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Theorem L. If f(p) = k(x), then for p >0, B(A)>—1,

P f(p~H) = Flz) = z"f h(s) J'\(sa#) ds, . .. (0

0
where *
Sy@ = X {(—ayjriT+A+un)}s
provided that
(?) ag s—0, h(s) = o (7179,
(i7) as s—> 00, h(s) =0 [#A+H)-1-€ gpp (—gh+€ eos T cos k)],

k being equal to 1/(u+1) and €, €, €” being arbitrarily small positive numbers and

(#i%) f e P*F(z) dx
0
converges absolutely.

Proor. By the definition of operational relationship

O

A f h(s) J‘;{s;uf‘) ds=p f e P M da f R(8) J';(s;v“) ds
v 0

4]
.

[ R S
=p f h(s) dsfoz e Z” Paann % eIy

* < _3)' ® l\+ r p—bx I
fh{s Z 1+1\+p7‘)_[ pre—p*dy (Is)

_[ Z xp1+h+w' ds

= pr- f h(sy exp (—p~Hs)ds

= p#=2f(p~H), since p f hz)e ?"dx = f(p).
0

* This is Maitland’s generalised Bessel function. See Ref. 18.
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The foregoing proof involves two inversions which have to be justified, viz,
in steps {I;) and (I,).

The first inversion is justified, under the conditions stated, by virtue of De la
Vallee Poussin’s Theorem,! since both the z- and s- integrals converge absolutely
and the double integral exists, for by the formula * B(1)

as x —> o0, J“(x 0[ M H)eXp{ (n@)*(cos nk) /‘u.k}] E=1/14p); (02)
and as x— 0, J’;(a:) =0 (1).

The inversion in the step (I) is valid since each term of the series,

U (2) = (—s2*)[riD(14+A4pr)
is continuous and

20|
yr=0 .

converges uniformly in the arbitrarily large interval 0<z<<o; also rAe~#* is
bounded and integrable in 0<<x<<x and

0 X
20 o e P U (x) | dae converges to p"\']exp (sp™*).
r= 0

CoroOLLARIES 1. If f(p) = h(z) and p is a positive integer,

BBk f(p-B) = y:k——: h{s) oF#{k ’ k"'l vt k+l—l; —S(§> } ts-
Fuh) z : g
. .

In particular, if p = 1, we obtain Tricomi’s theorem14, viz.
If f(p) = A(x), then provided that the integrals converge

Pt f(1p) = f (z/s)P T, {24/ (s2) } h(s)ds.

2. Similarly, for p = 2 we have the result: If f( p) = h(x), then under suitable
conditions of convergence

PPA(Yp?) = Y (Ja)tRtY f s o {3(3se?)t} R(s) ds
0

where J,, ,(x) represents Humbert’s function defined by F(10). This is a generali-
sation of the result given by Humbert 7 for A = 2.

To evaluate the integral in (0'1) we shall frequently require to change the
order of summation and integration; we therefore set out the conditions under

which it is valid. Since the infinite series for J’;(smf‘) in the integrand is a series of

continuous functions and is uniformly convergent in the arbitrary interval (0, «),
where « may be taken as large as we please, the termwise integration is legitimate
if

(i) k(s) is bounded and integrable in (0, «), and

* The number of the formula is written within the brackets ( ) preceded by the letter
F or B appertaining to the table of formulae given at the end of the paper.

1B
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(i1) J h(s)Jﬁ(—sx" )ds converges. From B (2) we note that as s—» 00,
0

JH(—sa)=0 [s-”‘““ exp {(,Lsx")k/,qc}],k =1/1+u). .. (03
This set of conditions will be referred to as conditions A.

Result 1. Applying the theorem to the operational relation 10

f(p) = p'=* exp (1/2p)W _m (1/p) 5= 2% 4Ky, (2/2)/T'2 (}+kLm) = h(z),
R +k+m)>0,

we get
= oxp (3pR) W _s m(pH) = __ ‘msk'*K (28)T* (swt)ds
p pLgp —k,m\P —I'z(%"l'k:l:m) ; 2m A

Ay
_ o Dyfrtktiam) (=)e™t N
—,=0 T T T2 m)r T TUAFor) = F(x), say, R@A)>-—1, .. 1)

on expanding J‘; , changing the order of integration and summation and using the

integral 16 [B.F., 383 (3)]
f SR (2 s)ds = ATyAxm), BA+m)>0. .. .. (1)
0

Since 18 K,,(2./s) = O(s "t ™*V*) as s = o0, [B.F., 202 (1)] 12
the conditions A are satisfied if u>1 and the inversion is therefore legitimate.
For 4 =1 the function Jg reduces to the Bessel function and the same value of

the integral is obtained by (1), § 13-45 [B.F.] as from (1). Further for F(z) to be a
valid original the integral

fe"”‘F(x)dx .. . .. .12
1}

should also converge.
As for the behaviour of F(x) as x — o0 we find by the formulae B(6), B(5) and
B(4) respectively that

F(x) = O@P), p = A—p(k+3— |m|) when 1< <3,
Flx) = O@P+2°), 0 = A+ u(2k—A—3})/(u—1) when u = 3,
and F(x) = 0{x° exp (da#/®¥-1)}, 4>0, when p>3.
Also for all values of u, F{x) =0 (%) as x —> 0.
Hence the integral (1-21) converges if u <3 and B(A)>~1. .. oo (1:22)

* For the sake of brevity of expression, the symbol I'; has been used to express the
product of two I™s. Thus I'y(at B) = I(a+B)(a—pB).

Similarly, TxoxBy=Tlia+ple—pl(—a+p)li—a—§).
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Thus both the sides of (1) are analytic under the conditions (1-22). Hence *
by the principle of analytic continuation the relation (1) holds if B(A)> —1 and
1<p<3.

PartiovLar Cases. (1) Taking p == 1 we find + from (1) that

2R Wy (p) = 2o Fy(k+3Em; 142;—2)/T(142), BQ)>—1, .. (1-3)
the hypergeometric function being defined for #>1 by its analytic continuation.2

By taking in succession (i) A = k+m—4, (i) and (iii))I m =%, A = 2kF4,
(iv) and (v) m =}, A= F4, (vi) and (vil) £ = }F{, A = F4 and using respec-
tively the formulae F(16) to F(22) we have on writing P for

P W_s, 1 (), Lo 2(2p) Dy, {J(2p)}, by T (7),
()17 P+btm)p' "e* Woom (p) = 27" 1 42) ™78, Bm+b)>—1;
[M.A., 340),
(ii) and (i) t 27" @p) " FEP = { /(1 +2) =1} TY D @EFL+1)(1+at T,
B(k)>—4+1;

cos {(2k+3) tan-1,/x} sin {(2k—3) tan-L/z}

(iv) p*HiP = NN E T s (v) piP < Jr(k—D(1+z)-
(vi) petKo(3p) = COS}ij?{T:(fT-I;;;JW) ,
(vii) e W_; m(p) = sm;(jr{nﬂznj-l;; ;/m) :

(2) When u = 2, the relation (1) may be put in the form 8
A 1 .
2%} 192 I ktikm; 2) _ :
P € W—'/", m(p ) = I‘(1+A) 2F2(é—/\+%, %A'i'l, rC e B R(A)> 1. (1 4)

The relations, obtained by taking A = 2k—142m or A = 2k+2m and using
F(5), may be written down by taking » =0 or 1 in the following : [Caser =1 is
due to Shastri 18}

1"(2m+2k‘+r)pl —Im—r hpR W _g, m(p?)

