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1. The Tarry-Escott problem of degree exactly # and order g, is that of finding
q sets 41, dg, Ag, ...., 4, of s integers each, such that
o (d;) =0, (4;) when 1 <k<r; 1<, 5<q; .. .. (1)

while
o,41(4;) £ 0,41(4;) unless 1 =j; .. . . (2)
where o,(d,,) denotes the sum of the kth powers of the members of 4,,.
When sets A satisfy the conditions set down above, we write
[A1=A2=A3=....=Aq]r. . . .. (3)
The least value of s for which such sets exist is denoted by M,(r). Gloden!
has shown that when» =1, 2, 3 or 5,
M, (r) =r+1 for all q. .. - .. (4)

Prouhet? in 1851, anticipating Lehmer3, showed how ¢"+1 integers in Arith-
metical Progression, could be divided into g sets of ¢ members each so as to satisfy
conditions (1) and (2).

In this note, I show that

St

Mr41)<qgMy(r). .. .. .. . )

In view of (4), we then get

=

~ e

M,(4) < 4q, and
M (r)<6qg"~8, r=5. .. .. . .. (7

These results are, of course, far from ideal 4.

2. The set of integers obtained by adding a fixed integer ¢ to each of the
members of a set A shall be denoted by A+¢. If 4 be a set of s integers and B a
set of j integers, then A+ B shall denote the set of sj integers obtained by adding
each member of set 4 to each member of set B.

Finally, if a set L consists of all the members contained in sets 4, B, ¢ and D,

say, then we write
L=A4,B,0,D. .. . .. . (8)
Throughout this note, small letters denote integers and capital letters denote
sets, unless otherwise stated. :
3. Ttis easily shown that (3) implies
[[‘1+t=4’12+t=[:13+t=....=;1q+tjr; . - (9)

and
[A1+B=A2+B=-‘13+B=.—_—Aq+BJ,. .. .. (10)
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We proceed to show that it also implies
[C1=Cp=Ca=....=0Clin1
where
Um = A1+tm7 A2+tm+1>‘ A3+tm+27 s A11+tm+'1"1;
tu‘:tu—q: u>Q7
and the #’s are not all equal.
Proof of (11).
Let 4,, denote the set of integers

Uy 1y P> 25 Uy 3 <+« <5 s ss
and 7’ the set of integers
th, tay bgy + v v vy by
Then, we have
s -
- ;
o (dj+i) = Z (). s +1)
i=1

k k k
== 0/\.(:/1]')'*- <]>t0’k_l(:lj)+ <-’)>{20i;—2([‘l/)+ PRI +<A ’/\'Lll

Henee

gk(('m) - O-k(‘41+tm)+a/g(‘—‘12 +tm+1)+ e +01¢(A11 +tm+l1—1)

! ke . kN i
DR L TRY ¢ S TMNEE T (1)
i=1

Forl <hbgr41,

. k
a',\_((,,',,‘) = ak(:ll. Ag, Ag, .. .., Aq)-i—(l)a'l(T)ak_l(Aq)

k )
+<2>02(7 )ak_z('A(I)"l' e e +<

because o{dj) = 0,(d,), 1 < <r.

Therefore a,(C,) is independent of m when 1<k<r+1.
When, however, k = r+42,

. r+2 !
0'r+2(6m) = 0r+2(A17 A27 vty *4“1) +< 1 > z tm+j—1°',.+1(*4j)

j=1

2 r+42
(T a0+ Jerio st

+2 .
+.... +<:+2> 30’,+2(7 ),

since o, 4(4:) ;éafH(Aj), t#£ 7.

Hence o_,(C,) is not independent of m unless all #'s are equal.
This proves the result. '
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From (4) it now follows that solutions of (3) exist for all r.
Moreover,

My (r+1) < gMy(r),

because each of the sets €' has no more than the total number of members in sets
A. Wesay ‘no more than’ because some of the members may be common to all
the sets C and can be cancelled out. Also, it is well known that

Myry<Cr+1l. .. .. .o .. (12)
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4. For g = 2, Wright has shown that

My(r) = O(r%).
I believe that M,(r) is independent of g.
If pq(r) be the least integer among the partitions of which into exactly M _(») non-zero

summands, there are ¢ which considercd as sets 4,, A,, A3, .. .., 44 satisfy conditions (1) and
(2), then pq(r) would be a function of both ¢ and r.

Thus, p,(1) = 2g.
Also  pp(2) = 9 and py(3) = 18.



