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ABSTRACT.

The method described in a previous paper for the fitting of a convective core t0 & radiative
stellar envelope is extended so as to be applicable to cases where the average molecular weight
u is different from unity. The problem of fit for & stellar model with a discontinuity of p across
the interface is also discussed.

1. INTRODUOCTION. -

The problem of the fitting of a radiative envelope on to a convective core in a
stellar configuration has received considerable attention in recent times in view of
the generally accepted hypothesis that the energy sources in a star are concentrated
towards the central regions. This demands a convective-radiative character for
the possible stellar model. In a previous paper * (Burman, 1943) we have given
a method of solution of the same problem in the case of a star on the assumption of
an abundance of hydrogen in the stellar material so as’to make the average mole-
cular weight p not appreciably different from unity. The method also takes proper
account of the influence of radiation pressure. In the present paper we desire to
stress the point that the procedure adopted there can, after slight modification, be
utilised for cases where p is different from unity. Further, in the present work the
position of the interface separating the convective and the radiative regions has been
more definitely established. The problem may be re-stated thus:—When, with the
observed mass (}), radius (R) and luminosity (L) of a star, a radiative envelope is
constructed with an assumed composition (i.e., a trial value of ), will it be possible
to fit a convective core to it, and if so, how? Or mathematically it is equivalent
to the following formulation of the problem :—

Given an envelope integration (of the equations of equilibrium and radiative
transfer of energy, for any opacity law) for a star of known L, M, R and an assumed
value for pu, how is it possible to test if there exists a convective core consistent with
it, and if so to determine it completely.

It is already known and has also been pointed out in paper 1 that for any
arbitrary combination of L, M, R and p, a convective-radiative stellar model cannot
be constructed, assuming that p is constant throughout the configuration. If,
however, we allow for a discontinuity of u on the surface of the convective core, it
seems probable that under certain restrictions the mathematical problem of con-
structing a convective-radiative stellar model for a given combination of L, M, R
and p (answering to the restrictions) may sometimes admit of a solution, which,
however, need not necessarily be a physically significant one, This point is dealt
with in the later part of the present work.

* Referred to hereinafter es paper 1.
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2. Tae EqQuaTioNs or THE ProBLEM.

The equilibrium equations for the convective region, in the usual notations, are

ar M(r)
E;—-—G?—p . .. . ) (l)
aM(r
d:)=4nr2p . . . . .. (2)
where the total pressure
k

= — T 4 . .. .. .. :

P #Hpj +§a7 . (3)

In addition there is the equation of state which may be written in the form (Chandra-
sekhar, 1939)

aP Iy dr
__P— +1————I‘2 T = 0 . , e s . (4)
where the adiabatic exponent I’; has the well-known value
4—3B)(y—1

B2 +3(y—1)(1 —-B)(¢+B)

Equations (1)-(3) also hold in the envelope region but now equation (4) gives place
to the radiative transfer equation in the standard form
xp L

d .
(1_7.'(%0/74)=—?11r—7‘2 . . . . (6)

the luminosity L being dssumed constant in the envelope. The opacity (absorption)
x may be taken as : :
k=uwyf{p, T) .. . .. o (D

where g is a constant depending on the chemical composition of the stellar material
and f, a suitable function of the density and temperature. The usual conditions
for a fit are, firstly that at the interface between the convective core and the radiative
envelope, the values of the pressure, temperature and mass should be the same for
both the core and the envelope solutions, viz.,

P()=P(r),, T()i=T(),, Mey=MeE, .. .. (8

where the index i refers to the inner side of the interface and the index e to the outer
side, and secondly that when p is continuous at the interface, the effective poly-
tropic index n, defined by n-+-1 = d log P/d log T, is also continuous there, viz.,

legP _ legP . . .. . (9)*
dlog 2/, \dlog T/,

Equations (8) and (9) are thus the general conditions of fit to be satisfied at the
boundary of the convective core. It may be easily seen that equation (9) is equivalent
(i being continuous) to the usual condition of the continuity of the temperature
gradient (d7'/dr) across the interface. If, however, u has different values on the
two sides of the interface, equation (9) ceases to hold and gives place to a different
continuity condition. This case is discussed in section 4 of the present paper.

* This is in fact the condition which requires that the adiabatic and radiative temperature
gradients should merge into one another at the surface where the transition takes place. In the
case p is discontinuous at the interface, it has been pointed out by Ledoux (1947) that for
slight disturbance, the interface with the sharp discontinuity of u disappears, and an equilibrium
configuration is reached in which one value of u passes continuously into the other within a narrow
region.
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3. TrE MeTHOD OF SOLUTION.