. ol+ ktm—1 _3,2
= 21t (2g)t et M- sm—r41), §(etmtr—i){422).

(8) For u = 3 the relation (1) assumes the form

. XA
TTaN 2F3(§(1 +A), 32+A), 1440727

* This is the line of argument that has been used to extend by the principle of analytic
continuation the range of validity of the various formulae established henceforth ; and for the
sake of brevity the whole argument will be indicated by the abbreviation A.C.

1 The ambiguous sign in the ,F; has been used to write the two parameters k+4+m and
k+%—m in a compact form. Another use of the sign is given in the following note.

1 Where the ambiguous sign may not be taken indifferently, it is to be implied that the
lower signs taken together give one formula and the upper ones another. These uses (see foot-
note, p. 133, also) of the ambiguous sign save considerable space.
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The relations, obtained from this by taking (i) m =}, k=1 or (ii) m =},
k= }{QA+41) or (ili) m = §, k = IA+3 and using F(1), may be written down from
the following by taking r= —1,1 0r 0 :

T(k+}—14r)

b+ brokp? 8y T2 20
PYHYe W s p2(PY) = TErI= 2)(

3x)%‘k‘*‘i")x1+'Jk-p_}{2(?;73)%}'

Result 2. On termwise interpretation, valid for 0 <B<1, we have
h(x) = 2® exp (—}P) Wi (zF),
which by F(16),

_ I'(—2m) LB p (m+;3+k; —xﬂ)-i- a similar expression
TG—m—k) VI om0, with—m written for m

N i D(—2m—r)(—)yT{l+a +,3(m+%+r)}+ a similar expression

( I'(}—m—k—r) rl patpimti+s) with—m written for m
y=1

= f(p), say.
Hence by Th. I,

PR = 2 J

0
_33;#)"

a _l <
8 exp( 28 WA m(s Z ’1-‘1+,\+’ulr)({8

0

o

-3 (—yar+r Ty {3Em+ (r+140)/8}
S4B ! T A+ pr) {1 —k+(r+-1+a)/B)}

BQ)>—1, R{a+B(Em)} > -1, (2)

on integrating term by term by means of the formula ¢

f & e VW, w(@)de = Ty(lem+3)/TI—k+1), RI+m)>—1. (2-1)
0

Since 17 as . — o, Wi m(x) = O0(x"e %), [M.A., 343], the conditions A are
satisfied if besides the restrictions mentioned above, 0<<p+1—1/8; and the inver-
sion effected above is justified. Further in order that the original in (2) may give
a convergent integral of the type (1-21), we should have p—1/8<1. Formula (2)
is therefore proved to be valid if

RN >—1<R{a+BE—|m[)}, 0<B<], 0<p+1-1/B<2,
and by A.C. the range can he extended to include the case 0 = u+41-—1/8.

ParriovLar Cases. (i) Of the two series in the image function only one
survives when k = m-3}; and we obtain the relation

A-B(Ltptpr T B I T(L+X4pr) (2:3)
70 : y=0

BA)>—1<R(v), 0<f<1, 0<p+1—1/B<2,

where for simplicity we have used the parameter v for a+B(m+13).

i (=) T(4v4pr) | & (=)o T {(v+r+1)/8})
P
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If we further take 8 = } and use F(7), we have

LA 3 (=M (2v 42 421)
p{v+1) -
PO+ -2 oxp(3pH)D_gy_ 2(~/2P ) T(2v+2) . r! I'(14A+pr)

1 S#_<_3, RQA)>—1<R(v), (24)

which was given in the special case p = 2, A = 2v+1 by Varma.16

(ii) When B = 1, the image function in (2) is easily seen to be the A.C. of a
single oF'y expa.nsuble in descending powers of P, which on termwise interpretation
reproduces the original function.

(iii) When g and 1/8 ( =n, say) are both positive integers, the original in (2)
may be expressed as a single hypge. function and by choosing the parameters
suitably this original may be made susceptible to the formulae F (1, 5, 11} and
thus provide us with the images of a few more Bessel’s and Kummer’s functions,
but the images do not lend themselves to expression in a closed and simplified
form.

Result 3. Take the fundamental operational relation
fip)=p~" =a"I'1+v) = Mz), Br)>-—1.
Then by Th. L. '
PP f(pH) = x)‘f Jh (s2t)s*ds/ T (1 +v).
0

But ph—Af(p=h) = ph—A+m = gA= 0+ 1) P(1fA—p—pv), BA—p—pp)>—1.

Hence by Lerch’s theorem8, according to which every legitimate image
function has a unique original function, we have
[e]
f e = QTN ™, L0

valid by A.C. when p <1 and R(v)>—1, with an additional condition R(A—2v)>}
in case p = 1.

When g = 1, (3) reduces to the known integral 16 [B.F., 391(1)]

f =PI\ 2y0dt = T(1+v)/TA—v), R(»)>—1, RA=2)> .
0

By differentiating with respect to v, we may introduce powers of logs in the
integrand of (3).

Result 4. Applying the theorem to the relation (1) and writing p for
142 4p(pk+ jp—A—1), we have the integral

o
"‘A’f T35 Ple)ds = original of p'~*T 4 oxp (1YW _y n(p )

- i [ I(=2m)(3+m-+k , r)af tHrrlr+m~1 a similar exp. with :I ()
I(3—m+k)2m+1,1r ! T{p+ppi(r4m)}  —m written for m
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on using F (5, 6) to expand W_, ,, and interpreting term-by-term. The integral
{4) is convergent when 1 <p <3, 0< p#1<<1 and RB(A)>—1, with an additional con-

dition B{$A;~A+4p(k+34+m)} > 1 when p; =1, and  further one RA+A,—6k)>
if also u = 3.

ParricvLAr Cases. (i) Taking gy = 1 and writing v for A; we have

[ A- }VJP{Z.\/ sx }2FI»"[]C+ +m I\+1 ...,1+é; —<§~>“] ds
Yo ¢ ® 13

_ P+ (~2m) ap Trm-1-1
. T—m+kI(p+pum)

1P I:%+m+l‘; 2m+1, m+:—: )

_ n
m+€i'_1,._,,m+1+f___]; <a_v_) :I
# b \m

+ a similar expression with—m written for m, .. .. (41
where p=v—A+uk+3)and p=1,2or 3.

