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ABSTRACT.

A detailed cxamination is made of the salient equations of Einstein’s generalised theory of
gravitation. The paper provides a method for building a unified field by progressive approxi-
mations out of & pure gravitational field and a pure electromagnetic field with given charac-
teristics. The nature of the interaction terms is indicated at some length as a first step
towards solving interaction problems like that of tho gravitational deflexion of light.

1. INTRODUCTION.

In a recent paper outlining his generalised theory of gravitation Einstein

(1948) has given formal reasons for preferring complex fields to the real fields
involving g, and I‘fk, both real but not symmetric. He uses a Hermitian tensor
g,, satisfying, in the usual notation, the property

9 =Gpis -+ .. .. .. .. (1)

to represent the total field. The g,, are functions of the real variables z!, 22, 3, 24.
Thus, if the tensor is decomposed into real and imaginary parts,

G =ty +V —1b,, }

. . 2
@y =y by = —b @

it
The contravariant tensor is defined by the conditions,
1
(/78 gls =0;,

where 8:. is the Kronecker tensor. It is important to notice that the real and

imaginary parts of g* are complicated functions of a;; and b;,. We therefore find
it convenient to introduce the contravariant tensor a’ defined by

asds=8. .. .. .. . . @)

Einstein has shown that it is possible to get a consistent set of parallel displace-
ment equations for contravariant and covariant complex vectors through the

Hermitian symbols,
O=Iu .. . .« . .

If
- Pilk=Pik+\/:_—iQ:k’
we have
Pik=Pii> Q5k=—QLi‘ . - )
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For the determination of the forty P-symbols and twenty-four @-symbols there are
the sixty-four equations:

91 = 9 Tuta;, Ty R ¢ )

an ordinary differentiation being indicated by a comma preceding the suffix
concerned. In what follows, when successive differentiations are intended, the
corresponding suffixes will be put in their proper order after the comma. When
the term to be differentiated is free from tensor suffixes the comma itself is
dropped. Einstein and Straus (1946) have shown how difficult it is to get the
Isymbol in terms of g;, and the derivatives. The connection between g, and the
I'symbol is not the same as that between the metric tensor and the Christoffel
three-index symbol although (7) is true in both cases. For we have

Gir, 1590, i~ n = 2a,, F¢§+2\(__1 (bis I'l;+bslplfi) ’ o (8

which may be compared with the corresponding relation for real fields. The task
of evaluating the I-symbols is therefore quite formidable and as we are more
interested in practical applications than in formal results, we are adopting for the
purpose a procedure different from that of Einstein and Straus. It is easy to
deduce from (7) that

P:';:{Z}—akm(bsika+blsQ;i), N )

¢ = ‘%akm(b,k,z'*'bkz, i— by, k)—a’km(bisP;k-l.bslP;k) r o .- (10)

where
{:’;} = 3a"(ay F Oy o~y ) e o e .. (1D)
We find that the @-symbols satisfy the four equations,
(b, 1 Fby 10, ) = 20, % +2a,@Q,,+2a,Q), .. .. (12)
and that the P-symbols satisfy the twenty equations,
(@5 1+ iy ) = 2a P, +2a P, +2a P;,. .. .. (13)

The field equations themselves are obtained by Einstein using the Hamiltonian
principle, their internal consistency being secured through the set of four condi-
tions, viz., '

@.=0, .. .. . . .0
which are found equivalent to the set,

(GATD,s=0, .. .. .. .. (@5

where ¢ is the determinant | g,,| and gv represents the imaginary part of g, It
will be found later that Maxwell’s equations of the electromagnetic field follow
from (12) and (14). The equation (15) enables us to link the electromagnetic
forces with the vector potential so that

Viglgy =g . .. .. .. (18)

The tensor density ¢* is antisymmetric in all the suffixes. It has only four
essential components.
1B
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Corresponding to the contracted curvature tensor of classical relativity we
have the Hermitian tensor,

Ry = Ry, .. .. .. .. 17
where
R,=3}(R,+E), .. e e ..o (18)
and
R;k=Fsa,a_rgz,k—mrjk+r:brf2' .. - (19)
If R,=G,++=1L,, .. .. .. .. (20
the Hamiltonian principle gives
Gup=0, Ly, +L, +L,,=0. .. (21)

In his papers referred to above and in the earliest (1945) paper Einstein is
concerned with the formal aspects of the unified theory and, particularly, with the
internal consistency of the equations. The latter is guaranteed by the Hamiltonian
principle. It is not known, however, whether non-trivial regular solutions exist of
the complete set of equations of the total field. There is therefore a justification
for treating the equations with practical applications in view.

