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ABSTRACT.

In continuation of a previous paper on the internal constitution of stars of small masses,
it is shewn how the hydrogen and helium contents of these stars may be calculated from the
observed values of their mass, radius, and luminosity, so as to be in complete agreement with
Bethe’s energy generstion law and other mechanical and thermodynamical requirements
for equilibrium. It is found that in quite & large number of cases hydrogen constitutes about
one-third of the stellar material while the helium content fluctuates round an average of about
30 per cent.

I. INTRODUCTION.

In a previous paper (Sen and Burman, 1945), referred to hereinafter as paper I,
we attempted to calculate the hydrogen contents of stars of small masses on the
basis of stellar equilibrium under the energy generation law of Bethe and the
assumption that the helium content of these stars is negligibM. Such stars were
assumed to be built after the Cowling model, the guillotine factor in the opacity
formula being taken account of by a constant average value. This value was
estimated from a previous numerical calculation of a model of the sun with exact
equations and Stromgren’s table of the guillotine factor in Kramer’s opacity formula.
One of the two points which came out of our calculations was that for a sunlike star
the central temperature should be taken close to 20 million degrees (often lower)
and the central density much less than that given by the standard model (higher
central temperatures and densities would be inconsistent with Bethe’s energy genera-
tion law). Secondly, for the assumptions made regarding opacity and helium
content (zero), the above necessary effects could be achieved for a sunlike star by
assuming hydrogen to constitute about ome-third of their composition. It was
found that for stars of small masses with zero helium content any one of the three
observed parameters namely, mass, radius, and luminosity, could be calculated on
an assumption of the knowledge of the other two. The calculation of the radii of
the stars of small masses from their masses and luminosities (on the assumption of
zero helium content) gave approximate agreements with the observed radii. In
the present paper we have dropped the assumption of zero helium content, and using
the observed mass, radius, and luminosity of such a star have recalculated its
hydrogen and helium contents. It is found that the small discrepancies in the
observed and calculated radii of the stars in our former calculations can be wiped
out by the introduction of suitable amounts of helium, only in those cases, in which
the radii calculated on the basis of zero helium content were larger than the observed
radii. Further in these cases complete adjustment is possible by the introduction
of a suitable proportion of helium without much change in the content of hydrogen.
The numerical results of the present paper may be considered as supplementing our
previous results for the alternative assumption of appreciable helium in the com-
position of stars of small masses. In the present state of our knowledge of the
composition and internal constitution of stars our conclusions based on the first
approximation Cowling model (as necessarily all speculations of this nature) have
indeed a tentative character. This point has been further elucidated in the remarks
at the end of this work.
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In a recent paper Schwarzschild * (1946) has calculated the hydrogen and helium
contents of the sun and has obtained much higher values (47 and 41 per cents respec-
tively) than those given by our present calculations. Schwarzschild has taken into
congideration the more recent table of the guillotine factor calgulated by Morse, and
his representation of this factor by an analytical formula has led to a formal modifica-
tion of Kramer’s opacity law which has been written with the $th power of the
density p (instead of simple proportionality with p) thus giving smaller opacities.
Besides, Bethe’s energy generation law has been taken in a form different from that
used by Bethe and other writers in previous calculations, and also assumed by us
in our present calculations. The difference in the results obtained in this paper
and those by Schwarzschild can be traced to these causes.

2. EQUATIONS OF THE PROBLEM.

Tor calculations in the present paper, some of the equations given in paper I
have to be modified. For completeness, iowever, we rewrite all the relevent equa-
tions here. The configurations, assumed to be built after the Cowling model, will
be governed by the following equations

g GM
T =09k W
£ M
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4mf, R
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and in addition we have the luminosity equation
L(§) = A1, 7)) .. .. . .. (5)
obtained by integrating Bethe’s law in the following manner.
The luminosity is determined by
L(r)=f dmr2pedr .. .. .. .. (6)
0

where
e=¢' XpT te-BITH .. .. .. )]

€’o, B being numerical constants, and X, the hydrogen content of the stellar material.

Equation (5) is easily obtained from equation (6) by introducing the usual
variables £, #, and o, defined by

r=0f, T=T:0,p=pco

* The calculations of the present paper were completed much earlier than when
Schwarzschild’s paper was received by us.
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and using the polytropic relation ¢ = 6%, for the convective core; 4, and I(§, T,)
being given by

5k 3I2 5/6
=dne’ AT R, . @
A 47TEOX(87TMGH) T, (8)
and
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I(§,TC>=jOow3e-we”f‘ & dg (b=T§F&) . ©

For the introduction of helium (Y) in the composition of the stellar material, the
expressions for the opacity coefficient ko and the average molecular weight n given
in paper 1 take the modified forms

Ko=39Xx10B(1+X)(1—X~Y). . (10)

1] —

2
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the guillotine factor being represented by an average value i, which is taken to have
the same value ({ = 6) as before.
As shewn in paper 1, the above set of equations can be suitably combined
to give
B

3 (12
PE = T, T (12)
where
16mac/ 5k \'* s
B = Q 3'(0 (m) Tg .. .. .. (13)

The four equations (1), (2), (3) and (5) involve 7 quantities L, M, R, p;, T., X, and
Y, and theoretically if any three quantities, say, L, M and R be known, we can
determine the remaining four. In paper 1 we made the arbitrary assumption
Y = 0, and from the observed values of L, and M of some stars of small masses we
calculated their radii and hydrogen content. In the present paper, however, we
calculate X, and Y from the observed values of L, M and R of these stars. For
the application of such calculations to actual stars, we build up series of configura-
tions with assigned values of 7', X and Y, obtaining the corresponding valuesof L, M,
R, and e, for each one of these configurations. For instance, the given values of
T, X, and Y enable one to calculate the integral I(¢, T.), u, and «y, from which
further we can calculate 4, and B, and finally p_from equation (12). Then equation
(5) determines L, and equations (1) and (2) give M, and R.

