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ABSTRACT.

The gravitational invariant BeyyaBe" Y% is evaluated for several Riemannisn metrics, Tt

is found to be positive everywhere in certain well-known gravitational fields. A metric satisfy-
ing the gravitational field equations for empty space is given for which the invariant is negative
everywhere,

Eddington (1930) has discussed the invariant,

K =B, B", R €8

in connection with the third crucial test and also with reference to the possibility
of constructing alternative field equations and representing the propagation of
gravitational waves. The invariant must be distiuguished from

(1) Beyo, B*"® and (if) B, B*’

either of which can he easily shown to be —3K. The importance of the invariant
lies in the fact that the condition of the existence or non-existence of a gravita-
tional field at a point is expressed by

B, #0 or B ys =0,

respectively, at the point and instant concerned.
The 20 independent components which do not identically vanish are

Bysia = 2y, Byg1g = ¥p, Bpgey = 2g, Bygig = x4, Boyoy = m,
Bgysq = %6, Brygs = Ty, Byigs = g, Byizy = Ty, Bagyy = ¥y,
Bogr = %11, Baggy = %y, Bsgie = ¥y, Bagiq = 214, Bygeq = 245,

Byg12 = 2y, Bygys = #y7, Byseg = %15, Bioge = Ty, Biggo = o,
with
B1423 = .’1)21 a:lld -'1/'19+1320+-L'21 == O
N

For a weak gravitational field for which
ds? = g#ydxf‘dﬁ = (8#7"' hyydatda? .. .- .. (2),
in the usual notation, if G #0,
K = 4(m + @+ oy +2i+2)
+8(a7 a2yt oty +yy)
—8(x§+x§+x121 +:5122+z124+z1“;)
—8(z129+x220+z;1), .. .. .. . .. (3)
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to the second order in k’s. If Guy =0,

Ty = —Tg, Tg = —T5, T3 = — Ty, Ty = Iy,
X1 = X1y, X183 = yg, Tg = —L15, Ty = —qg, 4)
Xy = —Xyy, Ty+Te+23 =05
and -
= S(L +¢2+x3)+ lb(¢ +xw+x x - —:cu)
_8(‘”19""”20"'””21) ’ (5)
to the same order of approximation. If
3¢9
By _ _ _ _
W - 07 914 - gg; - g34 - 0’ (6)

the invariant expressions (3) and (5) become sums of squares. Our calculation of K
for the two-body metric given by Einstein, Infeld and Hoffmann (1938) shows how
the positive and negative contributions to K arise and the relative magnitudes
of the two:
2my _ 2’”2) +00),

"1

hyy = 0(28), hyg = 0(A%); a, B=1,2, 3.

[ = (@) (22— (2= {12,
r; = (21— §2)2 4 (x2—n2)2 4 (23— {2)2,

my and mg arc mass constants associated with the points (£1, 91, £1) and (€2, 52, {2?)
respectively. A is a parameter of expansion of smajl but definite magnitude. K is
given by

hyy = hoy =hyy=h,, = ’\2(—

2 2 .
7 6(%—%% )18 S g g

SM T 6 3.3 6 5.5
7 17 7, 7,
2 g 2 2 2.2 2.2
miu mou, 3m ¥ 3mr mym.
1%1 5% 11 2'2 172
e 25152]
Ty Ty Lo "y 172
mymg [ g . 7y :
—12 | S @iy L B
7‘17‘2 Tg 7y
77217)22 ..
- 36 FeF X (xl —EL)(at — £2), .. .. .. .. (D

where
= (£ + (12 + (012, up = ()2 ()2 + ()2

The first two terms in the expression for K are clearly positive. All the
remaining terms involve velocities. In view of the smallness of the velocities in
natural co-ordinates the invariant is always found to be positive. Incidentally, it
may be noted that the overhead dot is used in the above to denote a differentiation
with regard to x4.
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If 21, 22, 28 and x4 are represented as z, y, z and # respectively and if we take
all k’s zero except
hag = ax24-by2+c224-2 fyz+ 2gzx+ 2haxy +2lxt + 2myt + 2nazt 4 di2,
hyg = axt+hyt+gzt + A 22 4 doy2+A522,
h24 = hﬁt-'—byt+fzt+}l.1-'l'2+p2y2+}l.322, . .. . .. (8)
hgq = grt+fyt+oat+y 22 +yy®+ysz?,
we have, curiously enough,
By Z0, G =0, K = —16(Xj+pui+7)), )

provided all the coefficients, «, b, ¢, etc., are taken as constants.
For the metric (Narlikar and Karmarkar, 1946),

ds? = —(14-ktyrdx2— (1 4+kt)dy2— (1 4 kt)rd=24-di2, .. .. (10)
for which p, ¢, r are constants satisfying
ptg+r=2, pgt+gr+rp =0 .. - .. (1)
and GM = (), the exuct value of the invariant is found to be
pz
(15202272 4722 )
S0 Fhs P e e (12)

which is always positive.
For a perfectly general line element of spherical symmetry, viz.,
ds2 = — ¢A dr2 — 12 (d62 + sin2f d¢2) + € di2, .. .. (1)
A= Ar, 8), p = y{r, 1),

we find the exact value of the invariant to be

2
K= ﬁ[e- (N2492)+2 (e-*— 1)/r

v ) /\I ’ 9 " /'\. ;\2 'A 2
9,2 g-2A-2y 7._1__7__1)_1\_?.’___*
tarte 3‘3(4 17 2)7\T 175

~de-A-vhefrz, L (14)

where an overhead dash denotes a differentiation with regard to r and an overhead
dot a differentiation with regard tot. Our detailed investigation shows that the
negative term either disappears or is weak in the particular cases which are
known to be physically significant as gravitational fields.
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