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ABSTRACT.

The expressions for the temperature dependence of the paramsagnetic susceptibility of a
relativistic electron gas are derived both for degeneracy and for non-degeneracy. The non-
relativistic expressions, for both cases, are also given for the sake of completeness,

§l. INTRODUOTION.

The paramagnetic susceptibility of a degenerate electron gas was first deduced
by Pauli (1927) from energy considerations, using Fermi-Dirac statistics. For low
temperatures he obtained the result which may be put in the form

x = $Bn/éo, O 1 §)

where 7 is the electron concentration, £, the maximum electron energy in the
completely degenerate state, and B the Bohr magneton. Bloch (1928) gcave, as a
higher approximation at low temperatures, the following expression :
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The problem of the temperature variation of free electron susceptibility, both at
low and at high temperatures, has been re-examined by Stoner (1935). All these
authors have considered a non-relativistic electron gas. .

Recently the present author (1948), using the theory of perturbation, has
given an expression for the paramagnetic susceptibility of a degenerate electron
gas, The result is

2 R
x=2;h log (x+4/1422), LB

where the non-dimensional parameter « is given by
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n being the electron concentration and the other symbols have their usual meaning.
In the non-relativistic case, i.e. ¥ <€1, (3) reduces to the Pauli expression (1);
whereas in the relativistic case, i.e. ¥3>> 1, (3) reduces to

2

= _log2 . .. B
% 2wchlog x. .. (5)
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In the completely degenerate case the maximum energy &, of the electron is
related to x by

o=me2{(14a)t—-1}, .. .. .. .. (6)
which reduces to
B2 (3n\3
§°_2_fm‘,(§;r) , .. .. .. N V)]
in the non-relativistic case ; and to
3n\?
§O=C}l<§;) s .. .. .o .. (8)

in the relativistic case.

So far we have not considered, in the relativistic case, the effect of temperature
on the paramagnetic susceptibility. The aim of the present paper is to derive
expressions for the temperature variation, both at high and at low temperatures, of
the paramagnetic susceptibility of a relativistic electron gas. The high tempera-
tures and densities necessary for the application of the relativistic formulae do not
exist in the terrestrial laboratories. However, the formulae may find some applica-
tions in astrophysics. Moreover, for the sake of completeness it is worth while to
derive them.

§2. PARAMAGNETIC SUSCEPTIBILITY AT LOW TEMPERATURES.

The paramagnetic susceptibility of a relativistic electron gas, as given by
equation (28) of our previous paper (1948), when account is taken of temperature,

becomes
0
62 4.”9 j‘ dko 1
(
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where %o/ is the momentum of the electron, e its kinetic energy, g its statistical
weight, and £ is Gibb’s free energy per particle. Since

k2h2c? = €2+2emc2,
(9) reduces to

s
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where
$(e) = log [(e +me2) +{ (e +me?)2—me2}].

An asymptotic series expansion of the integral in (10), where ¢(e) is suffi-

ciently regular and vanishes for € =0, was first given by Sommerfeld for the case
- T
7c—T->> 1, i.e. the degenerate case, subject to an error of the order of e ¢ . In

the present case ¢(0) = log mc2. Applying Sommerfeld lemma we have

®d
f 72 O g de = HO—$0)+ (2T O+ Do,

where ¢p, = (1—21-2"{(22), and {(2n) being the Riemann-Zeta function,
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(10) now becomes

_ e dmyg log (€ +me2) +4/ (€ +me2)2— (mc?)2
X=%ch (2m)3 me?

— 2ea(kT)(E +moR €2 +z§Wz)%:| ,

where we retain terms up to (£7')2.
We shall now consider two different cases :
Case 1. Non-relativistic degenerate, i.e.

Efme2 £ 1,

and

£o
>l

To the order of approximation we desire (11) becomes

P2 dmg [ 2¢ AN
X= 4% @) ('mc2) {1“02 (?) _3}
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The series expansion of £ in terms of x, as given by Kothari and Singh (1942), is

_ (14222 { (14221}
e=e 1T () e

ET\?
+terms containing powers of % .
0

e=afi-(5)}

2
Substituting (14) in (12) and retaining terms up to ( fT) we have
o

"‘33"50{ “(lg)z}

Case 2. Relativistic degenerate, i.e.

me2fé L1,

Since z <€ 1, we have

where £, is given by (7).

and
bo/kT > 1.

To the order of approximation we desire (11) now becomes
o2 dny { 2t (1_@)2}
== 46-—h————(27r)3 IOg g “Cy f .
Since £> 1, (13) becomes
kT) }
f fo { (fo ’ .. ..

where &, is given by (8).
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2
Substituting for £ in (16) from (17) and retaining terms up to (%Z) we have
(]

e 2860 w2 [(kT\®
x—m{lgmcz (5—0)} .. .. .. (18)

which for low temperatures reduces to (5).

§3. PARAMAGNETIC SUSCEPTIBILITY AT HIGH TEMPERATURES.

The classical case is characterised by I—?} 1. We shall distinguish here two
(]

different cases :
Case 1. Non-relativistic non-degenerate, i.e.

efme2 L1,

and
50 < 1.

The general expression (9) becomes
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Kothari and Singh (1942) have, for the non-degenerate case, given the follow-
ing expression for £ :

& = kT [log 4g+2by4y+terms containing higher powers of Ag], .o (20)

where, for the non-relativistic case,

and, for the relativistic case,

The coefficient b, is

for non-relativistic case,

and bo= for relativistic case.
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From (20) we have, for the case under consideration,

efIRT
eEIRT — 35/# (f%) %l+ ; + higher powers of PE/kT} R 3 §

From (19) and (21), and retaining terms containing (k7')2 we have

_etd 1 ka4 ) (kY
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Substituting for & from (7) we have

1 L N

Case 2. Relativistic non-degenerate, i.e.

e/me2> 1,

and
s
0
The general expression (9) now becomes
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where vy is Euler’s constant = -56.
For the case under consideration

T _ (%){w (,f:;)} L e

where & is given by (8).
From (23) and (24) we obtain

ech\2n 1 me2 1 fmc?\? kT me2\ | mc?
o= R ——— e — — 1 —— —_—
X <41r) 3 (kT)3|:{l+ Frt !g(kT) } g sz Y < + IcT)+ kT

2\ 2
+terms of the order <m—c> and higher have been neglected:l ... (25)
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