In paper 1, we constructed a series of solutions of the core equations* (1)-(5)
with a fired central pressure P, (= 4-9x10!% dynes cm.~2) and a set of continuously
varying central densities p , taking u =1 in each case. These now form a set of
one parametric solutions, representing the totality of all solutions of the core
equations (for p =1, and the fixed central pressure). We had actually performed
seven integrations of the core equations and a few more integrations are now per-
formed (with up = 1) so as to include the cases of lower central densities p, = 7-4,
4-98, 4-48, 3-49, 2-72 and 2-63, the central pressure having the same value as in
paper 1. The cases of higher central censities such as p_= 90-0, 70-1, 54-6, 331
and 22-9 previously worked out have now been discarded being unnecessary for the
present. purpose.

The solution of our problem depends on the invariance property of the core
equations under the following two transformations (Stromgren, 1936)

po=p po=£1p
P=¢4pP P=¢4pP
P=E N and p=E ®)
T =¢T T =T
F=£&-1ly F=7r
M(r) = M(r) M(r) = 2 M(r).

It is easily seen that B, the ratio of gas pressure to the total pressure, is invariant
under both these transformations.

In the form we have posed our problem, the density, temperature and mass
distributions will be given in the radiative envelope for a star of known L, M, R and
assigned g, as a result of integration of the stellar equations from the surface inwards.
This distribution enables one to calculate the effective polytropic index » at every
point in the envelope region.i For the convective region equations (4) and (5)
express n as a function of B alone, taking the ratio of the specific heats y = 5/3, as
for a monatomic gas. Now B being known from the given envelope solution and
being continuous across the inferface, we are in a position to calculate n on the core
side of the interface (Equations (4) and (5)). The value of n for the envelope side of
the interface is already known. The equality of these values of # as demanded by
equation (9) fixes the interface (»;) of the convective core and the radiative envelope.
It may be noted that the interface as fixed by this method does not depend on any
particular solution of the core equations. In fact the suitable core if it exists has
now to be found. At the distance (r;) so obtained, one of the conditions of fit
(Eqn. (9)) is satisfied, and the core has to be determined (if possible) so as to
conform to the other conditions of continuity (Eqn. (8)) at the interface. The
interface (r;) being thus fixed, the envelope solution furnishes a set of values for the
pressure, temperature, density and mass at this point (corresponding to the assigned
value of u). Our method now consists in subjecting this envelope solution to fwo

* Integrations in closed forms of these core equations have been effected by Wasiutynski
(1940) and Henrich (1941). Our numerical solutions obtained in the special cases are really
identical with theirs.

t On account of our previous integration results we find that fresh integrations for fixed
P, are more convenient than the numerical calculations of the closed solutions.

1 Equations (1), (6) and (7) lead to
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homologous transformations in succession. At the first instance, the envelope
solution is transformed into one in which p has the value unity throughout the
configuration. This will correspond to a configuration with different mass and
luminosity but the same radius; but it will be only a passing phase in our operations
and is in fact done for adjustment with the core solutions which we have already
obtained for g =1 in paper I. This transformation of the envelope solution into
one for p = 1 brings us to the problem we have solved in paper 1, namely the fitting
of a convective core on to a radiative envelope, the molecular weight being unity
throughout. A solution is therefore constructed in the manner described in paper 1,
making use of the invariance property of 74P and r3p under the transformation (A).
These functions (r4P, r3p) are plotted logarithmically in Fig. 1 of the present paper,
for some of the core solutions of paper 1 and also core solutions constructed for the
present purpose.

27 ! L ! L H ]
53 54 EXy 7o 57 38 59
log (r* p)——

Fia. 1.—The central density associated with each curve in the construction of the core solutions
(for fixed P; and p = 1) is indicated alongside the curves. The 3 circles represont the
stars for which caleulations have been made in the present paper.

Let us first take the case where the core solution thus constructed conforms to the
continuity condition in mass at the interface. This will ensure a perfect fit with the
transformed envelope solution, as explained in paper 1. We would then have
obtained a convective-radiative stellar model for the transformed values of L, M .
R and u =1, true to the conditions of fit at the interface. We re-transform this
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model to the desired model (with given values of L, M, R and p) by re-transforming
the molecular weight from the value unity to the assigned value. This last trans-
formation will give our original envelope solution and will also determine the core
that will fit on to it. If, however, the constructed core solution mentioned above
fails to satisfy the continuity condition in mass at the interface, the conclusion is
evident that no convective core can be fitted on to the given envelope solution for
the trial value of u taken. The two transformations, one inverse of the other, have
been rendered necessary to enable us to use only one set of core integrations, namely
that for a standard value u = 1, to settle the question of fit for all cases of envelope
solutions.

