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ABSTRACT.

The diamagnetic susceptibility of a relativistic degenerate electron gas is deduced from
energy considerations. The results of the present straightforward method agree with those
deduced in a recent paper by the author from the perturbation theory in quantum mechanics.

INTRODUCTION.

Bohr (1911) has shown that in classical mechanics a free electron gas will have
no diamagnetic susceptibility. Laudau (1930) gave the important result that in
quantum mechanics a diamagnetic contribution to the susceptibility should arise
because of the discreteness of the energy states in a magnetic field. Laudau’s
treatment of the diamagnetic susceptibility is based on energy considerations and
holds for a non-relativistic electron gas. In an earlier paper (1947) the present
author has given a relativistic generalisation of Klein’s (1945) quantum mechanical
theory of a free electron gas in a magnetic field ; and using the theory of perturba-
tion expressions for para- and dia-magnetie susceptibilities were derived. The
present paper attempts to derive the diamagnetic susceptibility of a relativistic
electron gas from purely energy considerations, as has been done previously, in the
non-relativistic case, by Laudau. It is indeed very satisfactory that the perturba-
tion method of the earlier paper (1948) and the one given here give the same
results.

2. Derivation of characteristic values.

It is unnecessary to derive the characteristic energy values for a free electron,
in the non-relativistic case, in & magnetic field, as this has been done at length by
several authors. We shall proceed to derive the characteristic values of the energy
in the relativistic case. .

; The Dirac equation, as modified for the presence of a magnetic field, takes the
orm

Bp={(a-p—ed)+Bufp . - D

- -
where « and g are the well-known Dirac matrices, » the momentum in energy units,

-
A the vector potential of the field, £ the total energy of the electron and u = mc?
its rest energy.

A field H along the z-axis may be derived from a vector potential of
components

A, = —tHy, A, = 4, =0. .. .. B 3]
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The equation then becomes

By = {(;’ . ;_*_3#) +eHay .
Writing (3) in full we have
 (p—EWn + (P, +ip, +eHy)y +pabs = 0 )
(b —E)ho +(p,— 1p, +eHYy)ps— Pty = 0
= (p+E)pg+(p,+1p, +eHy)hs+pby =0
— (1 +E)y+(p,—ipy +eHy)y — ppe = 0

where p,, p, and 2, are the momentum operators ;

>

7
Dy = —zhcal, ete,

Let the solutions be
d=u (y)e”h —2,8+Pp2)

E

l=1 Z.,34—

P, and p, in (5) and in what follows are ordinary numbers.
From (4) and (5) we have

(p—EB)uy +cpgug +Dyuy = 0,
(n—E)ug—~cpyuy+Doug = 0,
cpuy—(u+E)ug+Dyug = 0,

—cpgus— (p+ E)ug+Douy = 0,
where D; and D, are

0
D, = (—cp¢+ch a—y+eﬂy),

0
Dy = <—cp,—cﬁ a—y+el—ly).

Multiplying 6(b) by cp, and 6(a) by (n—E) and adding the two we have

— {22 +{(p2— E2) }ug + Do { cpug+(n—E)uy } =0,
which on using 6(a) becomes
{ (p)2+(u2—E2)+Ds Dy }uy = 0.
From (7) DyD, is
22

DeDy = (c2p,2+e2H2y2—2cHeyp,) —e Hch—c2h2 5

{8) now becomes
o ! eH 2 _
55; 22 {(cp,) +(u2— £2) ~eHch 42 (7‘ ?/—Pz) }m = (),
It can easily be shown that ug satisfies the equation

2 1 g H )
aaTu; - 5 {(cp,)z +(p2— £3) 4eHch +4-c? (?-c—- ?I—P:) }“8 = 0.