2. PrRELIMINARY COMPUTATIONS,

As we have indicated in the introduction the first formidable task in this
theory is of the evaluation of P and @-symbols for which sixty-four linear equations
exist. On multiplying (7) by g'* and summing up we obtain

L oigl_pe. 22)

Vi e e

When use is made of (12), (13), (14) and (22) we have eventually to negotiate
thirty-two linear equations in as many variables and the need of some simplifying
assumptions is felt at this stage.

The difficulty is avoided if we look upon b, as small and proceed to build up
the symbols to the required degree of approximation by stages. The interpretation
that the theory provides of b;s justifies this procedure. From (9) and (10) we have,
as a first approximation,

p={7} -
Q) = 3a*™(bix, 14-ba, i—byi, 1) —a*" (bis { ;c} +bs { l:;} ) S (29)

In working out the second approximation (24) is to be used in (9) to get a
better estimate of the P-symbol. When the revised value of the P-symbol is used
in (10) we get the @-symbol correct up to the second approximation. Thus
successive approximations can be carried out.

Let us consider now

Ry=P,+V—-1Q,. .. .. .. .. (25)
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From (19) we get
P,= P:z, a"'P:a,l"PZbe +Pbb kl+ka Qal QZb Q:z ’ .. (26)

Q le a Qka 14 Q;:b Pb P“ al+PtbLb Q:I+sz 'P;:l ¢ - (27)

When (14) is used P, becomes symmotrical and @,, antisymmetrical as can be
readily verified. The gravitational set of equations is

P,=0.
If we put

’”—{'"}+A;’;, 2y

where A= —a™” (bsk Q.+, Q:k) , .. .. (29)
we find that (28) becomes

ta} ~tad - {oHad+{ad i)

a a a b b a
+Akl;a_Aka;l—AkbAal+AabAkl
+Q;, @), =0, N G B

where a covariant differentiation is indicated by a semicolon precedmg the suffix
and the corresponding affine connection is the Christoffel symbol. It is worthy of
notice that, when the Christoffel symbols all vanish with their first partial deriva-

tives, (31) reduces to

A:l,a_ ka,l AkbA I+AabA 1+kaQ =0. .. - (32)

Here are ten equatiens of a pure electromagnetic field built almost on the same
pattern on which the ten equations of gravitation are formed.
The Hamiltonian principle leads also to the four equations,

Qu i+ @, , 1@y, =0. .. . .. .. (83)

They are most important for calculating the effect of gravitation on the electro-
magnetic field.

For examining the order of the interaction effects and interpreting the various
expressions and equations it is convenient to take a particular case of the total
field as given by

a3y = -1 +A, Qgg = -1 +B, dgg == —1+C, Qgq = 1+D,
b12 = a, b13 = b, b14 =c, b23 = d, . (34)
bag = €, bss =1, ay=0, i%j,

where 4, B, a, b, etc., are all of the first order of smallness and functions of xl, a2,
x3, xt, As a first approxmatlon we have

P’7={Z} \ N £ 1)

Ql; = 36" (bim, 1O, i—b4i, ). f
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The values of the symbols are given here for ready reference.

Pr=0, i£l£m.

P = —}4;, P,=1}B, P =1C,, P, =1}D,,

P, = —34;, Pl =—}44 P, =—}4,

P?l_%Aﬂ’ P§2= —1By, P§3= $Cs, Pi;:%D?’

Ply= —1B;, P, =—}Bs, P, =—1B,

PP =134, P}, = 1B, Pl = —3Cy, Pi = §Dg,

Pl = —}Cy, P =_}0,, Pl = —10,,

P;l] = —}d,, P;2= —3$By, P§3=—%C4, PL-‘-%D.;,

P}, =1D,, P} =1iD,, P;, = }Ds.

Qe=—n, Qh=—0y @Q,=~b, @,=—c,
;3 = —dy, Q§4 = ¢y, Qf3 = —bs, an = —dg,
23 = fg, Q;; =0y, Q;,; = €4, Q;; = fy,

Qo = —}(—ag+by+dy), @py = —}(—as+eotey),
3= —H(—bstes+f1), @ = —3(—dyteztfa),

@}y = —}(ag+be+dy), @}, = —}ay+oz+ey),

sz —4(by—d, +ag),
@y, = —}(ca+dy+f2),
Q}lg = §(by+cs—f1),

The equations (14) now amount to

C4—~ap—bg =0,

by+da+fs =0,

To the first degree of approximation we find
gi2 = \/-:l'a, g3 = \/_—_l-b, gl = -—-\/:_lc,

gB=1+/—1d, g2 = —

and so the equations (37) follow also from (15).