We have made calculations for four central temperatures 7, = 19, 20, 21 and
22 million degrees, and for hydrogen content X = 0-15, 0-25, 0-35, 0-45 and helium
content ¥ =0-1, 0-2, 0-3, 0-4. The results of these calculations are shewn in
Table 1.

3. CALOULATIONS OF X AND Y FOR KNOWN STARS.

By plotting the positions of stars of known L, M, R considered in paper I,
in diagrams suitably constructed from the following Table 1, it is possible to calculate
by following a method given by one of us (Burman, 1947), the values of X, ¥, T,,
and p_ of these stars. The results of these calculations are presented in Table 2.
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4. DISCUSSION OF THE RESULTS AND CONCLUSIONS.

There are several interesting points that emerge from -a comparison of the
above Table 2 with Table 2 of paper I. Firstly, in the case of the stars & Cen A,
a C Mi A, and { Her A, for which the values of the radii calculated on the basis of
Y =0, are smaller than their observed values, the discrepancies cannot be wiped
out, as no physically significant solutions (subject to X+ ¥ <1) of our equations
are possible in these cases. This is as is to be expected, as, the introduction of
helium in the composition of a star whose mass is not allowed to change, will have
the effect of diminishing its volume, i.e., its radius. In the case of all other stars of
Table 2 of paper I, the discrepancies between the observed and the calculated values
of the radii have been wiped out by suitable proportions of helium. This has been
possible because the calculated radius (for ¥ = 0) is greater than the observed
radius in each of these cases. Secondly, in all cases of agreement in our calculations,
except in the case of one star,70 Oph B, there is no substantial change in the hydrogen
content as compared with the calculations on thé assumption of negligible helium
content. This is effected in these cases as follows. As the luminosity of the star
is held fixed, the central temperature to which it is highly sensitive may in a small
adjustment change only very slightly. It will then be seen from equation (1) that
a change in the composition of the star will be subject to the condition that u3 /R
should remain nearly constant. As the mass is maintained constant, a decrease
in R calls for a decrease in u. Just this can be effected by the introduction of a
suitable amount of helium in the composition of the star without much altering its
hydrogen content. It might appear that a change in x would cause a large change
in the luminosity, as L~u75. ~How this is prevented can be seen from the mass-
luminosity relation (Chandrasekhar, 1939) of the Cowling model, which may be
written in the form

1 u?s 1 ul's
ko R03 T (1+X)(1—X—Y) R0

retaining only the relevant factors. (The factor J/55 has been dropped as 3 remains
constant). A slight calculation with the figures of Table 2 shews that the large
decrease in L produced by the high power (7-5) of yu (altered by the introduction of
helium) is exactly balanced by the combined diminution in the factors (1 —X —7Y)
and R0-5, 1t is thus interesting to note that the Russell mixture part of the stellar
material, represented by the factor (1 —X —Y) plays a prominent role in the present
adjustment. Generally, in all the cases of adjustments obtained here, except in
the case of the star 70 Oph B, no significant change in X has been necessary. Tt
looks, as if the requisite change in . is possible in these cases, by giving only a suitable
value to Y, without changing X. In the case of the star 70 Oph B, however, a
significant change in X as well as an introduction of high percentage of helium is
necessary to secure the adjustment. This peculiarity is indeed due to the relative
values of L, M and R of this star. It will be noted from Table 2 that this star has
a large value of M/R (in fact the largest) compared to other members of the table,
while its luminosity is comparatively low. It is probable that this feature is at the
root of the above peculiar behaviour.

Thus the new hypothesis of appreciable helium content in stars of small masses,
as have been considered here, does not appear to affect our previous conclusion
that in a large number of cases at least, hydrogen should constitute about one-third
of their composition. Our calculations also lend no support to the view that the
helium content of these stars should in general be about 40 per cent, though such
abundance of helium appears to be quite possible in some cases.

It is, however, necessary to be quite clear about the nature of the conclusions
we can derive regarding stellar constitution from the analysis followed here and in
paper 1. The equations provided by the current theory of stellar structure, viz.,

L~

. (14)
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those for mechanical equilibrium, conservation of mass, transfer of energy and its
generation according to Bethe’s law, as well as the observed values of the mass,
radius and luminosity of a star, are just sufficient for the calculation of the unknown
parameters, viz., the hydrogen and helium contents in the material of the star, and
its central temperature and density. It is shewn in our papers that in the case of
a large number of stars of small masses, it is possible to find physically significant
values for their hydrogen and helium contents and also the corresponding values of
their central temperature and density, consistent with our equations and data. The
values of none of these parameters are, however, amenable to direct observational
test. There is as yet nothing in the current theory of stellar structure providing
for any independent internal check on the composition and other data calculated.

Till such confirmation has been found, the theory cannot be regarded as entirely
satisfactory.
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