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ABSTRACT.

In this paper, a statistical theory of imperfect gas has been developed by application of a
principle analogous to Pauli’s Exclusion Principle and of the method of Fermi. The equation
of state, giving Van der Waal’s equation up to first approximation, has been obtained by taking
into account the cohesion and the finitc size of molecules simultaneously, and by dividing the
physical space into different potential layers and cells of volume b equal to the finite extension
of molecule, as is done in the discussion of Fermi-Dirac Statistics.

INTRODUOTION.

In a previous paper (Dutta, 1947), the equation of state for an imperfect
gas has been very simply deduced in two steps. In the first step, the effect of the
finite dimension of molecules has been calculated by a method similar to that of
Fermi in Fermi-Dirac Statistics, by the introduction of a principle quite analogous
to Pauli’s Principle of Exclusion. In the second step, the correction for cohesive
forces has been introduced by an increase in the effective volume of the assembly.

In considering the effect for finite dimension of molecules, in that paper, the
physical space, instead of the phase space, has been divided into cells of dimensions
b, the volume of exclusion of each of the molecules, and then, the effect of this
exclusion in physical volume due to finite dimensions of rigid molecules has been
taken as a new principle of exclusion, quite similar to that of Pauli-Fermi in the
discussion of Fermi-Dirac Statistics. The principle has been formulated thus: ‘No
cell of the physical space can be occupied by more than one molecule at the same
instant’.

In the present paper, it is found that, if the method of Fermi is followed more '
closely, then the effect of finite dimension of molecules and that of cohesion
amongst the molecules can be considered in a very simple way in a single step.
For this, over and above the division of the physical space into cells of small
volumes b, the physical space is to be divided into potential energy layers, just as
the phase space is divided into energy layers in the deduction of the Fermi-Dirac
Statistics. Then, as in the previous paper, the distributions in the physical space
and in the momenta space have been considered separately. The thermodynamic
probability for the distribution in the physical space has been calculated after
Fermi, and that for the momenta space in the usual classical way ; the product of
these two gives the total thermodynamic probability.

DESCRIPTION OF THE ASSEMBLY.

The assembly under consideration consists of IV non-dissociating and non-
assoviating molecules, each commanding an equal rigid volume of exclusion of
magnitude b. The assembly is enclosed within an enclosure of volume V.

The effect of cohesion between molecules manifests itself as the formation of
a very thin surface layer of potential energy slightly greater than that of the
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interior. 8o, in considering the distribution in the physical space, the physical
space will be at first divided into two layers, the interior is of volume ¥V, and of
potential energy w,, the surface layer is of volume V, and of potential energy
wy, where we<<w; and according to usual assumptions T'y<c < I').

After this, the layers will be divided into cells of volume b as usual. It is also
assumed that & << V,, V,

Let Ny, Ny be numbers of molecules in the interior and in the surface layer
respectively at an instant. Let a. represent number of molecules with kinetic
energy e..

CALOULATIONS.

Then, the thermodynamic probability, calculated in the usual way, becomes
A TN AT .
X[N ! Had). .. (1)

To get entropy, this is to be maximised subject to the following restrictions :

Do N Wit Ny Wy = E

Za" =N

N4 Nyg=N
where E, N, V,, Vy are constants.

log W = <—ll—;~l) log (—%1)-—1\71 log Nl_(% —-;\'1) loy (% ——A\'l)
Vs ’/‘ s
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+ XN log ZV—Z(IIL log a,.

The variation of this after use of undetermined multipliers gives,

Now,

a, = e~A-r5, .. .. .. .. . .. @
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Now, in gases,

Vi Ve
I<<F3% ¥p’
. "N — gVt Ve = g'tpw,
TNy * Ny i

or

2\71 = %l.e-v-p.w, , Nz —_— _1%2 e~V-lw,

This is the well-known Boltzmann Law for gases.

Now,
¥ =S Deorsm 4 Vg,
.y Nb
.eTT =
Vl e‘”"”1+ V2 e~ Py i
Viepe
SN, =N 16 7! ,
Vie #er Vg e bus
Vg e—bw2
N,=N 2 .
Vl 8_”w‘+ Vz ¢—He:
Sice ;2 < < 1, s0, up to lst approximation.
1
Sam S (1= B ),
1 2 o-plwz-w)) 1
+ 7, ¢ 2
Ny= AN __11,.—____ - A\'TI;E o1,
14 =2 p-Hw,-m) 1
+ V,°
where W= wy — w; >0.