(4)

(5)

(6a)
(60)
(6c)
(6d)

(8)

(10)
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ug and uy, respectively, satisfy the same equations as do u4 and ug. There are
thus only two independent solutions of (6). Egns. (9) and (10) differ only in the
sign of the term eHck, which corresponds to the energy of the spin orientation in
the magnetic field. Since we are interested only in the proper values of the energy
of the translational motion, we drop the spin energy term in (9) and (10) The two
equations then reduce to one single equation

02 1 2
5:77: 627;2{( €Pe)2 (2 — £2) +-c2 (-H—y pz) }u =0. .. (11)

This corresponds to the equation for a harmonic oscillator with equilibrium
position at

Y=L .. .. .. .. (12)
Putting
— Y=ps =g, i .. .. oo (13)

where

(11) becomses

or
02y
672.|.(,\_qz)u=o, O ¢ 1Y)
where
1
A=eﬂcﬁ{E2—(c2p,2+n2)}- e (1)

The eigenvalues are given by A = (2n+41), where n is an integer.
Therefore
F2 = (c2p2 +u2)+(2n+1)eHck. .. o .. (16)

In the nou-relativistic case (16) becomes

_ps 5 eH
B = tutCnth) oo

(17)
We shall require the number of energy states for a given value of the quantum

number n and for a range dp,. If 4, B, and C be the linear dimensions of the
container, then v (n), the number of states per unit range, is

AC
V(”)dpl hz E J' dpu >

eH B
th(/dp, f dy ; using (12),
0

eH
=V 559, O O )

V being the volume.



3562 K. 8, SINGWI: DIAMAGNETISM OF A RELATIVISTIC ELECTRON GAS.

It is very important that ¥ must be less than B, in order to avoid the distor-
tion of the characteristio values by the boundary. Out of all the electrons within
the vessel a fraction of the order of %
hit the wall. If B is sufficiently large, an overwhelming majority of the common
stationary states will not have their characteristic values appreciably changed by
the influence of the boundary. The error involved then, as shown Ly Laudau,
becomes negligible.

In relativistic mechanics

have boundary orbits which classically

E2—p? = €342,
where € is the kinetic energy ;
(16) then becomes

e = {(2p,2+p2) +(2n+)eHch }—p . L (19)

3. Diamagnetic susceptibility.

In this section we shall calculate the diamagnetic susceptibility of a degenerate
electron gas. The non-relativistic case has already been treated in detail by
Stoner (1935).

The magnetic moment is given by the general formula

oF
M__(ﬁl)r,v’ 20
where F is the free energy. With Fermi-Dirac statistics
F=Ne+Q, .. . .. . L@
Q= kT z log (14 exp (£ —e;)/kT'), S22

where £ is the free energy per particle.
Substituting (19) in (22) and using (18) we have

Q= —kT gVeH 2 Z J log ( 1+eA —{a+B(n+4) }i) ., S (23)
g being the weight factor for the electron, and
o = c2p,2+uf(kT)2, .. . .. .. (29)
eHch »
B - “ (kT)2’ (25)
A ={¢+p/kT. .. . .. . .. (26)

The summation * is evaluated by using Euler’s formula, which gives

z iog (1 +eA—{aL+B(n+1})}2) =J log (1 +eA—(a+Bx)*)dx
0

n=0
53| = A—(a+pa)t
24 log(l +e ) .
E Z(oe + Bx)~tdx ﬁ ot @7)
T2 peletpol—a 48y b4’ a

* The process of summation in (23) is performed before mt.egra.tmg over dpz, and this is
justified since the series is uniformly convergent.
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Denote the integral on the right by I, and let
o+px = 12,

22 [ e
—ﬁ2 14e-4 "
a}
Putting ¢t = y+o* we have

o2 [ s (T
B? Ol+ey+°‘}—‘4 g 01+ey+°‘§"‘4‘ B

then

Since in the relativistic case
ot = cp,/kT }

and A =§¢/kT

po2 vy 4= f7 gy
B2l 14ey——2) B2 1 4e¥y—(n—2)
1) 1)

epfkT = 2z
and ¢/kT = }

b s} 'd
) = J _ydy
0

I becomes

where we have put

1 +ey_"'7

we can then easily show that

d
an Fo(n) = nFy.q(n).
For > 1, i.e. (degenerate case)
2
= nbl g T any
Fn("]) n+177 +67] +....,
(see Stoner (1935)).
(30) on using (32) becomes
2 4
1= 2 Fy(n—2) +‘§§ zFy(n—2).
Let Q = Ql +92,
where
akTveH k1| (7 ?
Ql = —- chze ‘E [J’ F2(77—z)dz+2J‘ zFl('r]-z)dZ] '
0 0
and

© .
- dp

25 24.,2)"} £ .