It is interesting to note that the expression on the right of (4-1) lends itself to
expression in a compact form as a single infinite series in case m = } or —1, namely,

F(A+1)x*’-%"-w-li I'(Gr+k+4)

9, dH
Iy Ly AT thur—Tm )

r=0
(ii) Taking p =1, the gF, in (4-1) may be made susceptible to the formulae

F(16) to F(22). The first of these gives a formula which may be verified 1¢ [by (1),
§13:6, B.F., p. 434]. To apply F(17, 18) put m = } and 2k = A4} and we get

- RN TP i e L 3 T Vo
Jo 7,2V s2) (14s)ttt (3 & ! D(v—3A+ir+i41) 7

RA=»<} BA)>—1.
When v = A in the first of these, we find that

f NNV (S48 =11 87 (148) -t ds = 207%™, B>~
0
To apply F(19, 20) take m = } and A = F4, and we have

—}v i;i
J TEa J,(24/52) :?j {(2k+1) tan-1/s} ds

= fmabritt imr%ﬂﬂ) 209" Rt > —1F 1.
)

T ETEk+Y) & o THrvtktid)
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When v = — } in the first and v = } in the second of these integrals, we get

ds . m(dx)-i
Js(Its) 7t ~ T(2F+])

To apply F(21, 22) we have to take 2k—] =X = Fi. These yield the
values of

jo sin 2\/3 {(2k+1) tan—1,/s} eV, R(k)y>—1.

(2m sinh~1,/s)ds

jws—-}-hn J (24/52) cosh
0

~J+s) sioh

(iii) The integrals obtained by taking p =2, k—m = JA+} or }A and using
F(5), may be written out by taking » =1 or 0 in the integral

w
YAV -241) —}s? —_
f st De ¥ (24/ s2) Moy iriqy, Aoy (5% ds
0

I’(%A-%r+l oM+ - "IA—2k+7) <2L 1A—147); 2Ic+]— _r, 12)
AL (4 4y —2X —r 4 1)~ ¥~ pveza 193\ o Al +itio y

FA4+1)I(2k—A—r)at™t" o (HIAAF); A=kt 14r, 49
yyeprn ) o st 140), Jon1; ) D)
2 I'Ck—A+3—1rv+r+1) 2 2

valid when R4k —2241v—1 —7r)>~1<<R(A).

(iva) Take p =3, and use F(1) when (1) m=1%, A=3k or (2) m=14,
A=3k—1 or (3) m =}, A =3k—}. The integrals thus obtained may be written
out at length by giving in succession to the set of parameters (A, B) the values
(1, 2), 2, 3) and (1, 3) in the formula

» 25t gty [P(lA—%B)
9 Bk -3 A HA+E) Jg== 3
fo J '\/'”7 Jo HA+B-3) (3J3) ST § Dl Y I'(v+B) X

PP (k+3+EB—3AnF e+ i+HB=4); 1+3(B—A), §B+), d(B+v+1),

2(B+v+2); — = x3:l+ a similar expression with 4 and B interchanged, .. (4:3)
valid when E(6k+5)>B+A<5—~R(6k—2v).

(ivd) Take p==3 and use F(11) when (1) A =3, k=4, m=3; or (i) A =1,
= } = m. The two integrals thus obtained are

j J,(24/ 52) J& }Jlt%{% )i }st-tviids
0

..-—..=F3%xh(x~/3)ﬂ[ Jr F(v+r:t% Jf)_@ﬁ)“ﬂ
P Fe+1£3) %3\ 3 =123 " 27/ TGH+1F])

3
11*1’4(1 S 1FL 30F140), , s, _%)] R(»)>}.
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Result 5. Consider the relation 11
(1/2x) exp (—1/22)1,(1/2x) = pl,(J/p)K,(J/p) = f(p), which by F(l1a),
= p{l0+v)} ' [D(=v)Ep)"iFa+v; 14, 14203 p)+ T Fo(l; 14v; p)]. (5:0)

The original of pi"‘Af (p™H) is easily deduced by interpreting term by term.
Applying Th. I it is found that

” 1 1\ds
K ¢ — e R
.[ﬂ J"(Sw) P ( 28) I"(28> 8

2’” - V+r1+2v 1)1!F11+A+y(v+r)}

n i (3, Nw s
ts L (v, )1 —v, 1) 7! T 4a4pr) )
provided that 0<<p<1 and R(2v+A)>—3 in case p = 1, when the integral hecomes

e — o T\ (1Y) 2-¥D(—yarti
fﬂs .7,\(2\/-510) exXp ( Q.Q)Iv<%) ds = It +v)F(v+/\+I)X

W
T(A+1

X1 F3(i4v; 14w, 1420, T4 42, w)+ ) sl 14w, 1445 w).

Result 6. Take now the relation 11

21 (-1 = 2pJ,(\/2p)K,(\/2p) = f(p), which by F(2, 12, 13),

2 Iy r+1 — {1yl
Z 1?‘ —1p) +2F( ){(3p) 0F3( 'i' 141y, 141 __gpz) (6-0)

+lv+1 )] I(1+v)

Proceeding as before we finally arrive at the formula

ds — (=P S 20(—v) % (=)
JO "r:(su" < ) z 21" liv r)rr! ] —I-A +‘U.7 z ’lgL 1+%V’ 7‘) %

r=20 r=0

6
X FITHA+al v+2r FTadrn o ©
where 0<u<1 and R(2v+A)>—3 in case p = 1, when we have
ds whA 1 1+A - __1__ 2
JAO JN(24/ sw) Jv( ) A= vF(/\+1)°F5< 1+, , 143A: &
with s 3y, A3 ”’2)
AT ° F(i 2 Y e
I(—v)wv+ir (1+ ,\+v+2 Ad+v+1 _E’f) 61
te T raas) s\ T s g ~e) D
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Result 7. Let us now start with Goldstein’s relation ¢,
2k exp (—1/22) Wi, (1/2) 3= 2944 Ko (2/p) =] (p). .. (T0)

Using F(4) to expand p*~M(p=#) and interpreting term by term we finally arrive
at the formula

- (i = 3Lty
(ol -k 2s ~— —-
J‘o"a(""’)& ¢ W"”"'(.g ds Zor! T +u— i Fm¥n} T

+ a similar expression with—m written for m, .. (7)
valid when 0<p<1 and also R(k+}A+m)>—1 in case p = 1, when we have

© ok 1 . 1 _1-'(_2m)w}A+m+k—-§
f ~8 exp (—QE)J/\(2\/SW) Wk,m (E)ds - 1"(A+k+m+%) X

0

oFo(142m, Ad+k+m+1; w) + a similar expression with —m written for m.
Theorem II. If f(p) = ¢(z), then provided that the integrals involved converge
and p>0,