It may be noted that our interest here has been only the question of fitting an
envelope solution obtained for given values of L, M, R and pu, to a possible core.
As there is no method known for obtaining another envelope solution from the given
one for the same L, M, R but different u, the testing of a given envelope solution
with known L, M, R but varying u, would involve fresh integrations of the envelope
equations for the altered values of pu.

4. MopELs WITH DISCONTINUITY OF u AT THE INTERFACE.

The suggestion for constructing convective-radiative stellar models with different
values of u for the core and the envelope regions has been current in recent Astro-
physical literature in view of the conversion of hydrogen to helium by thermonuclear
reactions occurring within the central convective core of the stars. It is therefore
desirable to examine the problem of fitting of a convective core to a radiative envelope
from this standpoint.

It has been pointed out by Hoyle and Lyttleton (1946) that the effect of a dis-
continuity in u is to modify one of the usual conditions of fit at the interface, viz.,
condition (9) of section 2, the other condition (8) remaining unchanged. If X and ¥
denote respectively the hydrogen and helium contents of the stellar material, then
condition (9) becomes

pi(1 =X =Y )1 +X) (2 +1) = p (1 =X, — Y )1 +X,)(n,+1) .. (10)
where
F'.—_')/(l+3X,+O5Y,), e =2/(1 +3X¢+O5Y,)

A simplification arises if we regard the helium content in the star as negligibly
small and write condition (10) as

(1 =X 2)(m+1) = (1 - X 2)n,+1) .. ° .. .. (1)
with
po=2[(1 +3X).

Our discussion in the present section will be restricted to this simplifying assumption.

For a star of known L, M, R the envelope integration is supposed to be given
for an assigned value of u, and this will furnish the value of u(l—X2)(n+1) at any
point in the envelope region. The convective core may now be supposed, for the
sake of argument, to begin at any arbitrary distance (r;), and on the inner side of
this interface the value of n+1 can be calculated through the pressure ratio 8 in
the manner explained in section 3 of the present work. Condition (11) then fixes
the value of u(or X) in the convective core. We have thus a possible convective
radiative stellar model with a discontinuity of u across the interface, provided,
however, that the continuity condition in mass at the interface be also satisfied.
The method of testing whether this last condition is satisfied at the interface or not,
has been discussed in the preceding section. In a practical case, the test value of
(r,) where the convective core is supposed to begin wﬂl not satisfy the 'contmulty
condition in mass. We may now use this (r;) as a variable parameter which may be
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8o adjusted that the mass condition be satisfied. The success or failure of this
adjustment will decide the solvability or otherwise of the problem we are concerned
with. Further the model should be true to the restriction on the values of u imposed
by the physical necessity that p, < u; <2, on account of the burning of hydrogen
within the convective core and no appreciable mixing taking place between the core
and the surrounding envelope. A violation of any of these conditions would lead
to a failure of the model.

5. REesurLrs oF CALCULATIONS.

Calculations in the present work are made in respect of 3 stars, viz., B Aur 4,
Sirius, and { Her 4, whose envelope integrations have been constructed by interpola-
tion from the tables given by Henrich (1942), assuming values for p finally obtained
by him for these stars. The method described in this paper has been employed to
determine the positions of the cores and these agree quite satisfactorily with the
positions obtained by Henrich, as may be seen from the figures given in Table 1.
The continuity condition is mass at the interface has been satisfied in each case and
the central conditions arrived at also agree with those of Henrich. All the models
considered here correspond to cases where p is constant throughout the configuration.
Actual construction of a model with a discontinuity of u across the interface is not
attempted here.

TagBLE 1.
Calculations for the convective cores fitting on to given radiative envelopes for some stars.

(£ =7/R, ¢y = M@#)/M, n+1 = dlog P/d log T.)

. - Central Interface
Star Mol. wt. Envelope solution.* Core solution. conditions. ;ositio(;x
’ [ Henrich
€ e the & ni Wi log T. log p; &)
B Aur 4 1-06 0-1217 1-63 0-1110 | 0-1217 1-63 0-1106] 7-34 1-10 0-1218
Sirius 0-94 0-1202 1-59 0-1060 | 0-1202 1-59 0:1057( 7-47 1-63 0-1204
{ Her A 1-36 0-1219 1-57 0-1078 ] 0-1219 1-57 0-1076{ 7-21 1-11 0-1220

¥ Calculated from Henrich’s tables.
The last column gives the positions of the interface as calculated from Henrich’s tables.

In closing, the author desires to express his thanks to Prof. N. R. Sen for many
valuable discussions and to Mrs. U. R. Burman for much assistance with the numerical
calculations.
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