A NOTE ON AN ANALOGY REGARDING OPERATORS IN
DIRAC’S WAVE EQUATION FOR THE ELECTRON.

By 8. Guera,
Tata Institute of Fundamental Research, Bombay.

(Communicated by Dr. H. J. Bhabha, F.R.S.)
(Recetved March 15; read April 2, 1948.)

1. The Dirac equation for the electron in the absence of a field is

hoyg
—;:gt-—Hl,b, .. - .. oo 1)
where the Hamiltonian H is given by
H = ¢(a3p1 +agPp +agPst+asmec). . . . (1)

With the four a-operators in this Hamiltonian, as pointed out by J. v. Neumann
(1928), 16 operators can be formed (by multiplication) which are linearly in-
dependent and it is expected that some physical significance can be attributed to
each of them. Different authors associate these matrices with physical quantities
in different manner. Some have worked in terms of densities (in Dirac-Darwin
sense) and their operators are slightly different from those who have preferred to
argue in terms of the operators themselves as representing the physical quantities.
Below is written the whole set of operators in a group S indicating the physical
quantities with which they are associated and which are in common use.*

S: L Jo=1, charge operator,
J1 G2 Js = &1, %a, Xg, current operators.
II. Py, Py, Py = —iag0t;, —1040%g, —is%g, electric moment operators,
My, My, Mg = —iaqoeng, —iotgdgty, —i%e%10tz, magnetic moment
operators.
III. K, Ki, K3, K3 = —totj000003, —i0tpttg, —ictgy, —ix oz, Spin operators.
Iv. I, J = o, a2 0903, not definitely identified.- »

The densities (in Dirac-Darwin sense) of I, II, Il and IV are transformed as
a four vector, an antisymmetrical tensor of the second rank, an antisymmetrical
tensor of the third rank and invariants respectively ; but these operators themselves

have no such transformation properties.
For the discussion of the Lorentz invariance the most useful form of (1) is

(Pputmee)p =0, .. .. .. .. (1"

where

]
%o =cl, P‘, = ;5;;’ 70 = Uy, 'yk = 04y (k =1, 2, 3).

* Many suthors beginning from Dirac himself have interpreted many of these operators in
the manner stated here. We have left aside the constant factors which are associated with the
operators.
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The Lorentz invariance of (1”) with given ¢* deinands that for the orthogonal
transformation defined by

't = Lir’
there shall exist a similarity transformation of y* given by
A7 A = Ly,
If y*, when transformed in this sense, is called a four vector, a set 8’ of tensors can
be defined as follows :
S': I'. y¥, a four vector,
j(;, jxla .7'2” je: =90, ¥l y% y3 = ag, aqoy, aylte, o403
IT'. iyPy”, (u # v), an antisymmetrical tensor of the second rank,
Pj, Py, Py = iyly0, iy%0, iy3y0 = —iay, —intg, —iats,
My, My, M, = iy%y3, iy3yl, iyly? = —iogug, —iot30y, —i%0g.
IIT’. rya‘y"-y , (p £ v A), an antisymmetrical tensor of the third rank,
Ko, Ki, Ky, Ky = iyly2y3, iy2y%y0, iyByly0, iyly2y
= — 00 Aally, —T0g0lally, — Iy 0lg0ly, —L0Lg0l; g
IV, ply2y30 = a 0504 = J', an invariant.

It is to be noted that the set S can be obtained from S’ simply by multiplica-
tion with a4 from the left and vice versa. In this note it will be shown that S and
S’ are related to one another in a manner such that any operator of one set can be
expressed in terms of the corresponding operators of the other set. Moreover, this
relation has a formal analogy with Lorentz transformation such that quantities
in 8’ correspond to a set of vectors in rest system and those in 8 to a set in a
moving system.

2. For a free electron H and p, the energy and linear momentum operators
respectively are integrals of the equation and are constants; and further

H2 = 2p2 {my2ct. . . . oo (2)

Using these properties of the free electron, S’ can be expressed in terms of S in
the following manner ;

.  H §. 1 1.
I = s Lo 3 )
H (px(pxi)]l, H 1 @)
j’;={r—no_tﬁ—“4}'—pz—/e+m{jk_5'czpk11_] 'j°}'
. H)\®-pp, H { N
k-{“*“m}——pz o (i gl M]k}
H  M.-pp, H 1 @
I_ — . k i 2 _1
Mk—{a‘ m°02} 72 +mOCZ{Mk+C[cpH ,P]k}.
K= o Fo— g0 B .
. _{H px(pxK), H 1 . N
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The first equation of (3) is obvious from the Hamiltonian itself and the first
equation of (5) can be obtained by multiplying from the right both sides of (1')
with —iajeeag. For the second equation of (4) we operate with M, on (1) from the
right and have
._ H 1 1 ip,T
- -~ [c® — .