2~ 1A ¢(x“1/#)' = F,pf ¢ A1 J:(pt")f(t) dt. .. .. (80)
0

Proor. By termwise interpretation we have

a _ © (—a)" N © (__a)rxl‘.ﬂl, _
exp( P") Zo r! p"ﬂ*r - R m) = -?:'\J';(am“)

r

Applymg Parseval-Goldstein theorem to this relation and the given one, viz.
f(p) = $(x), it follows that

f y™ " exp (-— = )¢(y) dy = f A ety de
y* 0

which on putting 1/x for y* and p for @ may be written as

p_[ g M % (a7 k) A = #an 10 81 Tyt dr,

0

whence the theorem. For the convergence problem we note that as {—0,

J: = ((1) and as {—>00,

Jlx(ptp) =0 [t(/\+})k ~% exp {k_lpk(ﬁ)pk cos -rrk}] , ko= 1/(p41). (8:01)

Whenever it is permissible to evaluate the infinite integral in (8-0) by expand-
ing the Bessel functlon and integrating term-by-term we get the original of an
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image function expansible in ascending integral powers of p. The termwise inte-
gration is justified under the following set of conditions B :—

(i) f(t) is bounded and integrable in (0, &) where a may be taken as large as
we please,

(i) the integral | “p1 00 g!
0

(— pl#) dt converges, the asymptotic hehaviour
of the function J : being given in (0-3).

Result 8. Applying the theorem to the relation (7-0), we have
& (i

~T+AR) 1k Hul = jﬂo \=p)t "4
'T QXP( 2 )IV’\'”"<x H) - 2P OKQ"Z(th) & 1! P14 +pr) a
=up 2 (—p)Tol\tpr+ktim)/r T +A+wr), .. ()

on carrying out termwise integration by means of (1-1).

By virtue of the asymptotic behaviours (0-2) and (0-3) the conditions B are
satisfied if 0 <p<<l and B A+k—[m]|) >—1. By A.C. the result (8) is also valid
when p=1, as may he easily verified {by (1) § 13-45, BF.].

PagrTicvLAR CasEs. (i) When p=1, (8) reduces to a known relation.

(i) When p = 1, we have from (8) the relation

2v-z -pf . Tylvkm) vkm; p2\  Ts(vtm+1)
2 2) = S p ol )= 2 g2
roe Wi ) = gy Pl (/\+l, 5 4) orp U

m+3; p?
Xng(v%:t, Aiz; 1_';) R(v£m)>0,

wherev=k+A+4. Taking k = m -+% and using F(7) this gives the known relation 15¢

71 exp(—122) = I'(A) p exp(2p%) D_y(p), R(A)>0.

Result 9. Applying the theorem to the relation 11
2p J,(2Jp) K, (2Jp) = (1/x) J,(2/2)

we have oA g (9aMk)

= 2up f J (2J1) K,(ZJt){ 2 (—pr™* +A+ur) }dt

0 r=0 L
= }pp 20 (—pT{3A+v+1+pun) } P TR+ =2—pn)}. .. (9
¥y
o<u<l, R{—v)<R(QA+1)>0,

on carrying out termwise integration by means of the formula

f 2?1 @JYNK,@yr)dr = TOTG+)AT G —4+1), 0<RO>R(=v), @)
0

which may be deduced from (i) §13-45, B.F. on using F(23).
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Parricurar Cases. (i) Taking p = L = —), we get Howell’s relation ¢
JrJ(32%) = P+ 3pD_,_y(pet™ ) D_,_(pe™*™ ), R¥)>—1.
To show this we multiply out the expansions of the D_ _,’s as given in F(7) and

express the product by F(15, 14) as a sum of four ,Fg(}p2)’s. This sum put in
compact form as a single series assumes the form given in (9). .

(ii) By taking p = % and v—A = 41} or—1, the image function can be ex-
pressed by a Whittaker function. For exa-mple taking p = %2 and v=A+1, the

relation (9) becomes

i 2'"q[_ v4+147) +I‘(v+r+§)p:| a series of vanishing
(

LnIPE—r) DE—r)i(4, 7 terms

- 2\ —1 . ]_
+ (v I 3)§P1F1(v+%,%,27p3)}
= (V3/2m)P(v+4) P+ W _, | (3409) exp (F5p?).

CoroLLARY. Take p =1 in Th. IT; then we have
If f(p) = $(x), then provided that the integrals involved converge,
g1 jx)=p' 1A fo ALy (24/ p) f(t)dt. . .. (10:0)

Result 10. Consider the operational 3 relation*

f@)=p+)p. " (1 +p)te=a s~ Fiodp; ptv; —2)

— dutiy-1, -4z _
= e My spm, sy @) = B

Applying the corollary we are led to the relation
"'(1/2) = P (pt) f TR, @V ip)d (14t es
0

Evaluating the integral by the formula (1) [B.F., 434] we finally get

2 M exp(—1/20) M b=t vy (18 = Fs(ptp s ptbv; —1/a)
- D+ I(p)l(w) ( P; ) sy ( pti )

The integration is valid under the conditions R(p)>0 and R(2p+v)>—13, of
which the latter may be waived by A.C.

* This relation as well as the similar ones in the next two results can easily be obtained for
p>1 by expanding f(p) in ascending powers of 1/p and interpreting term by term. The range
of validity is extended to p=>0 by A.C,
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ParticuLar Casms. (i) We first construct from (10) Goldstein’s relation (7-0).
For this we take p = 1 and put for convenience k+m—1} for u and m—k+4 for v;
then the relation (10) after some simplification becomes

I(=2m) _; _12 (g);r(fzm)r(l—zm) ( 1; )
F——_(%—m—k)x e M., o -—wp 1Fe %—kd;m;p +

+pttmtt D(=2m)oF1(2m+1 ; p).

Now add to this a similar result obtained by writing —m for m ; then the
first terms of the images being odd functions of m cancel out and the desired rela-
tion follows at once by F(2, 6).

(i1) If we suppose p=1Jlvand u=}—4vorp =} and u = v—1 and use F(8, 11a)
we get

a1 e) = 2P (L—p)p" T (DK, (D), R <35
and 1 {1/22 T (u+1)} &7 V%M, u(l/2) = (1z)e™ " Lu(1/20) = 2plu(VPEW(VP).
(iti) The relations obtained by taking * (1) p = 1,

Vv =
p=—3A=p—for@)p=p=LA=pr—lor4)p=
and using F(1, 3), may be put in the compact form

A= tg U M (1) % T(s) DA+ 2= ) P(F—=A—Ar)p2 +ri+
X {12a(2y/p) — L -9x(2J/D)},
where to the set of parameters (r, s, t) we assign in consecutive succession the

values (1, 1,0), (—=1,1,0), (=1, 4, 1) and (1, §, 1—A). The last formula is valid
only if R(A)>~1.

