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1. Introduction. The object of this note is to derive a formula for the force
in subsonic compressible flow, which is the analogue of the well-known Blasius
formulae in the incompressible case. The derivation is carried out on the basis of
the hodograph method as recently developed by C. C. Lin.! Tt is also shown that
the familiar Prandtl-Glauert rule 2 is derivable from the formula.

2. The equations of the hodograph method. In the hodograph method, the (p, p)
relation is approximated by

B
p=A—-'; . .. .. .o (1)
If ¢ is the local velocity of sound,
c? = dpdp = BJp? = co%po®/p?. .. e (2)

where ¢g, po are the values of ¢, p at the stagnation point of the flow. The Ber-
noulli equation then gives
c2—co? = ¢2 .. .. .. oo (3)

¢/co = pofp = V/1+g%co?. . . o (4)

Sinee an additive constant in p is immaterial, we choose 4 = cy2pg. giving

p= —Cozpo(ef—l)= —co2po{ V1 +ce?~1} . .. ()

When ¢y —> 00, we see from (3) and (4) that
¢=> 00, cfeg > 1, plpg > 1,
i.e. p = pg, %o that the fluid is incompressible.  Also (5) gives in this lmiting case

= —4poq®

which is the usual equation for the pressure in the incompressible flow, According
to Lin, the compressible flow around a closed profile is constructed as follows:
Given the incompressible flow past a profile Py in the {-plane described by the

dF .
complex potential F({) and the complex velocity we({) = — -—ég the compressible

flow past a profile P in the z-plane is iepresented parametrically by the set of
equations : .

Complex potential = W = ¢+ih = F({) .. .. .. .. .. {6)
dF ;
wo(C)=___d.é_Q .. .. . )]
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2% _wold) ®)
144/ 1+¢%ce2 k(L)
_ 1 we(l)
d = kAL~ o s - e @

Here ge~% is the complex velocity in the compressible flow and k({) is to be chosen
so that it is regular in the region Ry outside Py, has no root in Ry and is such that

lz’l‘w"m < k({)l<oo onPy .. .. .. (0
Co
ﬁék(;)d;=zclo__2 %)d;, .y

the integration being round any contour enclosing Py. -
3. The analogue of Blasius® formulae. The force and the moment in two-
dimensional flow are given by 3

7=X—¢Y=i§pe-2i9dz . .. .. .. .. (12
M = real part of %pe"zwz dz = Re % pe~*2dz. .. .. (13)
Since W is the complex potential in the compressible flow,
- dW _ _dWdf _  dF@)df _ a€
w_ _ e _fmes
“ =T % T dz —ar 2= &) - (14)
Substituting in (8) we get
144/ THTes? = 2k) %
whence
— dz
VI1tg@/ct—1 = z( ——1> .. . .. (15)
and
ac (, df
2/002 =
g3/co 4kdz( T2 ) . .. .. (16)
From (5) and (15) we have
, d
p;—zcozpo(ké—l). B € )
Using (14) and (17) in (12) we get ,
% — 17 wo?(§)
= -2 dl . . .. .. (18
¥ =10 %) 4 (18)
Similarly
M= Re{—-%po w"(g) d;} )
where

1 w2l
- - [
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The equations (18) and (19) are the analogues, in compressible flow, of the Blasius
formulae for the incompressible case. On account of the condition (11) we may
also write

or
F= —2iceZpg % k(&)dt . .. .. .. (20)

4.  Application to airfoil in wniform stream : Prandtl-Glavert formula. For a
simple air-wing in a nniform stream, we take *

B «

71>O(§)=A+Z+€—é+..., .. .. . .. (21
where

A= —Ue ™ B=T2ri.
Assume
k(c);1+%+...,'k1=ku+f;km. w22

Then

“’,gfg) = A2+ (2AB—ky 42)L+0(2).

The condition (11) gives
4602(]{,11—7:’612) - —-{(iI‘U)/-n-}e"MZ_*_(kll +’[rk12)(]2€_2i1 .

Separating real and imaginary parts and solving for kyy, kg we find

oy = I'Usina
U= T (U2 F4co?)
Fon = I'U cosa
127 H(U244cq?)
so that
P U 6 -2 o
L(Z)—l'i-m f-i-o(g ). . - )

Then by (20)
4co®pol’U e

= 24
7 Ug_*._4602 ( )
Hence the lift-force L is given by
_ . 4C02p0PU 25
L—l}]—U2+4602' ( )
From (8) we have, for [{|—
: %
— O == ,
A+ T+ [ et

or, from (3)
q,/(cote,) =Ul2eo oo oo (26)
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IfM=gq_[c, is the free-stream Mach number of the compressible flow and if we
set M = sin B, then from (3) ¢ == ¢, cos B. The eguation (26) then gives

U sinf B
E—l+cosﬁ_mn2’ . .. . $27)

whence
4co?/(U24-4co?) = cos? (8/2).
Substituting in (25) we find
L = poI’'U cos? (B/2)
= ppcol" sin B [using 27)

=chm I (qm/cm) [by (4]

ie. -
L=pwf'gm. .. o .. . .o (28)
Also from (6) we have
aw dF
vae =8,

which shows that the circulation in the physical plane of the compressible flow is
the same as that in the hodograph plane, ie. I’ Thus writing V = g, for the

velocity at infinity in the compressible flow, we ohtain
L=p I'V, .. . .. o (29)

where I' is the circulation in the compressible flow.
But it is known 6 that the circulation in the compressible flow is connected
with the corresponding value in the incompressible case by the relation

I'=Iy/J/(1—M2),
Hence
PwPO 4

L= fet

(30}

which is the Prandtl-Glauert formula,
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