M, P {Mk+c [ctpH ", P]"}+moc , .. . (6)

where = = ajagtacy. Again, since
(H —aymoct)r = ic(M - p),

on operating with H—agmge2 from the left on both sides of this equation and
taking equation (2) together with the relation

Hog+togH = 2mee2 .. .. .. (M

into consideration, we have
7
T= e (H—ogmc2)(M . p).

When this expression for 7 is substituted in (6), the second equation of (4) is
obtained. In a similar manner the first equation of (4) can also be deduced.

For the second equation in (5) equation (1’) is multiplied from the right by
K, (k =1, 2, 3) which gives

, H 1 - 1 .
Kk:W{Kk—.E.CzpkH 1.K0}+7—,%2[DX2¢]k. . .. 8
Again,

{H—oaymgc? i, = icp, +c [DX K], .

We operate with H —agmgc2 from the left on both sides of this equation and taking
(2) and (7) into consideration, we get,

1. _( H [pr]k+ipk( H
moe " T \inge2 ~ %) T pr T p \imger~ #4)°

With this expression for ix, equation (8) reduces to the second equation in (5). A
similar process gives the second equation of (3).

3. In (3), (4) and (5) we have a set of equations in which the quantities of set
8’ are expressed only in terms of the corresponding quantities in S and the elemen-
tary integrals H and p. If now an interpretation of these equations be attempted
by retaining the operator vectors on the right of these equations and replacing
P, H by their expectation values, namely,

MgV moc2
VI-p VI-p
respectively and &, by its eigenvalue +1 (positive energy) in the usual manner, we
get to the following set of equations :

i=r{iomr -},

. 8
o VX (VX] . .
Jy= (y—=1) E__(;E'—)Jﬁ'}'y{-?k—'lz'vk '.70}:
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(P. V)‘Uk

Fy= =0 =gty {p— s},
(@)

M; = (1—y)

LR/ {Mk+% [v P];},

K, =y{Ko—§<v-K)},
[vXx (VX K)] 1 ®)
K, = (7—1)__v.§___k +7{Kk"g'”k'Ko§ ,

where
= (1—}32)"}, B = vfc.

These relations are identical with the transformation formulae of a four vector, an
antisymmetrical tensor of the second rank (electric and magnetic moment tensor)
and an antisymmetrical tensor of the third rank (which is transformed like a vector)
in the theory of relativity * (Frenkel, 1926) in which 8 and S’ behave as two co-
ordinate systems, 8’ moving relative to S with velocity ». The reciprocil relations,
namely, S set in terms of 8’ are easily calculated and can be obtained from (3),
(4) and (5) simply by changing the sign of p, just as in the Lorentz transformation
formulae only the sign of » has to be changed in such a case. This changing of the
sign of p is the same as operating with o, on both sides of (3), (4) and (5) from the
right. The interpretation of (3), (4) and (5) by replacing only p, H by their
expectation values, and oy by +17 and retaining the other quantities in their
apparent tensor form may not be quite legitimate so far as the behaviour of the
Dirac electron is concerned but the resemblance of these equations with the Lorentz
transformation of tensors and vectors is so striking that this identification may help
to bring to light some inner relation between the two sets of operators for which
physical interpretations relating to the elementary properties of the electron have
been proposed. It should be remembered that in S’ set the operators themselves
behave as vectors and tensors in the sense defined before, while in S set only the
densities, that is the operators associated with the wave functions, behave as such.
S’ set behave as quantities in their proper system and in this set only the charge
(Jo)s magnetic moment (M; M, M,),and (K, K, Ks) operators are hermitian (real)
and the rest are non- hermltlan, whereas in the S set all the quantities are hermitian
(cf. Frenkel, 1934, p. 317). The operator o, which transforms one set into another
Sformally plays the part of a Lorentz transformation. These are the furthest limits
to which probably the above analogy can be pushed. Whether this analogy with
Lorentz transformation is more real thdn it appears and represents some properties
of the electron is more than we can say at present.
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