. Also L1 ., = 0 is the condition of com-
patability of the partial differential equations

95.,=0 .. .. . .. .. (44)

‘We can therefore choose the solutions of (4.4) as the fundamental metric tensor.
Obviously in this case I‘; =TI ;q and the scalar product of two wvectors remains
unaltered for this parallel transport

When the parallelism (1.2) is defined by either of the cases (2), (3) or {(4), we have

a}l«i,j-{-ahj,“ =0
and, if the gi;’s are chosen as the solutions of (4.4),
B, nt s, it 0, =03

and the length of a vector remains unaltered when the vector is glven any one of these
parallel transports in the direction of the vector.
5. Having obtained (4.3) we can find all the metrices compatible with (3.6).
A particular solution of (3.6) is

g, =h P +fh ., . . .. .. B

where a and 8 are any two of the numbers 1, , M

For, differentiating (5.1) and using the equa,tlons (4.2) and (5.1), it is seen that
(3-6) is satisfied.

On account of the linearity of the equations (5.1), the sum of any number of
particular solutions, each multiplied by an arbitrary constant, is a solution. Thus
the most general solution of (3.6) is, the ¢’s being constants,

0y, = Cap ", PR, e e (52)
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The result (5.2) may also be obtained from the following consideration :
When (4.1) is satisfied, the differential equations

d2x i dxi dx®

of the autoparallel with respect to (3.3) admit the following homogeneous linear first
integral (Eisenhart, 1927)

dat
= = .o . 4
by = constant, .. .. (5.4)

For, differentiating (5.4) covariantly with respect to z*, multiplying by dz*/ds
and summing for %, we have, by virtue of (5.3),

dat da*
{ - —
(Pu)s ds ds 0.

Thus (4.1) is satisfied. In a similar way, when (8.6) is satisfied, the differential
equations (5.3) admit the homogeneous quadratic integral

da? dx?

9% Is ds = constant. .. . ... (5.5)

The constant is here equal to unity, since s is the arc of the curve.
As in the last article, let *h; with their reciprocals  Af, be n? functions which
satisfy (5.4), namely

< = a% A7,
where a* is an arbitrary constant.
Putting a®ef = b*F, and substituting in (5.5) we obtain
9,y 0P oH b = 1.

This can be satisfied when g, has the form (5.2).
6. It was seen in the last article that when the integrals of (5.3) are

t"h;%%—x=consta,nt, =1, ..., n,

the most general metric satisfying (3.6) is given by
ds? = C,g X*XP, where X% =" dd'.
If we select one of these metrices, we can replace the X*’s by linear combinations of -

them so as to secure
ds? = Z (X2
o

Therefore, when the parallelism (3.3) is defined by (4.3) and (3.6) and is compatible
with a given metric (1.1), we must have

ds? = gy dardat =Z (%, dat)2.
[+ 4
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Hence

gﬂ=z%pahq N ( R}
o

This shows that *4,’s form an orthogonal ennuple.

The parallelism (1.2) considered under case (1) of §4 together with (6.1) is
Einstein’s teleparallelism (Einstein, 1928).

The parallelism (3.3) defined by (4.3) and (6.1) has been studied by the author
(Sen, 1946). We may mention here a connection between this and the Levi-Civita
parallelism,

If f'and f; are the contravariant and covariant components of a vector f, its
components referred to the orthogonal ennuple, i.e. to the local system, are

Ja = ak’fl = ochl [

fl= Salify, fi=hy

o

Let
fu= (g Vidaigh®. .. .. .. .. (82)

Then, if the notations 8 and d be used to denote respectively the increments
with reference to the Levi-Civita parallelism and the parallelism considered here
along an elementary path dzf, we have in consequence of (3.7) and (1.2),

SVi=dVitfl, 8V, =dV,+f,- .. .. .. (63)

The equations (6.3) give the required connection, where, by (6.2), the compo-
nents f, of the vector f measure the rate of change, with respect to the arc, of the

scalar product of the vectors ¥V and dx when these vectors are given the parallel
displacement under consideration in the directions of the vectors of the ennuple.
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