Now, as shown in the (Dutta, 1947),

I e
N = k[(%) log ( ‘;1) —N(l - %e“"w) log {A'( - %eﬂ“‘)}
(e o)
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Now, by well-known thermodynamic relation,

Lo(®), ik o]
T \oE)rv M0 T ET

On the substitution and the simplification, this gives
oo (5)-(1- ) -
- (- b fi- 0 717
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Then,
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Now, if V,/V, Nb/V, etc., are treated as small quantities of lst order, and the
small quantities of higher order arc neglected, then, this becomes,

e Nb TV, - a7 {1 2amkT %_ w,
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As
oY
P=T<5T7>T’
50,

o] U VB §Ve 1 avz>}
P =Nkl [l—,ﬂﬁ g—ﬁ— (aV
-2 Vo -= 1 [ow 1 [ow
—e M)V 22,7 () - (222
X(‘ e ) 7 e ’IcT(BV)T kT(W),]’

Pl = e =5 .. - .. (o

or,



M. DUTTA : ON A TREATMENT OF IMPERFECT GAS AFTER FERMI'S MODEL (11). 167

where 8 = 1 Nb, and so of usual interpretation, and

a= NIc’I’[(l—e kf){ V(Z?) ‘—VZ}

T ‘\aV/+ kT \3V/r

=f(T, V, N), A (1)

as it is the case for imperfect gas in general.

To Fiv 1T WiTH VAN DER WaAL’S EQUATION OF STATE.

Now, to show the agreement of the above equation with Van der Waal's
Equation, only a is to be shown to be independent of 7', ¥ and is proportional to N'2.
As usual, it will he assumed that,

w
w1=N—I—/~101 =01%7{1+Y172 (1—6_”)}

w w w
W= wy—wy = ZPV_ [cge—ﬁ—c,+%{cze— ﬁ—q(l—-e_ﬁ)}]

where ¢;, ¢g are independent of 7', ¥V, N and depend only on the nature of mole-
cular attraction and mass of molecules.

) - gle et (Ll o))

57/: v N ( Vs V,, 1,2

N
=—'V';9(Ts V’N)

where ¢(T, V. N) is a function, finite and with non-zero constant term in
Taylor’s expansion.

w 8V, 17,
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when the 2nd term is neglected as small quantity of higher order, and V; be
aggumed to be equal to a V.

Then, it is found that with these simplifying conditions, the equation of
state, obtained here, reduces to that of Van der Waal, if a is independent of
T, V, N up to 1st approximation.

The equation of state obtained here also reduces to that of Van der

Waal, even if Vg is taken to be ay V¥ from consideration of dimension. Then,
8V, Ve
°Vs} _ -3 2r2
( SV) T % (IIV 3 V ]

therefore, neglecting quantities of order Yv-f , o=2N2¢.

CONCLUSION.

Here, it is found that the method of Fermi (as used in deduction of Fermi
Statistics) is not only suitable for considering effect of volume, but also, can
be very simply extended to the cases where there is certain field of force as
that of cohesion. It is also expected that this method can also be conveniently
used in the case of a field of which the gradient is small.

It is also to be noted that, up to the approximation retained here, the identical
results are obtained for the thermodynamic functions, and, for the distributions in
physical or momenta space even if the total thermodynamic probability is calculated
as the product of the thermodynamic probabilities for the interior, and for the
surface layer considered separately. According to this idea, the thermodynamic
probability is

(&), (Kz).

. \\3 /)" 1 b/ 1

W= vV, . “Ib,! Vo . Ie, ! (O (1)
DA F o)t

where & is number of molecules with kinetic energy e. and in the interior,
and, ¢y, is that with kinetic energy »,, and in the surface laycr; and the restricting
equations are

ZbL == Z\‘Y], Zcm = .2\72, Z'b,,-{—zcm == A?,
2bL(€l+w1)+Zcm(1]m+7”2) =F

where N, B, Vy, V, are constants.
All expressions for Ny, Ny, b, ¢,,, ¥, P are same as obtained here.

This is not quite unexpected. The difference of the present idea with that
put forward in this paper may be looked upon as introduction of the hypothetical
partition wall in the homogeneous thermodynamic system dividing volumes ¥V and
¥, and so there can be no deviation.

The author takes this opportunity to express his gratitude and thanks to Dr.
8. C. Kar and Prof. N. R. Sen for helpful discussions and keen interest taken in
this paper.
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