The four essential com

defined as follows :

3. INTERPRETATIONS

Q?4 = —}(by+c3+/1),
Q;‘g = }{ay+co—ey),

@3y = Hds+es—[3)-

dg—a1—€4 =O, }
atex+fs=0.

—le, g3 = _\/fff, }

9123 = _¢’ 9234 - _.F’ g314 = _.G, ng4 = —H.

77

(36)

(87)

(38)

ponents of the antisymmetrical tensor density g** are

(39)
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Here ¢ is the electrostatic potential and F, @, H .are the components of the
electromagnetic vector potential. It is now convenient to identify !, x2, 23, % as
the familiar z, y, z, ¢ respectively and regard the velocity of light as unity in the
co-ordinates adopted. It follows from (16) that

a=FE, b= —E, c=~H, }
d=E, e= —Hy, f=—-H,,

where (E,, E,, E,) and (H,, H, H,) represent the electric and magnetic field
strengths respectlvely For we have now

o¢ _oF gI;—%g,etc. . .o (41)

(40)

The equations (37) are now identities as was expected from the remark that (14)
and (15) are equivalent when the rest of the field equations are satisfied. The
expressions in (12) enable us to identify

(dy—bg+ag) = —0¢ =p, (es—fe—dy) = ~OF =0, } .
(fi—c3+by) = —OG = o, (co—ey—ay) = —H =0,

where [] is the usual Dalembertian operator, p the charge density and (o,, oy, 02)

the current density at (z, v, z) at time ¢. Using the revised definition of absolute

differentiation for a tensor density as given by Einstein (1948) we find it necessary
to subject g¥* to the condition,

g% Al g AN 4 gl AN g A =0, L. L (43)

which is essentially only one condition on account of the antisymmetry in all the
four real suffixes. It reduces to

(42)

oF 3G oH o¢

5;4.@4_%4_52:0, .. .. .o (44)

in the present approximation. A reference to (42) shows that it implies the
conservation equation,

gm0
which is also referred to as the condition of continuity.
When the interaction terms are ignored (33) turns out to be
Q;z, ai+Qlai, nk+QZk, a=0. v .. .. (46)
When the necessary calculations are carried out the equations are recognised as
Op=0, o,=0, o,=0, [Ho.=0. .e .. (47

<If the gravitational interaction in its first approximation is considered we
notice, on a reference to (27) and (33), that the following expression must be
added to the left-hand side of (46):

1k ml+Rkl M|+th me?* *° b b . (48)
where

R:l = akal kaP g QazP;b_a (b’“ lm+b5’P , k) .. (49)
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the values of the P-symbols and @-symbols being given by (36). We have worked
out the expression (48) for the particular casc i ==1, k=2, = 3 and it gives the
gravitational correction for the first of the equations (47). The correction involves
gravitational stresses like (74 and some of their first partial derivatives side by
side with p, o,, ete., and their first partial derivatives. As the expression is very
lengthy and leads to no decisive conclusion for the degree of generality aimed at
we do not record it here.

As regards the equation (31) it may be pointed out that the influence of the
electromagnetic field on gravitation is not so important or pronounced in astro-
nomical dynamics as the reverse. Qur examination of (32) shows that

@ d
A, = %é—z—k (2 +f2+c2—a2—b2—d2) .. . .. (60)
and that the ten equations define the manner in which the electrical and magnetic

field strengths control the first partial derivatives of the current and charge
densities. For example, for k =1=1, we get

alJe+b0b—clle+1p% — 30,2 — 30,2 +2(aghs—agbs) +2(agc, —aycs)
2
+2baea—baca) = } g (B 2Rt B, .. (51)
all other terms being comparatively negligible. One may notice that
_ d¢ O0H\ 0&p , Oo,
Da—[](—a‘—'—a?)—a—z'l'—aT. . . (52)

The method can be used effectively to obtain conclusive results for certain
interaction problems. As yet no non-trivial solution of the total field has been
obtained. Tt would be interesting to investigate the total field arising out of a
pure gravitational field as given by

A=B=0C=D= —2m|r, .. ‘e .. (583)
and a pure electromagnetic field as given by
a=c=d=¢=0, b="{. .. ‘e .. (54)

In the total field the gravitational tensor a,; as affected by the electromagnetic

quantities and the electromagnetic tensor b;; as affected by gravitational terms
will differ from (53) and (54) by the interaction effects. The evaluation of these
effects to the first significant stage of approximation is the simplest problem that
can be tackled by this method.*
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