(iv) In the six cases, viz. (1) and (2) v =p<4], 2p+p =1 or 2, (3) and (4)
p=14, v—p=0o0rl;(a) and (6) p+p =4 and Zp—v =1 or 0, we may use the
following special cases of F(11) :—

(i) 1FoA+1s A+, 20415 28) = {22 T4+ @ F
(i) 1F200+3 A+1, 245 22) = TN (140 (32)1 -2 1 (2) 1 (2) ;
(ifi) 1F2d5 A 1—A3 22) = =1+ T (1=Nal .1 (2)] 5@) ;
(iv) 1Fald; A 2—2A; 28 = =142 T2~ 1-)(2)] ) -1(2).
The last two are obtained by writing out the ¢F3 in the expanded form and
gonsidering the limiting form it assumes when the parameters tend to zero.
Result 11, Expanding f(p) in ascending powers of 1 /p and iuterpreting
term by term we have
p-ES L2204V -3 ' ' )
(I +p%F T Cp—2ptdv—2) WFe (p; p—p+2v—f i — ) = $(2),

R (p42v—p)>1.

flo) =

Putting A for 4v—2 and applying the corollary we have

A8 b (1f) #zf“”f £ P2y, 524/ i) dtf(1-e2)0.
0

* The new parameter A hus been introduced for elegance of results,
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Evaluating the integral by a known formula [B.F., p. 435] we are led to
the relation

1Fa (s p—p+2vi—1; —1fdat) o=t

L T @uttv—2-2) [r(p+%>r(p—p—%>x
: 2T () T'({dv—1)

Falp+1: 5 2v—3, 2v, p+ 4 —p; — {5 0?)
—{T(u=1=p) I'(p+1)/T (@)} p 1Falp+1; 3, 2v, 041, p42—p; — T‘gpz)]
+I@p+1—2p) p% 72 1Fylp; p—ps p—p+i, p—p+2v—3+1;— {5 2?). (11)
The total conditions under which the foregoing analysis is valid are
p>1, Ry+p—p)>§, B(p)>—14, Rdv—p)>1.
Of these the first two may be waived by A.C.
Taking iu—1 =2v—1 =p =X and using F(2, 12, 13) the relation (6:0) is

obtained. It is interesting to note that the two hypgc. functions within the
brackets [ ] combine together to become expressible by the single infinite

series
ST (p++10) Tlu—p—3—4r) (—p) [r! T (bw—1+47).
r=0

Result 12. Expanding and interpreting as before, we have
prre=r & (142, 1) (=) 2 +i-ptir b(x
- 3 _— ).
TWy = T ZO F+i—p+inr!

The corollary to Th. II then yields the relation

=1 ¢ (l/w) =p1—i“j th+P-FV-1 JV(Q\/{ZT) dt/(l +Jt)1+2“ .
0

Evaluating the integral by a known formula [B.F., p. 436] and expressing
#(1/x) as a linear combination of two ,F,’s we have

. aP-d T T N AT ARy TS P |
)= T (1 01 5) ™ Tlomae (3 dongs 3)
[yl 15 )
o I A
o e R (e ) R T

The various processes involved in the above investigation require that p>1,
R(4v+5)>R(p)> R(—p). But since y(r)= O’ %) as x—> w0 and 0(wP+"__1) as
z—>0 by B(6) and g(p) is analytic for p>0 the final result is valid by A.C. if only

Rp+p)>0.
The two terms in [ ] are expressible by the single series

(UT@u+D} & (FQut1+nTp—t—ipt P+ To—pti+ir}.
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FPARTICULAR CasBs. (i) When p = 0 or v—p—p = —} or—1, () is susceptible
to F(5)

(ii) Taking pu+p = v+} or v+1 and using F(7) we get essentially the same
relation, viz.,

2 s s 2\ . Dp+u)I(1=2p)4P T = o
LP—4 gll2 2Y Llptp P ptu; _
Nz , L- 2“—1(~/x) i Nal(1+42p) p-ake pot+y; 7
T(p—}) ptds N\ 20p=1) , . o f l4p;
+ ( +1)p IFZ(% i—P, p) (1+ )p IFZ( 2_p,—l’),
Blp+p)>0. (12:1)
(iii) Taking p = 0 and using F(2, 3) we are led to the relation

P~ 3l Exfe(l/y/x) = atpt T cosec pr [Hy-o(24/P)]— ¥ i-p(24/P)], B(p) >0

Result 13. Using F(3; 1) to expand f(p) and interpreting term by term we

have
flp) =2 *"”{Iv(l/Jp)—Lv(l/Jp)}

= —3)pi-t (—)adrmd
Zr CFIFINTITT) \/,, Zorz it = 90
Hence by the corollary to Th. II, we find that
#THgUr) = (1fym) I (—ye ¥l T+l 4)

r=0
= ¥+ pi-P f -4, (2P L,(1/t)—L,(1/t) }dt
¢

=dp' K, (2pt) J,(20%), .. .. .. .. (13)

on using a known integral due to Meijer.1¢
Proceeding alternatively with

f(p) = p=" exp (=2/Jp) or f(p) = pt+¥{1,, (1/yp)—L,, 1/ p)}
and using respectively the integrals 11

f ~IRT (w)da)e = 27 (\/2a) K (\/ 2a)
and ’

f J,,_i(2u) {I,,(zz/4u)—L,(zz/4u) }u~tdu = 22, (2) K g, (2)/28 - L/m, —i<B(v)<]
0
we arrive at the same result.

Result 14. Applying Th. I to the relation (9), we obtain by the usual method
of procedure the integral

@ My
T L Z Srrbbigle
1-(A+1)/p r'I‘{ (vH1—A—pr) } T(1+B+ar)’
0

valid when 0<u<l, O<a<l, R(A+v)>—1, with an additional restriction
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R{B+(1—2))/u} >-—1in case @ = 1 ; and then it becomes

@ J— / ®
J T2V 25 F) - Z (=)' T {3r+1+A+pr) Ju P
M
. =

giHf- e P! T{}+1—A—pr) D1+ +7)

In the case A = » = 1B and u = 1, this gives after some simplification,

[T

f I, @V sw) ,(25) ds = 37, (3w), R(v)>~4.
0

The relation (14) also holds, by A.C., when « = 1, u = 2, provided that (i) when
0<w<1 or when w=1 and B—v = an odd integer, then RB(A+4v)>—1<R(B—A)
and (il) when w =1 and B—v 7 an odd integer, then R(A+4v)> -1, B(8—2A)>0.

These cases give the values of the Weber-Schafteiheilen integrals [B.F., §§ 134,
13-41] when a<b or a >b.

Result 15. Termwise interpretation gives the original of

f) = & Totprthtidkm)(=)[T(1+Atpr)rt prrishie=,

r=20

Since p*=8 f(p=-%) is the image function of the relation (8), Th. I leads us to
the formula

Al i
(6wl/l‘) Z FZ A+l‘w’+k+1:l:”l/)(_) s—1+(1+ﬁ+')/a ds - [ W.}\», miw)’ (15)
T 4A4ur) TLQ +B+7) e} r! et Ur=A=k

valid when 0 <~ 1 +1/a<pu<1, R(2e+8)>—1, u>0 and in addition
R{u(iB+P—A+k)+ m)}<}, ifa=1.