Ch2 12 ﬂ JO (C ps +F’ ) l+e(czp¢2+“2)§_(£+'n)/k]‘

353

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(36)

(36)

(37)
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In (37) we have not yet taken the relativistic approximation, we shall do so in the

end.
To evaluate the integrals in ©,, let

n—z=1',

f Foln—2)dz = — fﬁm Foly')dn',

0 "

Fga(n’)

Also
f 2Py (n—2)ds = — f (n—n’) (") ',

0

Substituting these values 2, becomes

8 [kT\* VeH
= _§(E> TFs(ﬂ),

which, on substituting the value of B from (25), hecomes

I
Q1 =— (kT) a5 Tan)-

Putting (c2p,2+pu2) = 12, and using (25) £25 becomes

ol
b
)
%)
o~

_ L yere 7 ]
(12—p2)t | o C—p)—E/kT”
"

veerz [ d N dt
) e —gRT
"

where ¢(t) = log (t+(12—p?2)).
Put t—p = z, then

1 VerH2 [ dz
2 =5 Znoh j dz"’( 1 pes—EkT°
, 1]
where

$(2) = log [(u+2) +{ (z+p)2—p2}] .

(39)

(40)

(41)

The integral in (41) can be evaluated by using Sommerfeld Lemma (kiT > 1> '

We then have

0y = & 2T (4(6)—$(0) +20okTV4E) 4.}

where ¢; = #2/12.
2B
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92=

leHz{l (& +me2) +{ (£ +me2)2—(me2)2 }
6 2mch | 0 mez

—2c2(kT)2<f+mc2><52+2smc2)%}. . @2)

2
For the relativistic case (Zn—;— £ l) we have

_1VetH2 2¢ 2
92 = 6 omch {log — —202(’CT) §2} . . (43)
Hence we have
Q = 91 +92
8mr 1 V62H 2T 1
The magnetic moment is
o052
M=— 3%
___I_VeZH{ WL l} (45)
T 3 2qch meE 2R
The number of particles IV is given by
1@
T kT on
8 (kT\* ., .
=3\ VF3'(n) +-other terms which we may neglect,
3
= 8m (%) VEqy(n), using (33),
87 kT\? 2
=Ty {8 Z i S 3
3 ¥ (ch) 7 (1 +712) , using (34). .. .. (46)
The maximum energy & of a particle in the completely degenerate state is given by
go=me2[Q 422 —1], .. .. .. .. @7
(see Kothari and Singh (1942)), k
r 3N\
= — | — .. . .. .. (48
Where TE e (SwV) ' (+8)
In the relativistic case fme2> 1, i.e. 2 very large,
8‘7TV go
= R 3
=8V s .. .. .. (49)

3 oShs
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From (46) and (49) we have

2 -
1)=1)0(1+:"r—2+..>

1 #2
=1)0(1-—§1—)§>. . . .. .. (50)
The susceptibility is given by
M_ LV (T %
X=FT T3%mch \ ' me " 1)2)’

which on using (48) and (50) becomes

_ (NN y T w2
X = T\ in §03{ & ez 0 312 .,’02}’

_ fech\® N (, 2£9 w® (kT\?
”'(I;) Q{logmcz—g (f—o) } .6
For T #0, (51) reduces to the expression* deduced earlier (1948) by the

method of perturbation. It is, therefore, very gratifying that the two methods
which are so different give identical results.

4, Diamagnetic susceptibility (non-relativistic case).
For the case under consideration, i.e.

2
(42) becomes
1 e2H2V Mgt 1
= ————— —_ 2 — y
2= G Togh (nwz)*{l co(kT) 252} . .. (52)
The susceptibility is given by
__1a
Xp= T HPH’
_ 192
~  HoH’
_ lev [ 2¢ *{ ez kT)z}
= =353 (;n?é) ]—?z- ) .. .. (53)
Now
' =2 [ kT\?
§=§°il”1_2(23> } R 1: 7Y
where

k2 (3N \} ‘
§°='é%"(8717>’ .. .. .. .. (55)

. * Actually formula (32) of the previous paper gives the paramagnetic susceptibility. The
diamagnetic susceptibility can at once be calculated from (24), and will come out to be —4 the
paramagnetic susgeptibility.

(see Stoner (1935)).
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Using (54) and (55), (53) becomes

N f. = (kT)\?
xD——zfolel—l—;;<§—o)},.. oo .. (86)

eh
B= <41~rmo) )

1 have mach pleasure in expressing my thanks to Prof. D. 8. Kothari under
whose supervision this work was carried out,

where
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