Result 16. Starting with the relation (5:0) and using the expansion of F(8),
the corollary to Th. II furnishes the integral

At _, _ TA4v+ae— Y (1+v+A, vt} 1)
f()y Iv(\/?/)K,(\/!/) J,\(Z?/Jp)dy— F(l +V)pu+]_+,u 2F1 2V+1; _'p s

1>RN)>—1, RA+»)>~1.

Result 17. Starting with the relation

(VT VK (VT ¢ ) 5 oK, (210,
which can be easily deduced from Macdonald’s integral [B.F., §13-71] and apply-
ing the corollary, we obtain the integral

2] — . . As
f RPNV BPIK, (ye™ K (ye i)y = 2% T(—v) I(1+v+Np "
0

XoFy (3A+3v+341; 14 v; 4/p2) +a similar exp. with —v written for v, B(A4v)>~1.
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Theorem III. If f(p) = h(x), pP~* h(pP) = d(x) and pP~% f(p~B) = y(oF), then
By By = 1'“//3(/;( ), provided that the integral f J’9 (sw) ds converges.

Proor. Theorem I applied to the first relation shows that

PP f(p7h) = w“f( k(S)Jf(S-vB)ds =17, say. .. .. (180)
i
On comparing this with the third given relation and using Lerch’s theorem we

conclude that I = ¢(.P).
Now substitute p for B and  for s in (18'0); thus

"B l/'(p)=ﬁpf B pef) Jg(ptﬁ) di.
1]

Aun application of Th. IT to the second of the given relations shows that the
original of the right side of this equation is @™+ %/Bg (= 1/B).

Hence the theorem. It may also he stated in the alternative form ;

If hp) = (), P ) = yip) and y(P) = f(p),
then provided that the integrals involved converge

P2 B (p By = BB,

Result 18. We firstly apply the theorem to the relation (10) in whicli the
image and original are respectxvely

I . ot :
flp) = M)P1F2 (l_pﬂ’ v 1')+p’ I'(—p) 11*‘2< ptu p),

Fp+mI0) b, k1
and h(e) = =41 Fy (p4p; pv, —1/2).
Heuce by termwise interpretation
PP b@f) = 2 (ot (=) w“+ﬁ<"+')/(u+v, et F{l+atBlu+n)} =),
2 o‘+Br
. Bt f By = #+V p+r)
and PR () = I'(p+p) Z L—p, ry I'(v+7) I'(1+a+pr)

I'(—p) (ptp, r) alrtmbes g P
* ; (I4p, 7y r! T{ Vda+Bp+r) Hutv, )

Consequently Th. IIT leads us to the relation

i (ptp, (=) et 1r i I'(—p) (ptp, 7) pPHi+r
—(ptv, ! T{1+a+Bp+r) & rl (utv, 7) (L4p, r) T{1+a+B(u+r)}

() Dlp+v) f Tlp+7) Y lvn) 1l (1=, 1) T +a+) Tlptp),  (1501)

which is valid by AC. when 0<B8<! and R(p)>0. In case B =1, there is the
additional restriction B(p—v+p—a)< 1.

It is obvious that we may now start with the relation (18:01) and again
apply Th. III, and the process may be repeated indefinitely. We would thus
obtain the relation

2
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S Lt N2t gy o iy S Lletusnanpters
y 0 (v+utr) ri (u+1, T (ptvtr) 7!

r=0

: > T(p+r)G(r—p) pr+l N
+I() Z:OFM,) o (s02)

where G(r) = M {Ila,+a,}| 1l {T 0, +8,0}
L

7=1

Evidently the factor I'(p+p+7) in the numerator and I'(v+p-+7) in the
denominator of the original function of (18'02) may be absorbed* in G(r)
without any loss of generality, giving the final simplified form

@«

(=ya At Gt = D(—p) 5 st G4 ) 14
t =0

y==

YT 2 ptr Gr—wfr! (1—p, 7.  (18)

r=10
Using the formulae of Table B, we find that this is valid when
—1< 2B, — 2o, =0 <1, Rla, —poy)>0, B, >0<a,.
There is the additional restriction R{2u+3(n—m)+Za, —Zb,} <O wheno=1.

PARTICULAR CAsEs. If all the «’s and B’s are unity, the relation (18) becomes

Uy, Ug, .., 1 Uy, oy o vy thy )
=1 F 1 %9 >Tmey = — I+p F 1y 825 o v s iy, )
v " n(blv b2: e bn 5 x) ) F( 'u')p St bl, b21 .y bna 1+F’ N r

+I{ G(~p) GOV P pFars(ty—p, -, ty—p s by—p, .., by—pp, L =ps ), (18:1)

“where m—n =0 or —1 and R(e;—p)>0. In case m—n = —1, there is the addi-
tional restriction R(2u ]+ Zu,—Xb,)<0.

(i) Taking m =2, =3, ag=ay+4, by =2a; = I4p+4v, bg=14p and
by = 1+v and using F(11) we get the image of P (1] 2 (1] ).

(ii) Taking m =1 =«; and » =2, and using F(2, 3) the original may be
expressed as a Lomell’s or as a Struve’s function.

(iii) Taking m =0, n = 1 and b; = A41 and using F(1) we have
B 2] ) % AT(= w40} 0Pyl 4p, 142 p)
L@/ TA=p+D}poFo(l—p, 1—p+X; p).
It will be noticed that by applying Tricomi’s theorem to this relation and
interpreting term by term we are led to Hanumant Rao’s integral. (B.F., p. 437.)

(iv) The special cases of (18:1) when m = 1 = n have already been worked out
in Result 10. .

* This purpose is served by supposing p = v s0 that the two gammas cancel out. The
final relation (18) could also be obtained by proceeding with the original ot e~U* ana
its image instead of (10).

+ See (18-02).

2B
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(v) Taking m =2, n =1, the function o#, of the original may be made
susceptible to the formulae F(17) to F(22). For instance, on taking a, = a1—3
= p+p=4b, and using F(17) we have

, )Pt sprza_i . Do) (w) 1.
2 Tos— meree-1 o L) (p P pti;

+4I(—p) (3P oF g (ptp, ptp+4; 20+2p, L4p; p).
(vi) Lastly on taking n = 0, m = 1 we obtain the relation (1-4) (i).

~Result 19. Adopting exactly the same procedure with the relation (11} as
with (10) we have

(=VG)frt at+ebz = 5 4 (=yjrt} {D(—2p=20G(r)pH+as
0 r={

Il bwg

r
+30(p—4n)GGr—pp*tt, L. (19)
where G(r) is as defined in (18-02), the conditions of validity being the same as
those of (18).
ParrTicuLarR Casgs. (i) When all the o’s and f’s are unity, this gives the
image of the function
a—i=2 F(day, ..., Gm; b1, o0y by —1/0%)
from which the image of
x'J a(l/x)JB(l/;r)
may be deduced by a use of F(11) and that of
x”e‘”"zM,;! A(1/x2)

by a use of F(5). In the latter case if we further suppose that &= A4} [or
simply that m = 0 = » in the main relation (19) ] and use F(10), we get
£-1=2 exp(—1/x2) == 203§ P)2+H cosec 2un{J _p _3(P) cos um

o, (P sitt pm—Jucy, w(P)},
where P = 3(4p)?3.

(it) Taking m = 1, n = 0 and using F(16), the relation (19) gives

1- 2
Le+HI(w) | lpz(l ptis g)
) B l—p; 4

;CZP

(1 422)H+p+4 T 2T (utp+}
DI (u— 1; 2
9

T 2l(p+p+d) —u; 4/
I(=2p)p ¥ Fo(ptp+i; ptd ptl; =403 .. (191)

When p = 0, this reduces by F(3, 4) to the relation
(1 +a2)~#d = Yl (g—p) (pPH{Hou(p) =Y -u(p)}.

which was given in the special case u = 0 by Machlachlan.?
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Result 20. The relation (12) gives like (10) or (11), the relation

& (=6 & (o
,ZO F i) = 2, L AT~ =) 6(r) prH@sn 20 a2 27— 4 -

ParTicurar Casps. (i) Taking m =0 = n, we get
5= exp (—1//a) &= 2 cosee pm(pm) H2p) Ty, _yu—y(P)
— cos (3um) Jyu, -3 (P)+ sin dum s (£)), P = 3(Ip)t.
(ii) Taking m = 1, » = 0 and using F(16), we get

aPHB-1 . 2I(i—2p)
(1+~/Lv)1+2ﬂ (1 42u)

ptu, ptp+i;
ppti;

I'Zp+2p)p 2F2< ~1;>+F(p—4)1;3-f‘ <

oFolu+i, p+l; 4, —p;—p)+T(p— 1)1 +2u) p2~PoFo(u+1, p+4; 3, 2—p;—p).

O1HER Cases oF RELATIONS (18)-(20). There are some interesting cases when
the original can be expressed in terms of functions which are not expressible by a
single hypergeometric funetion. For instance, by taking » =0, m =1 and a; = §,
the originals may be expressed by F(7) in terms of the parabolic cylinder function;
or again, by taking m = 1 = n and @, = a, = B, =}, the originals may be expressed
by means of F(1, 3) in terms of the function I,(z)—L,(z). Furthermore by making
suitable combinations of the original we may obtain the operational images of a
variety of other functions like the W,  and product functions J K, and I &,

Theorem IV. 7The functions f(x), hlx) and $(&) betng conlinuous tn «>=0, if
f(p) = h(x) and p' =248 B(pH) = $(x), then

L

p‘lf(p)=f x=A Gh(pfak) p(o) d, e (210)
1]

where G4() is represented by the series

a0

& (=) (=) T{r+A) ) L)
,;.’ZU p I'(ur42) or z py I or the function (l+x)’\

=0

according as u <1 or >1 or = 1, provided that R(A)>0 and the integral (21-0) con-
verges. In case p(ic) changes sign in x>0, the integral

f:¢(w) dz

also must converge.
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Proor. From the two given operational relations, we have

ox X

f(p) =pf € Phix)de, .. (i)  and pl=A4u b(pf‘)=pf e Pd(e)ds. .. (i)

0 O

Henece
x€
"

f(p) =pf P A gy f o= a(s) s
0

0

=9 (s)ds | x '*Apexp(— x——s;rl/")dx,
p(—p

o 4]

on changing the order of integration which is justified by de La Vallee Poussin’s
theorem2. For if ¢(¢) is of the same sign in # > 0, then the s-integral converges by
virtue of the integral (ii) and the z-integral converges if R(A)>0 and the repeated
integral exists by the last condition. However, if ¢(x) changes sign in 2 > 0 then
the change in the order of integration is justified since then

f b(x) dx
0

converges and consequently the s-integral and the a-integral converge uniformly,
being multiplied by exp (—sa/#) and e~#%. [Copson, p. 115.]

The theorem now follows at once on expanding in ascending powers of . the
factor e~?¢ when p<1 and the factor exp (—sv#) when p>>1 and integrating term
by term by means of the formula

0
fﬂ*w“ dv = Dip)fak, Rp)>0,6>0. .. .. (210])
0

The term-by-term integration effected above is easily justified.
To settle the convergence problem we observe that as

=0, Gﬁ(.r) = 0(l) and as r—>0, G";(m) = Oz~ M),
It may be of interost to note that the contour integral of Barnes’s type for this

function G4(z) is
| P(—s)D(ps+N ds
2t ) " »

where A/p is not a negative integer and | arg 2z | <Hpu+1)r—e. e>0. This shows
the interconnection between the two scries representing the function.  In fact the
asymptotic expansion for large values of the argument of one series is given by the
nther.

The function G*(r) reduees to a parabolie evlinder function when u = ! or 2 ;
A A ! 3

we actually have

,'f\(;r) = Q_AF(Q/\)D,g,\(T/\/E)PhZ ¢ Gi(x) = 2D () 20y et D\ (1/4/3%).
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Result 21. Take the relation (9) as f(p) == h{z) and obtain the original of
PP ph) by termwise interpretation ; Th. IV and Lerch’s theorem then lead us
to the integral

byt 2 (T I rta)s)
. =g Z r![‘{ (V41 —=A—pr) fptr+® B

PHE-Atnp

valid when p>0, p<1=1/B, R(A+4v)> —1, R(A— pa)<}.

Result 22. Starting with (1) and using F(5, 6) to expand f(p) for termwise
interpretation, the theorem gives the integral

o

Bipafy S () Tolrthtidm) Mur-a
f Gl )Z P T(LFAtur) Z

I'(3+m-+k+r) + a similar expression with —m written for m,

where SRy = a—A—1+u(i+m+k+r). The formula is valid if p<B, 1<pu<3,
R(A)>—1 and R{p, (k+3—| m |)=A4+a}>1. There is the additional condition
RBk—3ix—a)<iin case u = 3.

We may similarly use the relation (2) instead of (1).

I'—2m—r)x

PRl

CoroLLaRy. Taking u =1 in Th. IV, we have: If
fp) == ha) and p*~* h(p) = $(),

then provided that the integral converges

f(p) = /\)Pf (pa)=2 ¢(x) de.

Result 23. Ramanujanl? has shown that if

s = [ e ra+,
1]

aQ
then f e~ J(y) dy =1/s log 3, s>1
¢ w0
and Jy) = ov—f e~* dx jx{n2+(log )2},
0
The former integral shows on using the relation e* = p/(p—1), p>1, that
= % — _L — .__.1___ = .

and the latter shows that
ph(p) = p{er—J(p)} = 1/z{n2+(log 2)2} =
Hence by the corollary to Th. IV and A.C., we have
® dx 1 1
= - s R( >Oa
fo a(p+a){n2+(log 2)2} p—1 plogp »)
wherein the right side is, by the theory of limits, to be replaced by 3 when p = 1.
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TaBLE A OF FORMULAE

F(l): J,6) = pilay, oF s+, =149

(32)"
riv+1)

F(2) : K,(2) = 4w cosecvm{] -, (z) — 1,(2)}

oF1(v+1, %)

= IT(=9) (1" oF1 (1475 122 + 300~ oFa(l=v; §22)

Vi1 - )
F@): B0 = ol By (15 vk =485 o) = i (0

F@): Y, ) = J,(2) cotve — J_,(2) cosec vmr
Fda): Sy, = {(1+p2—2} 124" Fo(ls d+Epte) s =129

F(5)Z 31/",", (Z) = omtd -tz lFl (%+772—¢].; ) =phit} pbs lFI(é+ln+] Z)

142m ; 142m
. _ I'(=2m) I' (2m) 7 :
F(G) : IVk,m () = m‘llkgm (Z) + r (§+m—-k) “h-m (@)
v N (2) et (—22)
BT W40 = 2HNE D, (a2 = ,T'F{ 3 1—-v—))}
r=

= (—22)T (3r—3v) /2
214V (—p)ets®

r=9{

B pty; 24l £22)

F@): et L) = Foo

., Ly
F9): (=) T,(2) = T4n+v) Z (n—r)! r' F 1+v+r)

1 .
= RIT (v +1) 1F‘(l+ ,z )

1 1 )
S —— 1: — —=23
F(10): J,, = (§z)™* I"(m+1)1"(n+1)°F2(m+l , 41, 77

F(11): oFs ( *"‘*"A‘”Jr’f"‘ﬁ” : —z2> — oF (41— 1) XoF (5= 122)
M Ay [ -y
=T IN @2, _ 07, ,6

Fla): 2 1,() K, (2) = 1Fa (35 14v; 105 2%)

r(—v) §2*% ( i+v; )
i e L VI Wiy
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F(12): oFs 34v, 14v, 142 ; —12%) = oFy (14+2v; —22) X oFy (1420 22)
= {T(1+20)}" 7% I5,(22) T, (22)

F(13): Qr(u)r(l_v)l_v(é)JV(z) = 3 D(v—3r)(—12)/r! D(Jv+3r+1)

2 1 22 4
= ;OFﬁ(%: l+%V, ]———%—V; —-‘674—-24>+ 1__—:§0F3<J;, %:L-%V, - 6_-124>

F(13a) : 1,(2)—L,(z) = f'(__ ) (32) '+v/p r+14v)Ir+1)

r=10
F(]4)' lFI(“, Py_'T)XlFl(a: P ‘T) = 2F3(d, p—d;p, %P? i‘P+%; %‘Tz)
F(16): 1Fq(a, p, ) X1 F(e—p+1, 2~p,—x)
22
=2F3 O(——%p-i—% P"“+n,% :12‘ +%9%_% s 7
—{@a—p)(1 ~p)/p(2=p) } & oF(a—dp+1, bp—a+1; §, Lp+1,2—1p; }a?)

= }p—1) I Pla—1p+}+INT(p~}— 3 (=) /Tla~bp+1~T(3p+3+inr!

r=0

F(16): (Fola, —) = (142)°

F(7): oF1(34p, 14 14205 =2) = (1 42) 2o T (4/THe=1) 1
B(18): oF (. 3+p; 142u; — M TFe—1)1*

F(19): oPy(3—a,—a; }; —a2) = (1+22)* cos (2 tan™'x)

F(20): oFy(1 —a, }—a; §, —22) = {(1 +.”r2)°‘/2aa“} sin (2« tan " '2)
F(21): oFy(3+a, 1—a; t; —22) = (1422) 7 cosh {20 sinh ™2}

F(22): JFi(14a, 1—a; $; —22) = (2awy/1422)"" sinh {2 sinh ™'z}
F(23): oFy(a. B; a—~B+15 =1) = /ol (a—B+1)[2* P} + ) [(3a—B+1)

F24): (—n, ) = (=) T(n+1)D(n+1=7)

F(@28): Ta4nr) =n" ') (Z , 7-> (n:—l , r) R (ﬂ+:’—] , r)
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TaBLE B
AsvyMprToTIC BEHAVIOURS 18 Of
i T+ y
o« " OL”T —2 -
= p (=2
and J/\‘](Z)E _!_____, ,
ZO H (/\n+/"rzr)7' ! ZO) ’ F(/\+P1)

1

where a’s and p’s are real and positive and A's, B’s are unrestricted.
Notation: {=argz,n=arg(—z),sothat —s < { < 7, —n<y< o,

4 oy |
h= H ( n) H IJ.”“”, k=1+2#n—‘2an >O:

n=1 /n— 1
P g
0= 3 B,— X A+ilg—5); 3, e arc small positive numbers,
n=1 n=1

Z = k(h|2)k e~k Z; = lZ!ei(g.prr)/k’ Zy=|Z| Gi(S-mk

I(x)

]

M-1
af e { 2 Ay x‘"’+0(x‘”)}, M being a +ve integer.

m=0

”

)4
Jn= 2 X P, gr(1+ﬁn)/oc,.+()(y-~”+a), M, P,,; being some constants.

n=1 =0

Formulae

B(1): 0<b—1 = u<i, |T] <7—e, €0, .I;:J(z) ~ I(Z) + 1(Zy).
which is exponentially small if | {|< Jn(2—Ek).

B2): |n|<m—e, €>0; J;‘ 1 (2) ~ I(Z), which is exponentially large if
[n]<min. (7. ink).

B(3): k>0, |9 |<ir min. (&, 2)—e : , S,(2)~[(Z)

Bd): k=2, |{|<nm ¢, Se)~1(Zy)+1(Zy)

B(5): k=2, |{|Sm : 5 8(:) ~1(Zy) +1(Z) 1+ (2)

B(6): 0<k<?, |{|<in(2—k)—e : , S(2)~J(2)

B(7): 0<k<?2, |9 |< min. (7, ink—e) and | {{<m @, S, (Y~ HZ)+J(z).

In particular,

kel

( ) PF{H—m ][ﬁl ...... 13[" :F(j:) ]
1”+m 13 "

® . P
i
~ ad "xl’(“’(%ié)ﬂ BRI 1 - mbu
n=)
P+

R(Q) . ,;.+1Fp( ﬁh o ﬁp»H ;—.'T)NZ’IM 'T”ﬁ“l~

oy, Xy ol s &p s —,
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